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Abstract

The stopping of tin ions originating from a laser produced plasma (LPP) in a hydrogen
gas is of considerable interest for ASML’s modern extreme ultra violet (EUV) lithography
machines. Near the LPP, EUV collector mirrors are placed which have shown to deteriorate
from exposure to energetic tin ions Snq+. A promising solution is to add a hydrogen buffer
gas in LPP chamber. However the interaction and stopping power of Snq+ with H2 is still not
fully understood. This makes it difficult to determine the minimum necessary H2 pressure
for total stopping. In this research a semi-classical collision model called Groningen Ion
Stopping (GIonS) has been improved with the adoption of DFT interaction potentials for
Sn1+, Sn2+. Stopping results have shown close resemblance with what has been found by
Abramenko et al. in 2018. Additionally some heavily debated characteristic features in the
Abramenko data, such as a dip in Sn2+ stopping cross-sections from initial energies of 4
keV upwards, can be further brought into question. This project shows that the description
of stopping through a collision model with DFT based potentials is a valid and promising
method to further study tin ion - hydrogen interactions.
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1 Introduction

Every year the demand of computing power increases drastically , with the introduction of large
datacenters power consumption of the computer chips used is starting become a relevant factor
as well [1, 2]. This poses a substantial challenge for the semi-conductor industry as not only
are chips required to become more powerful and energy efficient but also more compact. At the
frontier of developing such chips are ASML’s extreme ultraviolet light (EUV) nanolithography
machines which are able to make the most advanced computer chips in the entire world. ASML
EUV machines are extremely complex and one of the more impressive processes taking place
within the machine is the production of 13.5 nm light through plasma formation.

In ASML’s machines liquid tin microdroplets are released periodically into a vacuum cham-
ber. In this vacuum vessel 13.5 nm light is produced through the creation of a so called Laser
Produced Plasma (LPP). An LPP is formed through a combination of two CO2 10 µm light
laser pulses that hit the released tin droplet in quick succession [3, 4]. Tin ions, Snq+, of many
different charge and excited states rapidly fly outward from the LPP during which a broad band
of light is emitted through de-excitation [5]. The desired 13.5 nm light is subsequently focused
through a set of collector mirrors [4, 6, 7] lining the inside of the vacuum chamber. After the light
has passed another few focusing mirrors it will be used as the light source for photolithography
processes further on in the machine.

The LPP produces the necessary EUV radiation but also generates plasma debris consisting of
droplet fragments and fast ions [3, 4, 8]. From this plasma debris, the tin ions are thought to
be the most threatening to the lifetime of the collector mirrors [4, 8]. To mitigate this solutions
aimed at deflecting tin ions with magnetic fields [9, 10, 11] or stopping them with a background
gas are being developed. A good choice of background gas has been found to be H2 as it is fairly
transparent to 13.5 nm EUV light [12], however determining the pressures needed to sufficiently
stop the tin ions is still important to minimize intensity losses of the EUV light. In order to
obtain a well funded minimal needed operating pressure in-depth knowledge of the stopping
capabilities of tin and hydrogen is needed.

Stopping is a medium’s ability to slow down incoming projectiles. This can be characterized as the
amount of energy a projectile with some set kinetic energy loses when traversing a unit distance
through the medium and is called the stopping power. Because stopping power is dependent on
the mediums density, it is often more convenient to talk about stopping cross-sections [13], which
is the stopping power normalized to the target mediums particle density. The difference between
stopping cross-sections and power is merely a constant, as such when stopping is mentioned from
now it could refer to either of the two.

Theoretically stopping can be divided into several stopping regimes, nuclear stopping at the lower
energy regime which is described by the hard sphere and Thomas-Fermi-Molière theories, and at
higher energies electronic stopping as expressed by Linhard-Firsov and Bethe-Bloch theory [13],
see figure 1. Especially when dealing with lower initial energies, quantum effects such as electron
transfer could play an important role in the energy transfer mechanism which would require a
more case specific approach.
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Figure 1: Schematic depiction of differ-
ent stopping regimes with on the y-axis, I:
Hard sphere, II: Thomas-Fermi-Molière, III:
Linhard-Firsov, and IV: Bethe-Bloch.

Figure 2: Stopping length times gas density of
5 keV tin ions with a hydrogen gas as indicated
by Abramenko’s experimental stopping cross-
section data and SRIM’s predicted stopping
cross-sections.

As of writing this thesis only one experiment carried out by Abramenko et al. in 2018 [8] has
determined stopping cross-sections of Sn1+ and Sn2+ with H2. Comparing SRIM stopping data
and comparing it against the functional fits obtained from the Abramenko data shows a big
disagreement in predicted stopping length of a tin ion in hydrogen gas, figure 2. Furthermore the
SRIM simulations use the general screened Ziegler-Biersack-Littmark (ZBL) potential [14] (see eq
(1)) which does not differentiate stopping of the tin ions based off of their charge state which is
seen to be different in Abramenko’s results. The reason for the difference in stopping behaviour
between charge states has been thought to originate from electronic configuration. Making a
tailored molecular dynamics (MD) code that uses a custom made quantum potential to calculate
stopping lengths could resolve the discrepancy between theory and result.
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In this thesis the goal was set to calculate a density functional theory (DFT) based interaction
potential and implement it within the pre-existing Groningen Ion Stopping Version 1 (GIonS V1)
code. GIonS is an in house build MD code originally made to study the effect of electron transfer
on energy losses in groundstate Snq+ −H2 collisions. In it’s first iteration it used the ZBL and
Coulomb potentials depending on the charge state of the H2. Ground-states of 1+, 2+ tin ions do
not have electron transfer during collisions resulting in V1 only using the ZBL potential resulting
in stopping lengths, similar to SRIM. Even more importantly V1 does not discern stopping
between the 1+, 2+ charge states. For the second iterations of the code, GIonS V2, it was decided
to continue with ground-state calculations but introduce DFT interaction potentials, these were
constructed using the NWChem DFT-code [15]. The data points retrieved for interaction potential
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function construction were subsequently interpolated with two conveniently defined sparse grids
which were implemented using the Tasmanian sparse grid package [16, 17]. Additionally the choice
was made to improve the description of H2 as a point particle in V1, to a fully fledged molecule
with an orientation in V2. The exact method with which the H2 is treated in the improved model
will be elaborated upon in the theory section. The most important improvement this introduces
is the ability to use non-center symmetric potentials in the MD simulations. Furthermore the
orientation of the hydrogen molecule was also used to study the possible effect of rotational
motion on the collision paths.

With the fundamental improvements posed by GIonS V2, classical Sn1+, Sn2+ - H2 collision
paths were calculated for initial energies in the range 0.01− 10 keV. These were in turn used to
find the stopping cross-sections of Sn1+, Sn2+ and compared with experimental results.

4



2 Theory

At the basis of understanding the workings of Snq+ −H+
2 collisions from a classical perspective is

the correct description of dynamics [13]. In the master thesis introducing GIonS V1 the dynamic
picture was build up from billiard ball type collisions to long range interactions to a description
based on the interaction potential of the system. In this thesis we pick up where GIonS V1
ended while introducing some concepts worth repeating along the way. Subsequently a connection
between average energy loss per collision and stopping cross-section will be made as well.

2.1 Dynamics

2.1.1 Momentum Transfer

Figure 3: Illustration of the initial conditions that uniquely describe a collision, with impact
parameter b and velocity/energy V → E.

The goal of the GIonS project is to correctly model stopping between a heavy projectile of mass
mp and light target of mass mt. In GIonS this is achieved by modeling classical trajectories
based off of the interaction one would expect between projectile and mass. If we have a Snq+ ion
with maximally 10 KeV of kinetic energy it would have a speed |v| ∼ 5 · 10−3c, showing that we
are operating withing the classical regime. From basic level billiard type interaction it can be
shown that the energy transfer during a collision ∆E ∝ mt

mp
if mp ≫ mt, indicating that heavier

targets might be better at stopping ions. In reality the interaction between nuclei is determined
by their respective interaction potential V , such as the Coulomb or the aforementioned screened
type potentials. The relation between ∆E and the involved masses might be very different with
more realistic interactions, especially when they take into account electronic configuration of both
projectile and target.

Using the elementary formula, eq (2), the force vectors can be found from the potential used.
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Repeating this for each time step and moving the particles accordingly will give the expected
collision path and energy transfer.

F = −∇V (r) (2)

In the first iteration of GIonS the charge transfer effect was modeled in, effectively changing the
potential if an electron got absorbed by the tin ion. For the second iteration the main effort was
put into finding as accurate as possible potentials as their functional form heavily influences the
energy loss function. As will be shown shortly any error in the energy loss function manifests
itself in the predicted stopping power of projectile-target combination as another error. Thus an
accurate interaction force is crucial for predicting stopping powers and lengths.

2.1.2 Molecular Hydrogen

By going from a point particle description to a 3D-homonuclear diatomic molecule, the center
symmetric nature of the interaction potential is lost. Suddenly orientation of the H2 with respect
to the incoming Snq+ starts to matter in the energy loss per collision. To this effect a specific
set of coordinates was used to describe the initial state of the system. The definition of the
coordinates is depicted in figure 4. Notably the introduction of H2 orientations requires the
introduction of an out of plane angle forcing the use of 3D vectors in simulating these type of
collisions.

Figure 4: Illustration of the initial conditions that describe a collision with a 3D H2, with impact
parameter b, velocity/energy V⃗ → E, and in xy-plane angle ϕ and out of plane θ.

Naturally this also implies that for any type of observable that is calculated from GIonS V2 the
average should be taken over all possible orientations. If angular n,m steps of ∆ϕ and ∆θ are
taken, this implies calculations of:

Φn = {x ∈ R | 0 < x < π −∆ϕ ∧ x
π ∈ N0 ∧ x

∆ϕ < n}

Θm = {x ∈ R | 0 < x < π
2 ∧ x

π ∈ N0 ∧ x
∆θ < m}

(3)
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as the symmetry in the x, y-plane reduces the points needed in Θm. Additionally for θ = 0 the
result will be the same regardless of ϕ meaning some more calculation can be skipped. With
these set of points the weights of the corresponding orientations are not taken into account. If
N -orientations are to be simulated a weight can be defined:

w(ϕ, θ) =

{
1/Wnm if θ = 0, π2
2/Wnm otherwise,

(4)

where Wnm is chosen such that: ∑
ϕ∈Φn

∑
θ∈Θm

w(ϕ, θ) = 1 (5)

Furthermore the linear nature of the H2-molecule forces an accurate description of the inter nuclear
separation d between two hydrogen atoms. In GIonS V2 this was taken to be the bondlenght of
ground-state H2, being d ≈ 1.4 atomic units (a.u.) and H+

2 having d ≈ 2.0 a.u. [18]. During a
collision d might change over time due to several processes, the first being electron transfer. If
an electron is captured by a tin ion, what happens with d while H2 → H+

2 is quite unclear. The
relaxation of the bond from 1.4 to 2.0 might take place within a time frame way larger than the
characteristic time of a collision with some initial Snq+ energy E0. In such circumstances the
assumption that the bondlength stays constant seems reasonable. On the other hand if E0 is
small enough this assumption won’t hold.

Secondly, during the collision a change in electron configuration might also allow for the relaxation
of the hydrogen bond. Whether this is significant for the trajectories of the particles is in itself
an open question. And once again it is not yet clear how much time is needed for this process to
occur. For the sake of keeping this project somewhat simple the decision was made to use the
simplified situation that a constant bond length offers even if this is only a first approximation.
In the discussion some reflection will be included that anticipates the possible effects a changing
bond length might induce.

With a completely rigid bond, rotational motion is added as additional dynamics. Just like
velocity, the angular velocity of H2 can be updated every time step in a simulation. For that
the torque at any time-step needs to be determined. In classical motion torque around an axis
labeled with i is calculated using:

τ i =

∫
V

d3r′ri
′ × F(ri

′) (6)

where r′i denotes the vector from the rotational axis i to the point where a force is applied.
For the hydrogen molecule this formula is substantially simpler as only two forces need to be
considered, the force on hydrogen atom 1 and hydrogen atom 2. Logically the axis of rotation
runs through the center of mass and perpendicular to the bond axis of H2. The center of mass is
not anchored making it more difficult to imagine how the total motion of the molecule works out.
The proposal is to calculate the two H-forces, find the components perpendicular to the bond
length F1,F2 and from that find what is called the coupled torque τ c. The coupled torque is the
torque created when on the two opposite sites of the hydrogen atom, there are two forces that
are anti parallel and (partially) cancel out as depicted in figure 5. Crucially the rigid bond allows
us to attribute any remaining components from the perpendicular and parallel force vectors to
the movement of the center of mass.

τ c =

{
2
(
d
2 ×min(|F1|, |F2|)

)
if F1 and F2 are anti parallel

0 otherwise,
(7)
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In GIonS V2 the decision has been made to calculate the total motion of H2’s center from
the normal ZBL/Coulomb/DFT potential and the rotational motion independently. To combine
the two motions only the angular velocity of the latter is extracted and added to the center of mass
motion. This will undoubtedly break conservation of energy, which needs to be addressed. Lets
say that during a time-step dt, a force F is applied and a rotational energy difference of ∆Erot is
created due to torque. To make sure energy is conserved we need to rescale the interaction force
to F′. F′ is constrained by the following condition,

1
2

∣∣∣∣v0 +
Fi

m
dt

∣∣∣∣2 = 1
2

∣∣∣∣v0 +
F′

i

m
dt

∣∣∣∣2 +∆Erot
mi

mSn +mH2

(8)

Where here the index i refers to the frame of either Snq+ or H2. Because the direction of F′
i is

unknown some assumptions must be made to solve for F′
i. By making the reasonable assumption

that Fi and F ′
i are in the same direction, we write, F′

i = aiFi and by filling this into (8) a
quadratic equation in ai is formed. Solving for ai for both i = Snq+,H2 we get the corrected
force F′

i for a time-step, that is still energy conserving. By solving the trajectories in this manner
GIonS could tell us something about the relevance of the rotational motion to stopping power. For
electron transfer it will likely be important as the energy crossing contour used for Landau-Zener
calculations is no longer center symmetric in the DFT potential, by spinning of the H2 the crossing
could be crossed earlier or later on in the collision.

Figure 5: Force diagram of a polarized H2 near a Snq+ ion, showing the force used for a coupled
torque calculation.

In order to get an appropriate force calculation for each hydrogen atom individually a potential
needs to be constructed for the interaction of the first hydrogen nucleus with then a fixed tin
ion and the second hydrogen nucleus. This seems rather complicated but because we assume a
fixed bond length the only interaction force needed to be modeled is between H and Sn. From
here a DFT-type potential could still be found and used but the conventional ZBL potential
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with Z1 = 1, Z2 = 50 is less complicated to implement and could facilitate finding the order of
magnitude of the rotational motion to be expected. If the angular velocity induced is low, the
effect of rotational motion might be neglible due to the short interaction window during a collision.

The presence of a charged ion near the hydrogen might also induce a dipole moment, which will
lead to a fractional effective charge on each hydrogen atom. As will be shown in section 2.2.5
these fractional occupations can be estimated using density functional theory (DFT). With the
effective charge of each atom found, it also might be reasonable to use a Coulomb potential for
each individual hydrogen. With this choice the interaction window in which torque is applied to
the H2 is increased as the range of the Coulomb potential is larger than that of the ZBL. In fact
the choice of interaction potential is a combination of both because the steep nuclear potential
described by a ZBL is still important if inter-nuclear separations get small. The total single
hydrogen potential VH is then:

VH(r) =

{
Vc(r) if Vc(r)− VZBL(r) > 0

VZBL(r) otherwise,
(9)

2.1.3 Stopping Cross-Sections

In GIonS V1 the emphasis of the simulation results was mainly on the average energy loss
Snq+ would have per collision with H2. For GIonS V2 interest has shifted towards the stopping
cross-section of Snq+ with respect to H2. To begin lets define what actually is a stopping power
and how it relates to stopping cross-sections. Stopping power is a measure of the energy loss a
particle experiences per unit length traversed through a specific medium. If this quantity is then
normalized with respect to the density of the material it is known as a stopping cross-section, it is
defined in eq (10). Now in this thesis the stopping cross section will be treated in a semi-classical
sense [13]. That is, the motions of nuclei are treated with classical dynamics while electrons are
described by quantum states.

S(E0) ≡ − 1

n

dE

dx

∣∣∣∣
E=E0

(10)

Following the description of S it is logical to wonder if there is a direct mathematical oper-
ation which could turn average energy losses into stopping cross-sections. The answer is yes
but to understand why, first the method used to calculate stopping cross sections will be explained.

Lets imagine a Snq+ ion traversing through a gas of H2 with density n. As the Snq+ trav-
els a unit distance dx there is a chance that it will collide with a H2 molecule with some impact
parameter b. In that process a set amount of momentum dp is transferred, the exact number
is calculated with simulations of GIonS V1 and V2. Momentum transferred is directly related
to energy loss but not weighted against the probability of finding a H2 at impact parameter b
within a unit distance dx. The probability of this scenario can be expressed using a differential
cross-section as illustrated in figure 6.
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Figure 6: Differential cross-section of Snq+ with a homogeneous gas of H2 molecules.

Here the idea is that Snq+ will move in a straight line over a short distance dx. The circular
symmetry surrounding that path provided the differential cross-section 2πbdb. The unit volume
V = 2πbdbdx that is then encountered over the time it takes to move dx then corresponds to a
number of collisions N(b) through the target density, N(b) = V · n. The total expected energy
loss over a distance dx is then expressed as:

dE =
(dp(E0, b))

2

2MSn
· 2πbdbdx · n (11)

Or by using energy loss results directly,

dE = ∆E(E0, b) · 2πbdbdx · n (12)

The only thing left to do to find S is reorder equation (12) and add an explicit integral over the
impact parameter,

− 1

n

dE

dx

∣∣∣∣
E=E0

=

∫ bmax

bmin

∆E(E0, b)2πbdb (13)

To generalize to collisions with mutliple reaction channels such as electron transfer or excitation
an extra weight is added corresponding to the probability of each channel taking place [13],

− 1

n

dE

dx

∣∣∣∣
E=E0

=

∫ bmax

bmin

N∑
i=1

Pi(E0, b) ·∆Ei(E0, b)2πbdb (14)

In eq (13), the integration bounds have purposefully left ambiguous. To obtain the theoretically
correct result the bounds should be bmin = 0, bmax = ∞, in practice this is not possible due to
computation times. Therefore an appropriate choice of bmax should be based on a balance of
convergence and run time. In the regime the stopping calculations were carried out (E ∈ [0.01, 10]
keV), equation (14) will often be well described by a power law S(E) ≈ αEβ . Consequently the
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characterization of stopping by interaction potential is summarized in what α, β are found to fit
this power law the best.

The energy loss function ∆Ei(E0, b) found by GIonS V1, was used to calculate the average
energy loss ∆Eave(E0) one could expect per collision event. In eq (15) the mathematical defini-
tion of ∆Eave(E0) is given. From these explicit mathematical forms one could notice that S(E0)
and ∆Eave(E0) are related up to the normalization used for ∆Eave(E0).

∆Eave(E0) =

〈
N∑
i=0

Pi(E0, b) ·∆Ei(E0, b)

〉

=

∫ bmax

bmin

N∑
i=1

Pi(E0, b) ·∆Ei(E0, b)2πbdb∫ bmax

bmin

2πbdb

=
1

π(b2max − b2min)

∫ bmax

0

N∑
i=1

Pi(E0, b) ·∆Ei(E0, b)2πbdb

(15)

The only thing needed to convert average energy losses to stopping cross-sections is the mul-
tiplication by the size of the integration domain. GIonS V1 has used the impact parameter
values in atomic units (a0) after conversion they result in bmin = 0 a.u. and, bmax = 7.3 a.u.
→ πb2max ≈ 5 · 10−15cm2. Previously typical average energy loss values were found to be around
1−4 eV over the whole energy range, multiplying this with πb2max results in stopping cross-section
of the order ∼ 10−14 eV cm2 which matches up well with experimental results such as the
Abramenko et al. data [8].
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2.2 Density Functional Theory (DFT)

Density Functional Theory (or DFT in short) is a widely used theory for the calculation of
electron orbitals in quantum structures ranging from large molecules to crystal structures. The
goal of DFT is finding the solutions to the Hamiltonian of a system of interacting electrons
by use of a self consistent field (SCF) calculation. In order to do so some approximations and
corrections have to be implemented which are of crucial importance to the accuracy of the results
coming from DFT. As such, in the coming sections, the need for approximations will be explained.
Consequently the necessary corrections will be introduced and discussed.

2.2.1 Formal Framework

The aim of DFT is to find the wave functions of an electronic many-body problem. First we assume
that wave-functions of the nuclei and electrons can be treated separately. This approximation
is called the Born Oppenheimer approximation [19, 20] and rests on the assumption that due
to the relative mass difference between the nucleus and electron, we can think of the nucleus as
essentially fixed in the center of mass frame. The presence of the nuclei then only contributes
to an external potential v(r) acting on the electrons [21, 19]. Now we define the Schrodinger
equation for a system of N interacting non-relativistic electrons.

Ĥψj(x1,x2, .....,xN ) = Ejψj(x1,x2, .....,xN ) (16)

Where ψj refers to the wave function corresponding to j-th energy level of the system. Additionally

the Hamiltonian can be divided in to three terms, the kinetic energy operator T̂ , the potential
operator V̂ and the electron-electron operator Ŵ .

Ĥ = T̂ + V̂ + Ŵ (17)

where:

T̂ =

N∑
i

−∇2
i

2
V̂ =

N∑
i

v(ri)

and,

Ŵ =
1

2

N∑
i,i ̸=j

w(|ri − rj |)

Here the w(r) function is any kind of interaction potential between two electrons yet to be specified
( an easy example would be the Coulomb potential w(|r1 − r2|) = 1/|r1 − r2| ). Solving the
Schrodinger equation for the N-interacting electron system then allows us to find any observable
O by using their operator Ô on the solution’s wavefunctions:

Oj = ⟨ψj | Ô |ψj⟩ (18)

While the definition of the many body system appears rather straightforward, solving (16) in
analytical terms becomes impossible for larger systems. In order to still advance and obtain a
workable solution we have to turn to approximations and numerical methods. There are many
possible ways the many body problem has been tackled historically, examples include Hartree-
Fock (HF) theory, diagrammatic Green’s function techniques, Monte Carlo (MC) approaches and
Configuration Interaction (CI) expansions [19]. In this thesis the choice was made to explore and
use a higher order version of Hartree-Fock theory, called Density Functional Theory (DFT).
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The first step to understanding Hartree-fock, and by extension DFT, is to shift from elec-
tron wave functions to electron densities. Lets assume we are able to find the groundstate
wave-functions of N interacting electrons. In that case the probability of finding an electron at r
can be expressed by the so called electron density n(r) [19].

n0(r) = N

∫
dx2· · ·

∫
dxN |ψ0(r,x2, . . . ,xN )|2 (19)

As the wave-function used to calculate n0(r) is obtained from the Schrodinger equation, and that
itself is dependent on v(r), we can write the ground state electron density as a functional of v(r)
like, n0[v](r). Next we need to consider if the inverse is also true, is the external potential a
functional of n0(r)? The question is answered in the Hohenberg-Kohn theorem which states:

Hohenberg-Kohn theorem. In a finite, interacting electron system with a given particle-
particle interaction there exists a one-to-one correspondence between the external potential
v(r) and the ground-state density n0(r). In other words, the external potential is a unique
functional of the ground-state density, v[n0](r), up to an arbitrary additive constant. [19, 22]

The full proof of the Hohenberg-Kohn theorem is given in [19, 22]. This theorem has the important
implication that two ground state wave functions that differ up to more than a phase factor
produce two unique ground state electron densities. This allows us to state that any mapping
from ψ0 → n0 is one to one, and by extension that the wave-functions are functionals of the
electron density, ψ0[n0](r). Additionally we can also write V̂ [n0] and because T̂ and Ŵ do not
involve any potential term they are fixed. Furthermore it means that the Hamiltonian is also
a functional of n0. By now substituting Ĥ[n0] into the Schrodinger equation (16), it should be
evident that all eigenstates of the Hamiltonian are electron density functionals ψj [n0], in ad-
dition to the ground state ψ0. Note that explicitly ψj is a functional of the ground state density n0

1

Additionally in Hohenberg-Kohn’s original paper [22] it is shown that for a potential v0 the total
energy functional Ev0 [n] > E0 if n ≠ n0 and Ev0

[n] = E0 if n = n0 [19, 22]. The total energy
functional is defined as:

Ev0 [n] = ⟨ψ[n]| T̂ + V̂0 + Ŵ |ψ[n]⟩ (20)

By finding a minimum in Ev0 [n], n0 could theoretically be found. By making use of the method
of Lagrange multipliers this statement is translated in a very useful property seen in eq (21).
Here µ denotes the Lagrange multiplier ensuring a set number of electrons is in the system. See
section 2.2.6 for a basic explanation of the method of Lagrange multipliers and for a more in
depth look at how this expression is obtained.

δ

δn(r)

[
Ev0[n](r)− µ

∫
d3r′n(r′)

]
= 0 (21)

Equation (21) is referred to as the DFT Lagrange equation and holds for any system with or
without the inclusion of electron-electron interactions. However finding n0 through this method
is not feasible as Ŵ is often unknown, for that reason a different formalism is needed which was
proposed by Kohn and Sham in 1965 [26].

1This result is reproduced in a theory within DFT which calculates excited state energies of systems named, linear
response theory [23]. Linear response theory is a branch of time dependent density functional theory (TDDFT)
[23, 24, 25] and has a generalized version of the Hohenberg-Kohn theorem called the van Leeuwen theorem [24].
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The main result of the formal frame work of these density functionals and operators is that in
order to find the total energy of a system we do not have to solve the Schrodinger equation.
Instead finding the electron density of the system is an equally valid option which in theory
should lead to the same answers. In practice finding the ground-state density is not straight
forward and involves the introduction of a self-consistent field (SCF) calculation [19, 21, 27]. This
solving method is the next topic.

2.2.2 Kohn Sham equations

To obtain the famous Kohn Sham equations we start by considering the many body problem with a
Hamiltonian but now we omit the self interaction of electrons, i.e. we remove the electron-electron
operator Ŵ . This simplification turns our many body problem into a non interacting many
body problem. The motivation behind it is to make it easier to solve the electron orbitals while
introducing an interaction potential that does attempt to remedy the lack of an e-e interaction
term in the Hamiltonian.

First lets start off by explicitly writing the Kohn Sham Hamiltonian [19]:

Ĥs = T̂ + V̂s =

N∑
i=1

(
−∇2

i

2
+ vs(ri)

)
(22)

Here, V̂s and vs refer explicitly to the yet to be determined potential that corrects for e-e
interactions. Due to the omission of electron-electron terms we can actually turn the Schrodinger
equation (16) into a set of independent differential equations (23) [19].[

−1

2
∇2 + vs[n](r)

]
ϕi(r) = Eiϕi(r) (23)

With all of the single electron wave functions ϕi we can find the total electron wave-function. In
order to abide by Pauli’s exclusion principle the total wave-function is given by a single Slater
determinant:

ψs(r1, . . . , rN ) =
1√
N !

∣∣∣∣∣∣∣∣∣
ϕ1(r1) ϕ2(r1) . . . ϕN (r1)
ϕ1(r2) ϕ2(r2) . . . ϕN (r2)

...
...

. . .
...

ϕ1(rN ) ϕ2(rN ) . . . ϕN (rN )

∣∣∣∣∣∣∣∣∣ (24)

which is automatically anti-symmetric under electron exchange as required [19, 20, 28]. With this
total wave function one could once again obtain the electron density using equation (19). However
an alternative equation (25) can also be used provided the calculated orbitals are orthogonal.

n(r) =

N∑
i=1

⟨ϕi(r)|ϕi(r)⟩ (25)

The orthogonality condition is not trivially present in the set of ϕi’s but in most cases the set of
orbitals can be orthogonalized [20], this process will be discussed in section 2.2.3.

The total energy functional is defined as:

Ev0 [n] = F [n] +

∫
dr3n(r)v0(r) (26)
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Where F [n] = T [n] +W [n] = Ts[n] and v0 = vs in the non interacting case. Now we transform
the non-interaction picture into one with an effective single-particle picture by writing:

Ev0 [n] = Ts[n] +

∫
d3rn(r)v(r) +

1

2

∫
d3r

∫
d3r′

n(r)n(r′)

|r− r′|
+ Exc[n] (27)

where the Exc is called the exchange-correlation energy [19, 21]. Exc is a rather important
quantity as it heavily influences what the effective potential will look like. With that in mind
a well informed choice of exchange correlation functional should be made and thus it will be
discussed in more detail in section 2.2.4. We can also substitute in the Coulomb/Hartree energy
EH [n] [19] which is defined as:

EH [n] =
1

2

∫
d3r

∫
d3r′

n(r)n(r′)

|r− r′|
(28)

With a total energy functional expression for both type of interaction pictures we work out the
DFT Lagrange equation (21) for both systems:

δEv0 [n]

δn(r)
=
δTs[n]

δn(r)
+ v0(r) +

∫
d3r′

n(r′)

|r− r′|
+
δExc

δn(r)
= µ

δEvs [n]

δn(r)
=
δTs[n]

δn(r)
+ vs(r) = µ (29)

By now setting
δEv0 [n]

δn(r) =
δEvs [n]
δn(r) we are conceptually equating a non-interacting system with

some effective potential vs(r) to a system with electron-electron interactions and the potential
created by atoms v0(r). If we do this and solve for vs(r) we get:

vs[n](r) = v0(r) +

∫
d3r′

n(r′)

|r− r′|
+
δExc

δn(r)
(30)

with vxc[n](r) ≡ δExc

δn(r) . Finding the full expression of vs[n](r) will allow us to find the ground-state

electron density by solving (23).

In the DFT solving method no spin was mentioned thus far. By partitioning the total electron
density into a spin up and spin down part we can actually generalize the previous equations to
include spin effects [19].

N = N↑ +N↓ ⇐⇒ nj(r) = nj,↑(r) + nj,↓(r) =
∑

σ=↑,↓

Nσ∑
i=1

⟨ϕi,σ|ϕi,σ⟩

The partitioning also has minor effect on the functionals, which are now a functional of both
n↑(r) and n↓(r): [

−1

2
∇2 + vs,σ[n↑, n↓](r)

]
ϕi,σ(r) = Ei,σϕi,σ(r) (31)

vs,σ[n↑, n↓](r) = v0(r) +

∫
d3r′

n↑(r
′) + n↓(r

′)

|r− r′|
+ vxc,σ[n↑, n↓](r) (32)

Note that now we do not seek an expression or approximation of Exc[n] but rather Exc[n↑, n↓].
Because an electron density is needed as input in both the normal (30) and spin resolved (32)
effective potentials, there is a need for an initial guess of n(r). With the potential resulting
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from this guess we will get a new electron density through eq (31), which is likely very different
from the initial guess. So we repeat the process, now finding vs[n] with the new n(r) as a more
educated guess. In principle this process should be repeated until there is no change in n(r), yet
often the energy difference between iterations could be of the order of fractions of eV’s after 10-40
iterations (depending on the problem at hand). Instead convergence criteria are implemented
often involve quantities like the norm of the orbital gradient as is the case in quantum chemistry
package NWChem[15].

Guess n(r)

Calculate vs[n]

Solve Kohn Sham eq:[
− 1

2∇
2 + vs,σ

]
ϕi,σ = Ei,σϕi,σ

Using ϕi’s get:
n(r) =

∑
σ

∑Nσ

i |ϕi,σ(r)|2
and E[n]

Converged?

XC-
functional

(Gaussian)
basis
set

Stop

B3LYP

3-21G, def2-TZVPP

yes

no

Figure 7: Flow chart of the iterative self consistent field procedure in DFT.

This SCF iterative method (schematically illustrated in figure 7) is a very powerful result, only
undercut by a poor choice of basis set and exchange-correlation (xc) functional Exc[n]. Choosing
the right functional can be a difficult task, that is why section (2.2.4) has been dedicated to
explaining the different types and their advantages and shortcomings. The same holds for the
choice of basis set, which will be discussed now.

2.2.3 Basis sets

With the general ideas laid out in the previous section it should now be somewhat clear what
DFT is. One thing that was skimmed over, is finding solution to the Kohn-Sham equations
(31). In highly symmetric systems solutions may be found analytically [19, 21], yet in most
applications in DFT we are forced to seek a numerical approach. Because we are dealing with
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a linear 2nd order differential equation it is actually possible to use a superposition of states
to construct a viable solution. This property is efficiently exploited by DFT by supplying its
solving method with so called basis functions [21]. Basis functions are usually common occurring
orbitals and a set of them is referred to as a basis set. Because basis functions are themselves
a solution to a Schrodinger equation (albeit with a different interaction potential), they can
be thought of as vectors living in their own vector space called Hilbert-space. A the set of
these vectors then span a subspace of Hilbert-space, which corresponds to a set of solutions we
can find to the Kohn-Sham equations. This argument supports the probable notion that the
size of the basis set used for a DFT calculation is rather important to obtaining meaningful results.

Basis sets are often ordered according to the number of independent basis functions per oc-
cupied valence orbital also called cardinal number [21]. Having a basis set with high cardinal
number is in some cases crucial to form electron orbitals that encompass the fine details needed
for the problem at hand. In any application of DFT we are resorted to using a finite set of these
basis functions. By using a restricted set of function, new possible sources of error are introduced
in the computation of orbitals. The first is the basis set incompleteness error (BSIE) [21] which
occurs when your basis functions do not span a sufficient function space to describe the solution
to the Kohn-Sham equations. A valid way to probe the presence and magnitude of BSIE is by
evaluating your DFT calculation with both a basis set with a set cardinal number and a higher
cardinal number, and looking at the difference.

The other type of common occurring error is a basis set super position error (BSSE) [21, 29].
BSSE is a phenomenon where basis set functions of different nuclei start to overlap which usually
happens at close nuclei separations. The overlap of these basis functions increases the set size
of nearby nuclei which could end up lowering the total energy of the system found if the initial
basis set used is small. BSSE is a particular issue if a geometry optimization over some internal
coordinate is carried out. An example of this is an optimization trying to find the bond length of
diatomic molecules that correspond to a minimum in the energy, in other words calculating the
optimal bond length. Because of the BSSE effect, shorter separations are actually favoured for
energy optimization causing a deviation in the bond length of fractions of angstroms. In this
project no geometry optimizations were carried out as instead tabulated NIST values [18] for H2

were used. Though this limits the effect BSSE would have, a basis set that is too small could still
skew the potential energy function found by DFT.

As stated prior, finding the electron density from orbitals can be done efficiently if the or-
bitals are orthogonal. For two electrons, one occupying the ϕν(r) orbital and one occupying the
ϕµ(r) orbital, this condition can be put into mathematical terms [20]:∫

d3rϕ∗µ(r)ϕν(r) = δµν (33)

But if there is linear dependence within the set of orbitals, the right hand side contains off-diagonal
elements: ∫

d3rϕ∗µ(r)ϕν(r) = Sµν (34)

Given this matrix Sµν there are two general procedures to orthogonalize the electron orbitals
through a basis transformation. For an undisclosed transformation matrix X we write a set of N
orthogonal orbitals ϕ′:

ϕ′µ =

N∑
ν

Xνµϕν µ = 1, 2, · · · , N (35)
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where the requirement is that X transforms the set such that:∫
d3rϕ′∗µ (r)ϕ

′
ν(r) = δµν . (36)

By using equations (35) and (34) in eq (36) it can be shown that X has the property:

X†SX = 1 (37)

Additionally S is Hermitian, meaning it can be diagonalized with a unitary matrix U:

U†SU = s (38)

Here we have found a set of equations for the elements in X. The first option for orthogonalization
method is called symmetric orthogonalization [20] which uses:

X ≡ Us−
1
2U†, (39)

and has the distinct disadvantage of blowing up in the case of small linear dependencies in the
orbital set. Here for some µ, sµ will be close to zero thus leading to the division of a small number
in (39). The other method is called canonical orthoginalization [20] and chooses:

X = Us−
1
2 , (40)

Initially it seems the same division problem might occur here as well. Nevertheless, in canonical
orthoginalization there is a remedy to eliminate the small linear dependencies. For the sake
of argument lets say there are m small linear dependencies. First we start by orderding the
eigenvalues s in terms of magnitude. Subsequently the m problematic eigenvalues are truncated
from s and at the same time X, resulting in a new transformation matrix:

X̃ =


U11

s1
U12

s2
. . . U1N′

sN′
U21

s1
U22

s2
. . . U2N′

sN′
...

...
. . .

...
UN1

s1
UN2

s2
. . . UNN′

sN′

 with N ′ = N −m (41)

Effectively we have shrunk the size of the basis set from N to N −m functions2. The new orbitals
are given in eq (41):

ϕ′µ =

N∑
ν

X̃νµϕν µ = 1, 2, · · · , N −m (42)

2.2.4 Exchange Correlation Functionals

The strength of the formal framework set out by Kohn and Sham is the formally exact way it
treats many-particle correlation and fermionic exchange effects [19]. At the heart of this exact
approach is the Exc[n(r)] which in reality is not exact and prone to self-interaction-errors (SIEs).
One of the challenges of the Kohn-Sham DFT formalism is obtaining a good analytical description
of the exchange correlation (xc) functional. Over the years, many xc-functionals have been
developed, to understand the need of some improvements lets first have a look at the desired
characteristics of a good xc-functional.

A well behaved xc-functional has two equivalent properties:

2Note that the Hartree-fock energy (introduced in the next section) can be re-evaluated after finding the
transformation by using the transformation matrix X̃ directly instead of repeating the whole calculation with the
new set of orbitals.
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Exchange Correlation Functionals: A xc-functional must not contain any self
interaction. This requirement translates to a condition: EH [nj,σ] + Exc[nj,σ, 0] = 0. Each

orbitals self-Hartree energy must be cancelled by its xc-energy.
⇐⇒

The xc-potential should behave like vxc(r) → − 1
|r| as |r| → ∞

Usually the xc-functional is split up into two parts, the exchange energy and correlation energy
functional. An exact expression for the exchange energy density in terms of orbitals exists and is
given by [19, 21]:

eHF
x (r) = −1

2

∑
σ

Nσ∑
i,j=1

∫
d3r′

ϕ∗i,σ(r
′)ϕj,σ(r

′)ϕi,σ(r)ϕ
∗
j,σ(r)

|r− r′|
, EHF

x =

∫
d3reHF

x (r) (43)

The exact exchange energy is usually referred to as the Fock or Hartree Fock (HF) exchange
energy. Note however that this expression is not an explicit functional of n(r) (only implicit
through the orbitals). This poses a practical problem as taking a functional derivative with
respect to n(r) is impossible analytically, meaning there is not a full expression for vxc(r). Yet,
eHF is still used in higher order approximations as we will see shortly.

Without the exact formulation, functionals need to rely upon empirical data of chemical properties
and subsequently the fitting of proposed models. The first functional that was formed by Kohn
and Sham [19, 26] is called the Local Spin Density Approximation (LSDA). This method uses
theoretical results of a homogeneous electron liquid with (constant over space) density n′ for
the exchange energy density, ehx(n

′
↑, n

′
↓). Additionally the correlation density ehc (n

′
↑, n

′
↓) has

been analytically parameterized based off highly precise electron liquid simulation results. The
total energy xc-energy density ehxc(n

′
↑, n

′
↓) = ehx(n

′
↑, n

′
↓) + ehc (n

′
↑, n

′
↓) is then used to express the

xc-functional as a simple integral:

ELSDA
xc [n↑, n↓] =

∫
d3rehxc(n↑(r), n↓(r)) (44)

and the LDA potential:

vLSDA
xc (r) =

dehxc(n
′
↑, n

′
↓)

dn′
σ

∣∣∣∣∣
n′
σ=nσ(r)

(45)

From these expressions it becomes clear why this is called a ”local density approximation” of the xc-
functional. The energy contribution provided by this functional at position r0 corresponds to the
energy gained if an electron density n(r0) is present at r0 with a n(r0) dense homogeneous electron
liquid surrounding it. We can also infer from this that the LSDA-functionals are a good attempt
at describing the xc-energies in cases with a high level of homogeneity in the electron density but
start to lack cases with strong gradients in n(r). This suspicion is matched in reality as LSDA’s of-
ten include self interaction and faulty asymptotic behaviour [19, 30], vxc(r) → −e−α|r| as |r| → ∞.

The LSDA is an approximation of the first order (also called rung). To improve upon it, the next
logical step would be to factor in a changing local gradient. The collection of the xc-functionals
that realize this is called, the Generalized Gradient Approximations (GGA) and these are of the
second rung. There are many different forms of GGA but a popular one is ”BLYP” which consist
of an exchange functional by Becke: B88 [31] and a correlation functional by Lee, Yang and Parr:
LYP [32]. Many of these functionals require the fitting of function parameters for the model, in
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the case of the Becke functional it is done by fitting to atomic Hartree-Fock exchange energies.
Another xc-functionals PBE [33], was developed by John Perdew et al., where noteably the param-
eter fitting was done non-empirically and instead focused on getting a well behaved functional [19].

There are also approximations of the third-rung called meta-GGA’s. The functionals of this
type include laplacians of the electron density and Kohn-Sham orbital kinetic energy densities as
variables of the xc-energy density and xc-potential. The main improvement of the meta-GGA’s is
the partial alleviation of self-interaction which was often a problem in the conventional second
rung GGA’s [19, 30]. These higher order functionals are not without their limitations however,
the kinetic-energy density is merely an implicit functional of the electron density leading to
problems evaluating the xc-potential. Historically a formal method was developed within DFT to
still evaluate vxc, with a downside being more computationally expensive.

At the fourth rung we have hybrid functionals, these are comprised out of a mix of the ex-
act exchange energy functional (seen in (43)) and a combination of LDA’s and GGA’s [19]. As
stated with the meta-GGA’s there are ways to actually evaluate vxc even with the presence of
implicit functionals in Exc as with E

HF
xc . A widely used hybrid is the B3LYP functional [31, 32, 34],

which is given by:

EB3LYP
xc = (1− a)ELDA

x + aEHF
x + b∆EB88

x + cELYP
c + (1− c)ELDA

c (46)

with: a = 0.20, b = 0.72, c = 0.81 and ∆EB88
x is Becke’s 1988 gradient correction for exchange.

B3LYP has been shown to reproduce structural and energetic properties of molecules more
accurately than most (meta) GGAs, hence its popularity. Nevertheless, the asymptotic behaviour
of even the popular B3LYP is incorrect [35], vxc(r) → − 0.2

|r| as |r| → ∞.

From a theoretical perspective all SIEs can be attributed to the incorrect description of regions
near a molecule with effective fractional charges [19, 35]. Range-separated hybrid functionals
(RSHs) were created to effectively counter the SIE by partitioning the use of approximate func-
tionals and the Hartree Fock exchange over inter-electronic distances r12 = |r1 − r2|. The goal is
to obtain asymptotically correct behaviour by using Hartree Fock exchange in the far limit while
close by a normal hybrid functional is sufficient (and less expensive to run).

The way these range separated functionals are constructed is by first using a Ewald split where a
parameterization called the Coulomb attenuated method (CAM) [35, 36] is used (see eq (47)).
Here we split the Coulomb potential into two parts, each of which will use a different xc-functional
to calculate the total xc-energy.

1

r12
=
α+ β erf µr12

r12
+

1− (α+ β erf µr12)

r12
(47)

In eq (47) the first term becomes dominant at long ranges and the second at short ranges. We then
split the exchange functional up into a long range and short range contribution, Ex = ELR

x +ESR
x .

By picking the first term of (47) and once again working out the exact exchange functional in
terms of orbitals, we find [35]:

ELR
x = αEHF

x − β

2

∑
σ

Nσ∑
i,j=1

∫
d3r1

∫
d3r2ϕ

∗
i,σ(r1)ϕj,σ(r1)

erf µr12
r12

ϕi,σ(r2)ϕ
∗
j,σ(r2)

= αEHF
x + βELR,HF

x (48)
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In this expression we can interpret erf µr12 as a weight function. In the domain of space where
r12 ≪ 1/µ, the energy density ELR

x (r) ≈ αEHF
x (r) and where r12 ≫ 1/µ, ELR

x (r) ≈ (α+β)EHF
x (r).

We can clearly see here how the partitioning of the Coulomb force results in two different
contributions to the total xc-energy for different ranges. In a similar manner the short range term
in (47) will enter into the expression of the LDA’s and (meta)-GGA’s total exchange energy. An
example of a RSH is CAM-B3LYP [35]:

ECAM-B3LYP
xc =αEHF

x + (1− α)ESlater
x + γ∆EB88

x

+ β(ELR,HF
x − ELR,B88

x ) + δELYP
c + ϵEVWN(5)

c

(49)

With α = 0.19, β = 0.46, γ = 0.81, δ = 0.81, ϵ = 0.19 , and µ = 0.33.

The fifth and highest rung of xc-functional is made up out of double hybrid functionals. The
major improvement over the lower rung functionals is the inclusion of unoccupied orbitals in the
correlation functionals [19]. To do so an expansion for the exact correlation energy in terms of
higher order many-body pertubation terms is used. Not a lot of these functionals exist as of today,
a few standard examples being: B2PLYP, B2GP-PLYP and PWPB95 [19]. These functionals all
calculate the correlation up to second order perturbative level (MP2). Doing so comes at a cost,
as typically the computational load is roughly twice that of the conventional B3LYP [19].

2.2.5 Space Partitioning / Population Analysis

For general gradient approximation (GGA) type functional (and PBE in particular) another type
of partitioning is sometimes used, called a quasi-non-uniform gradient-level approximation (QNA)
[37]. In metal lattices, GGA’s main source of errors come from a gradient sensitive area near the
nuclei. In order to optimize the performance of the xc-functional the model parameters need to
be changed in these error-prone regions. For an efficient way of treating this the total integration
domain needs to be partitioned into cells, each corresponding to an individual nucleus. If the cell
corresponding to atom i is denoted as Ωi then the QNA xc-functional can be mathematically
defined as,

EQNA
xc [n] =

∑
i

∫
Ωi

d3reLDA
x [n]F opt

xc,i[n] (50)

Here F opt
xc,i refers to the optimalization function which varies mixing parameters within the GGA.

These are GGA dependent and do not take a general form. The xc-functional in eq (50) was
introduced as a valid motivation to explain Becke’s space partitioning method [38] as it affects the
xc-functional significantly. To simplify the description of the problem we replace the integration
domain Ωi by yet to be determined weight function wi that drops at the domain boundaries.
With that the partitioning problem can be reduced to its essential form, we have an integral I
with some integrand F (r) partitioned into N pieces, see eq (51). Now the focus lies on finding a
weight function that is easily constructed from any geometry and yields reasonable results with
experimental values.

I =

∫
d3rF (r) =

N∑
n=1

∫
d3rFi(r)wi(r) (51)

We are interested in ways to partition the volume around atomic centers, for this Becke proposed
a general efficient method. The theory starts with the observation that for any 3D-space a unique
polyhedron can be coupled to each nucleus, to that effect filling the entire space. These can be
constructed by finding all perpendicular bisecting planes corresponding to all vectors Ri,j joining
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nucleus i to j. The set of polyhedra is referred to as Voronoi polyhedra or Voronoi cells3[38], their
formulation can be carried out for any distribution of nuclei, a 2D example is given in figure 8.

Figure 8: Schematic of a set of Voronoi cells. For a homogeneous material with nuclei depicted
as the yellow dots, this is also the set of cell created by Becke’s partitioning method.

For this procedure a coordinate switch is made, for any two atoms in the system we define the
confocal elliptical coordinates (λ, µ, θ)4 with λ ∈ [1,∞), µ ∈ [−1, 1], and θ ∈ [−π, π]. For atoms i
and j these coordinates are given by:

λi,j =
|ri|+ |rj|
Ri,j

µi,j =
|ri| − |rj|
Ri,j

(52)

which immediately illustrates the reason for this coordinate choice. Lets take for an example a
diatomic molecule like H2. For H2 any point (x0, y0, z0) → (λ0, µ0, θ0) is closer to nucleus i if
µi,j > 0 and closer to j if µi,j < 0. In the case that a diatomic molecule is homonuclear, we can
assume that the sphere of influence of both the nuclei is the same. This means that if we have
two similar nuclei i and j the choice of weight function wi ≡ ωi,j for assigning electron density to
atom i can be made using a heaviside step function [38]:

ωi,j(r) =

{
1 if − 1 ≤ µi,j ≤ 0,

0 if 0 < µi,j ≤ 1,
(53)

If more of the same nuclei are added into the total system this generalizes to:

wi(r) =
∏
j ̸=i

ωi,j(r). (54)

3Also known as Wigner-Seitz cells if dealing with a periodic lattice.
4For a vector in elliptical coordinates connecting the origin to a point, θ refers to the angle to the inter nuclear
axis, λ to ellipses with foci at the nuclei positions and µ to hyperboloids.

22



which is then consequently also the definition of the Voronoi polyhedron associated to nucleus i.
This argumentation is reasonable for a system of only one type of nuclei, but how about a hetero
nuclear system? Becke proposes a change taking into account differing atomic sizes by shifting
the division line according to the ratio of the Bragg-Slater radii χ = Ri

Rj
[38].

vi,j = µi,j + ai,j(1− µ2
i,j) (55)

ai,j =
ui,j

u2i,j − 1
, ui,j =

χ− 1

χ+ 1
(56)

where now,

ω̃i,j(r) =

{
1 if vi,j > 0,

0 if vi,j < 0,
(57)

which once again generalizes the Voronoi polyhedron to a product:

wi(r) =
∏
j ̸=i

ω̃i,j(r). (58)

Note that if χ > 2.4 then ai,j >
1
2 meaning setting vi,j = 0 will not have a solution. To deal with

it, should ai,j >
1
2 be found, ai,j =

1
2 is taken instead.

In Becke’s population analysis scheme the last improvement is to replace the heaviside function
and replace it with a more gradual type of ”step-like” function. Hence a ”cut-off” function is
introduced and defined as follows [38]:

sk(µi,j) =
1
2 (1− fk(vi,j)) (59)

Where if fk chosen to be sufficiently steep, the heaviside function will be recovered. fk(v) is
required to be odd for v ∈ [−1, 1] and flat at the end points. To ensure these criteria are met
a simple two term polynomial p(v) is used. An iterative algorithm is then used to turn these
functions into step function with increasingly sharp cut-off, with k being the order to which this
algorithm is carried out.

f1(vi,j) = p(vi,j)

f2(vi,j) = p[p(vi,j)]

f3(vi,j) = p{p[p(vi,j)]}, . . . where, p(vi,j) =
3
2vi,j +

1
2v

3
i,j

With the new transitional function the total weight is expressed in a similar manner to eq (58)
but now with a normalization factor to ensure proper weighting:

w(k)
n (r) =

P
(k)
n (r)∑N

m=1 P
(k)
m (r)

with P
(k)
i (r) =

N∏
j ̸=i

sk(µi,j) (60)

Using this more continuous cut-off over a heaviside function could be interpreted as moving from
conventional rigid polyhedra to more fuzzy polyhedra. In Becke’s paper it is shown that using
this method for k = 3 [38], an accuracy is obtained that is similar to other partitioning methods
available at the time, however the simplicity of this method made it very popular up until this
day.

Ni =

∫
d3rn(r)wi(r) (61)
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With the introduction of this section the need for a Becke type space partitioning was shown.
This method is not only adopted in QNA-type xc-functionals [37, 39], another application is
population analysis which partitions the space, to weight n(r) for each atom resulting in an
effective number of electrons present and attributable to a certain nucleus. For a nucleus labeled
with i, the number of electron Ni is given in equation (61). In the NWChem user manual a
recommendation is made to use Becke’s partitioning for population analysis when diffuse functions
are in the electron orbital basis set [15] hence for this thesis Becke’s method was adopted.

2.2.6 Constrained DFT

Since the start of the DFT framework section the focus has been on unconstrained systems. For
the application of DFT in this thesis: tin ion collisions with a hydrogen gas, we need to be able
to define an ion. With section 2.2.5 on population analysis a methodology has been shown to
find the (fractional) effective charge of a given atom. The question remains how to ensure that
(at larger separations) the electrons are at the right place. The system needs to be constrained
if we want a given amount of electrons to be bound to a specific nucleus. A constraint with N
electrons on an nucleus c looks like this:

Nc =
∑
σ

∫
d3rwc,σ(r)n(r) (62)

Where wc,σ is the weight associated to the population scheme used in your DFT calculations
(such as the Becke population explained in section 2.2.5). With this constraint the solutions to
the Kohn-Sham equations should and will be different compared to a normal free system (in
cases of large separation). To minimize the energy under the constraint (62), we make use of a
Lagrange multiplier.

In general terms, we are trying to find a maximum or minimum of function f(x1, x2, . . . , xD)
under the condition that g(x1, x2, . . . , xD) = C. Finding the point that satisfies both of the
conditions simultaneously can be done by first writing [40]:

L = f(x1, x2, . . . , xD)− λ(g(x1, x2, . . . , xD)− C) (63)

Where λ is called the Lagrange multiplier. By then setting ∇L = 0 we obtain a system of
equations which can be solved and results in:

x1 = h1(λ) , x2 = H2(λ) , . . . xD = hD(λ) (64)

Substituting this back into the constraint g[h1,H2, . . . , hD](λ) = C then allows us to find λ,
which in turn yields the exact maximum/minimum point under the constraint through eq (64) [40].

Now in the case of constrained DFT we recognize that we are dealing with a functional in
our constraint:

Nc =
∑
σ

∫
d3rwc,σ(r)n(r) ≡ g[n](r) (65)

As we are trying to minimize the energy functional E[n], we pick f [n](r) = E[n] and are left with:

L ≡W [n, Vc] = E[n] + Vc

(∑
σ

∫
d3rwc,σ(r)n(r)−Nc

)
(66)
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introducing Lagrange multiplier Vc. As in the general case we are after Vc. By demanding that

W [n, Vc] is at a stationary point
(

δW [n,Vc]
δn = 0

)
it can be show that Kohn-Sham equations (31)

transform into [41]:[
−1

2
∇2 + vs,σ[n↑, n↓](r) + Vcwc,σ(r)

]
ϕi,σ(r) = Ei,σϕi,σ(r) (67)

which nicely illustrates the importance of an appropriate choice of population analysis scheme.
Note that the solution of orbitals is now very much dependent on the value of the Lagrange
multiplier Vc. This means that for every iteration/ set of orbitals in the self consistent (SC)
calculation, Vc needs to be found [41]. In order to proceed the whole DFT self consistent method
needs to be changed. During a SC iteration, the previous / initial guess electron density is used
to find the normal KS Hamiltonian. With an initial guess for Vc, eq(67) will be solved. With the
new set of constrained orbitals we try to find a new better value of Vc. With the new Vc another
new set of orbitals can be found and with that a new guess for Vc. This process will continue
until the set of orbitals satisfy the constraint in eq (62). If the new orbitals satisfy the constraint
in eq (62), this SC iteration of the ordinary DFT method is finished.

As to finding Vc, in the general example λ could be found through simple linear algebra, for
Vc only numerical methods will work [41]. To find a minimum in W [Vc] we can solve for the
derivative dW

dVc
= 0, eq (68). Now crucially it can be shown that W [Vc] is a strictly concave

function, meaning that there is only one Vc corresponding to a minimum in dW
dVc

[41]. Consequently

searching for a solution to dW
dVc

= 0 can be carried out by using the gradient d2W
dV 2

c
in an educated

guess for the Lagrange multiplier used in the next CDFT iteration. dW
dVc

and d2W
dV 2

c
are given in

(68) and (69) respectively.

dW

dVc
=
∑
σ

Nσ∑
i

(
δW

δϕ∗i,σ

∂ϕ∗i,σ
∂Vc

+
δW

δϕi,σ

∂ϕi,σ
∂Vc

)
+
∂W

∂Vc

=
∑
σ

∫
d3rwc,σ(r)n(r)−Nc

(68)

and,

d2W

dV 2
c

= 2
∑
σ

Nσ∑
i

∑
a>Nσ

| ⟨ϕi,σ|wc,σ |ϕa,σ⟩ |2

Ei,σ − Ea,σ
(69)

where the last sum over a runs over all the unoccupied orbitals ϕa,σ in the basis set [41].

2.2.7 Effective Core Potential

In the normal DFT a great deal has been put into solving the non-relativistic Schrodinger equation.
However as it turns out, solving the relativistic Dirac equation (in an analytical way) is sometimes
possible yielding more accurate results by including what is referred to as ”direct relativistic
effects” into the calculation of electron wave functions [42]. In modern DFT a correction technique
called an Effective Core Potential (ECP) is recommended to be included in DFT calculations
with heavier atoms [30]. The ECP introduces some of these previously mentioned relativistic
corrections to be used even in more complicated systems.
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To understand what an ECP correction is and why they are important we write the explic-
itly the Dirac Hamiltonian ĤD for an N electron system. [42, 43]

ĤD =

N∑
i

cα̂ · p̂i + (β̂ − I4)c
2 + V̂ (ri) (70)

where p̂i is the momentum operator acting on the i-th electron. α̂ and β̂ are given expressed
using the Pauli matrices σ̂:

α̂ =

(
02 σ̂
σ̂ 02

)
and β̂ =

(
I2 02

02 −I2

)
(71)

With the Hamiltonian in eq (70) it is possible to obtain an analytical expression for the energy
levels of an H-atom/ H-like ion with atomic number Z seen in eq (72). Here n is the principal
quantum number and κ = ∓(j + 1

2 )

Enk = ±c2
1 +( Z/c

n− |κ|+
√
κ2 − (Z/c)2

)2
 − 1/2

− c2 (72)

By Taylor expanding eq (72) we find that the non-relativistic energy scales like E ∝ Z2 while
the first order relativistic corrections goes like Erel-corr ∝ Z4. Quasirelativistic Wood-Boring add
citation? calculations on He,Ne,Ar,Kr,Xe and Rn show a similar Erel-corr ∝ Z4.34 relation [42].
Erel-corr scaling like approximately Z4 suggest that Erel-corr is more significant in heavier atoms
which is the main reason why these corrections should be included for such cases.

The direct relativistic effects also causes the contraction of inner shell electron wavefunctions
which results in a more effective screening of the nuclear charge [42, 43]. This in turn allows
the outer shell wave functions to spatially extend outward further than without an ECP. These
more indirect effects of a relativistic correction will play an important role when calculating the
potential between atoms. Additionally the addition of corrective terms also impacts chemical
bonds in the equilibrium length, vibrational constants, and binding energy.

As mentioned before the Dirac equation can only be solved analytically in highly favourable
cases, however for DFT there is still some role for the relativistic orbitals in what is called the
Frozen-Core Approximation [43]. Here the orbital calculation is split into two part, the inner shell
orbitals and the outer ”valence” orbitals. As the inner shell electrons are often not involved in
chemical processes these are ”frozen”. The combination of a nucleus with a set of relativistic inner
electron orbitals is referred to as a core. The normal Hamiltonian , including electron-electron
interactions, is replaced by a a valence-only Hamiltonian which consists of normal electron-electron
and nucleus potential terms for valence shells only, plus interaction terms between the core and
electrons, and between two cores. In eq (73) we see an example of a valence only Hamiltonian for
Nv valence electrons.

Ĥv =

Nv∑
i

hv(i) +

Nv∑
j

Nv∑
i<j

gv(i, j) + Vcc + Vcpp (73)

Vcc and Vcpp refer to the core-core interaction potential and the core polarization potential [42]
(both will be discussed shortly). hv and gv can be identified as as the single electron and double
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electron operator respectively and in ECP’s are usually written in non-relativistic operator form:

hv(i) =
−1
2 ∇2

i + Vcv(i) and gv(i, j) =
1

|ri − rj|
(74)

where more generally
∑Nv

j

∑Nv

i<j gv(i, j) ≡ Ŵ as defined in equation (17). Here Vcv is the potential
term for the interaction between a valence electron and all other cores. The assumption is that
the core-valence electron potential is a superposition of atomic pseudopotentials leading with a
Coulomb term [42]:

Vcv(i) =

N ′∑
λ

(
− Qλ

|rλ/i
|
+∆V λ

cv(rλi
)

)
+ . . . (75)

Furthermore, like Vcv, the core-core term is presumed to comprise of a sum of atomic pseudopo-
tentials:

Vcc =

N ′∑
µ

N ′∑
λ<µ

(
QλQµ

|rλµ
|
+∆V λµ

cc (rλµ
)

)
+ . . . (76)

An ECP introduces the desired relativistic effects indirectly through parameterization of ∆V λ
cv

and ∆V
λµ
cc . There are two different philosophies on how this should be done, the Model Potential

(MP) and Pseudo Potential (PP). Both parametrization methods need as input the core (inner
shell) orbitals, meaning that most DFT ECPs have a basis set of orbitals per atom to efficiently
construct Vcv and Vcc. The core polarization potential term Vcpp describes the potential arising
due to the electric fields of a polarized core, where the level of polarization factor of such cores is
evaluated at the Hartree Fock level of DFT [42, 43] which uses the multipole expansion for the
electric fields. Vcpp has a cut-off function near the cores, because the multipole expansion tends
to break down at small separations.

To conclude a DFT ECP replaces the first few inner electrons by cores and then treats the
valence electrons separately. By parametrization of the potential terms between cores, and
valence electrons and cores, relativistic effects can indirectly be added into the evaluation of the
Schrodinger equation. By treating only valence electrons the DFT computations are sped up and
in most cases show more accurate results. Both the quasirelativistic Wood-Boring calculations
and analytic results from the Dirac equation indicate that relatvistic corrections scale by Z4

meaning using an ECP is advised if heavier atoms are involved in a DFT calculation. Lastly
ECPs are developed to be used with a given basis set, thus if one is to be incorporated this should
be taken into account while searching for the right basis set.
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2.3 Interpolation

With DFT, a function value of an interaction potential can be found for each point in space. For
practical purposes such as dynamical simulations it would be required to evaluate this potential
at many different positions in space whose coordinates will change depending on the initial
conditions of the system. To speed up this process, the convention is to find a nice analytic
function that describes the potential function sufficiently closely. Finding such a function can
be difficult if not impossible if there is no general idea of what it would look like. Additionally
having a interaction potential described by a higher dimensional function also complicates matters
significantly. Subsequently the solution to this problem is to interpolate the function where
the interpolant needs to be constructed efficiently by an algorithm to keep DFT calculations
to a minimum. Interpolation methods are commonly used in the field of quantum-chemistry to
describe potentials, an overview of possible techniques is given in [44]. From this review paper
the decision was made to opt for the sparse grid method, whose algorithm will be explained now.

2.3.1 Sparse Grids

ϕl,j(y) =

{
1− |y/hl − j| if y ∈ [(j − 1)hl, (j + 1)hl] ∩ [−1, 1],

0 otherwise
(77)

In a more general context the problem at hand is the efficient construction of approximations to
multidimensional functions defined over some multidimensional domain. Methods trying to attain
this feat tend to suffer from the curse of dimensionality, the exponentially increasing computational
costs when considering additional dimensions. Sparse grid interpolation in particular tries to
alleviate of this growth problem by constructing the interpolant out of a linear combination of
tensors of one dimensional interpolation rules. Additionally the nodes (or function evaluation
points) needed for the algorithm are nested5.

To start we begin with defining a one dimensional interpolation rule for the domain Γ = [−1, 1].
For any 1-dimensional function f , a mapping can be defined for the domain Γ to polynomial
space P, see eq (78).

Um(l) : C0(Γ) → Pm(l)−1

(
[−1, 1]

)
with,

Pm(l)−1([−1, 1]) = span{yν : 0 ≤ ν ≤ m(l)− 1}
(78)

where m(l) refers to the number of function evaluated points in order l or in mathematical terms,
Ym = y1, y2, . . . ym(l) ∈ Γ.

To uncover what Um(l) could look like a basis set of functions is needed to form the inter-
polant. Suppose the goal is to create an interpolant for the function f(y), given it is analytic
f can be expressed in a sum of polynomials. In a similar way to vectors and wavefunctions,
polynomials live in polynomial space P which means that there is a basis set of smaller polynomials
that span a portion or all of the polynomial space. To span the space most efficiently the basis
elements need to be orthogonal, hence for sparse grid interpolation sets of orthogonal polynomials
are used. Examples of orthogonal polynomials include Hermite, Laguerre, Chebyshev, Legendre
and Lagrange polynomials. For sparse grid interpolation Lagrange polynomials are customary
and they are seen in eq (79).

ψl
j(y) =

m(l)∏
i=1,i̸=j

y − yi
yj − yi

(79)

5Lower order nodes are used for higher order interpolation making it possible to reuse old function values.
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here the yi’s represent the coordinates of points at which f is needed to be evaluated.

Um(l)[f ](y) =

m(l)∑
j=1

f(yj)ψ
l
j(y) (80)

Since Ym contains nested points a more convenient way to write the interpolant is through the
surplus operator:

∆m(l) = Um(l) − Um(l−1) (81)

where now,

Um(l)[f ](y) =

l∑
k=1

∆m(k) (82)

which concludes the description of the one dimensional interpolation rule. To generalize this scheme
to a more general d-dimensions is surprisingly easy. First off, the domain and multidimensional
lagrange polynomial are written as:

Γd =

d⊗
k=1

Γ and Ψi
j =

d∏
k=1

ψik
jk

Additionally, it is always possible to rescale each dimension’s domain individually and accordingly.
By extension the same linear operations, the mapping U and surplus operator:

∆m(i) =

d⊗
k=1

∆mk(i) , Um(i) =

d⊗
k=1

Umk(i) , U [f ](y) =
∑

1≤j≤m(i)

f(yj)Ψ
i
j(y)

Thus far the interpolant could have been constructed with any set of data points on the function.
Yet the power of sparse interpolations lies in choosing only a sparse set of surplus operators Θ(L)
effectively reducing the total required function sample size to a new set, Θm(L). The Sparse
interpolant is depicted by IΘ(L) and expressed below:

IΘ(L)[f ](y) =
∑

i∈Θ(L)

∆m(i)

=
∑

j∈Θm(L)

f(yj)
∑

i∈Θ(L),m(i)≤j

tiΨ
i
j(y)

(83)

here ti are a set of integer weights that are function dependent. The procedure needed to find
these is beyond the scope of this master thesis but can be found in detail in [45]. The choice of
sparse points (or sparse rule) is understandably quite influential on the out-coming interpolant
function, thus the next section is devoted to explaining important considerations for which sparse
rule to use.

2.3.2 Interpolation Errors

In principle any set of points Y ∈ Γd can be used to find an interpolant for some arbitrary
function. As an example a set of equally spaced points Y in d = 1 and f(x) (eq (84)) are chosen.
Normally one would expect the interpolant to describe f(x) gradually better as l increases.

f(x) =
1

(1 + 12x2)
(84)
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Yet for this particular circumstances (Lagrange interpolation, equally spaced points, and Γ =
[−1, 1]) the interpolant will show an increasing error with respect to f(x), especially near the
domain borders. This effect is known as Runge’s Phenomenon [46, 47] and is characterized by error
ridden oscillatory behaviour near domain edges which get worse when increasing interpolation
order. This last example used a very specific f(x) but in principle any function that shows
significantly steep peak like behaviour within Γ can suffer from Runge’s phenomenon. The
adoption of Chebyshev nodes (zeros of the chebyshev polynomials, see eq (85)) has been shown
to return a decreasing interpolation error if l is increased, thus these type of nodes are widely
used in Lagrange interpolation.

yj = cos

(
2j

l
π

)
, j = 1, 2, . . . , l (85)

In interpolation, the Lebesgue constant typically denoted as λ gives an indication of the quality
of the interpolant for a given set of nodes [45]. λ is found by taking the operator norm of
the interpolant, ||Um(l)|| ≤ λl where with a smaller λl usually a better interpolant is found[45].
Theoretically λ is linked to m(l), where rapidly growing m(l) tends to result in small λl and vice
versa. For practical purposes a balance has to be chosen between limited node growth and a
small Lebesgue constant. This is where sparse node selections rules come in as they use nested
nodes and smart algorithms for node selection from the full set of Chebyshev nodes to find that
optimal balance.

One of the more popular asnd well balanced selection rules is the Clenshaw-Curtis rule,

Clenshaw-Curtis:

y1 = 0, y2 = 1 , y3 = −1,

for j > 3, yj = cos(2−⌈log (j−1)⌉(2j − 3)π)
(86)

with ⌈x⌉ = min{i ∈ Z : i ≥ x}, leading to m(l) = 2l + 1 and λl =
2
π log (2l) + 1

More types of selection rules and their advantages are covered in [45, 16]. The implementation of
sparse in this thesis is done using the Tasmanian coding packages [16, 17] and will be discussed
in more detail in section 3.1.2.
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3 Methodology

In the development of GIonS V2 some simplifications and practical choices were made for the
efficient and correct way to determine the semi-classical Snq+ trajectories. In this section these
will be introduced, put against theory, and justified.

3.1 Potential Energy Surface

A hydrogen molecule itself is not center symmetric, because of that neither will its potential
energy function. The Coulomb and ZBL potential are center symmetric, meaning the function of
the potential could be expressed with only one coordinate. An important step for a non-center
symmetric potential is thus to find the dependence of the potential on all possible coordinates.
The total energy will now thus be plotted against multiple coordinates, such a plot is dubbed a
potential energy surface (PES). This section is devoted to explaining how a PES was constructed,

describing the interaction energies of Snq+ and H
(+)
2 , starting with the way the interaction energy

was found for a given distribution of nuclei.

3.1.1 DFT Code and Settings

In this thesis density functional theory formalism was adopted to evaluate the interaction energy

between Snq+ and H
(+)
2 . Because of the easy availability and use of input files for automated

computations, NWChem [15] has been chosen as the DFT-code. This section follows with a
rundown of choices of xc-functional, DFT-basis and NWChem specific settings.

Owing to its influence even on standard DFT calculations, the first thing to consider is the
exchange correlation functional. The most logical choice would be that of any rung 5 double
hybrid functional like B2PLYP (which is supported in NWChem) yet the high computational
costs are a limiting factor here. Instead the range separated hybrid functional rCAM-B3LYP
was chosen. Where rCAM-B3LYP is similar to CAM-B3LYP but has a different composition
of LDA and GGA functionals and has been found to have better performance for fractional
systems of electrons [36]]. These kind of systems are to be expected due to the net charge on the
tin ion, possibly causing a polarization within the molecular hydrogen. The full expression of
rCAM-B3LYP is given in eq (87)[36].

ErCAM-B3LYP
xc = αEHF

x + (1− α)ESlater
x + γ∆EB88

x

+ β(ELR,HF
x − ELR,B88

x ) + δELYP
c

(87)

With α = 0.183, β = 0.94979, γ = 0.95238, δ = 1, and the range attenuation parameter µ = 0.33.

For calculating a PES, DFT calculations will be done in bulk and with it some flexibility
in basis set size, type of functions, and cardinal number is convenient to suppress computation
times. Additionally the chosen basis set should also have access to an ECP and be available
for the elements at hand. This is the reason the efficient Alrich (def2-XZVP) family of basis
sets [48] has been used for this project. Not only does it meet the requirements just laid out,
it also provides plethora of basis sets options with the possibility of adding polarization and
diffuse function and doing so for a range of available cardinal numbers. In particular the basis set:
def2-TZVPPD was used, where T indicates the cardinal number 3, P the addition of polarization
functions, and D the inclusion of diffuse functions.
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Furthermore the size and atomic number of Snq+ warrants the use of an effective core po-
tential. An effective core potentials needs to be matched to the used basis set. For def2-XZVP
type basis sets the only available ECP is the Stuttgart-Cologne effective core potential [42].

The choice of NWChem as a DFT code, means that some NWChem specific choices also
influence the results. For running NWChem, an input file is used. In the calculation of the
data points for a PES, some settings are switched on or off if convergence cannot be met. An
example is the use of symmetry, NWChem tries to automatically detect a symmetry and use
it to speed up computations. Sometimes however this seems to break and abort the calcu-
lation. If the same input file is then used with auto symmetries off, the program will nicely
converge. Additionally in any system where symmetries can or cannot be used, the program
returns the same value up to fractions of eV’s. Because of these observations symmetry will
automatically be turned off and the input file run again if any abort of NWChem has been detected.

A similar problem exists with the use of either a spherical or Cartesian version of the same basis set.
Here once again comparable results are found in cases where both converge. As with the use of sym-
metry, the input file starts out with a spherical basis set and switches to a Cartesian one if need be.

Currently the code is not able to distinguish between the different types of error (as it is
managed by python and no error interpreter has been build yet). Consequently a hierarchy of
changes has been implemented, where first the coordinate type of basis set is changed then auto
symmetry will be turned off. If the problem hasn’t been resolved yet the coordinate basis will be
switched back and a combination of Cartesian and auto symmetry on will be tried. While this
process sounds needlessly time consuming, the reality is that the DFT calculation usually aborts
pretty quickly if either symmetry usage or the coordinate basis of the basis lay at fault.

Lastly, having small inter nuclear separations seems to lead to linear dependency problems
of the basis sets. This should be resolved by NWChem automatically yet in some cases it does not
seem to be able to handle it. From further inspection it looks like it is a CDFT specific problem
as in all cases normal DFT (with q electrons removed but without constraint) does provide a total
energy. From NWChem’s CDFT documentation it is not clear what could be at cause, though
the most likely explanation is that orbital orthogonalization is done differently (or not at all) in
between steps when searching for the right Lagrange multiplier. For now this orthogonalization
problem only seems to occur with H+

2 if the Snq+ is close by. By not using a constrained DFT
but, DFT with q + 1 electrons removed we are essentially giving the electrons more freedom to
arrange. Although it would be nicer to only use one or the other, using the normal DFT can be
considered as an adequate approximation as at close separations electrons most likely have the
freedom to arrange as they like anyways. If one of these instances does occur, the program has
been designed to swap over to normal DFT, while issuing a warning that this has happened and
with which inter nuclear coordinates.

One other way to get rid of these linear dependencies and obtain a result is by making the
basis set smaller. Doing this is questionable at the very least as the difference between using a
basis set with or without diffuse/ polarization functions could be significant. As such, a system
that automatically reduces the basis set has been implemented but will raise a warning if it has
been activated. The main reason why this system is still useful, is to find the edges of the domain
of convergence of the initial basis set (with the other settings used).
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For all the NWChem and DFT specific choices, a wide domain which allows for stable computation
has been found. There are notable regions where linear dependencies seem to play a significant
role. If the tin ion is placed close to the center of the hydrogen molecule, NWChem and the
automated systems are not able to obtain a total system energy due to linear dependencies. The
same seems to apply if the tin is placed in the region close to either of the hydrogen atoms. The
approximate border of the stability domain will be shown in section 3.1.2 as it plays an important
role in calculating the total potential energy surface.

3.1.2 Sparse Grids in PES Construction

Regardless of coordinate system, calculating an interaction energy using DFT comes at the cost of
long computation times of about 5 minutes per data point needed. In this order of computational
timescales the force and hence gradient are to be computed for each time step, which is very
impractical as there is a need to redo simulations for every individual energy, impact parameter,
and hydrogen orientation, see figure 4. In order to streamline the process the proposition is to
use sparse interpolation. By constructing a sparse grid up to some order l over as big a domain
as possible, the gradient can be determined with interpolated values. Ideally only one sparse
grid is used that extends over the entire space. However as mentioned, the DFT application
in NWChem has some convergence issues within regions of small inter-nuclear distances. The
solution is to only interpolate a domain for the PES where these regions are excluded.

The question now is what kind of coordinate system is convenient? In GIonS the locations
of particles are defined in ordinary 3D Cartesian coordinates. However for computational con-
venience and easier interpretation of the PES, a transform is made for a set of coordinates for
Snq+ and H2 to a new frame with the center of mass of the molecular hydrogen at {0, 0, 0}. If
the H −H is chosen to be along a principal axis this operation reduces the description of the
system to a new set of reduced coordinates {x′0, x′1, x′2}. Finding a new convenient coordinate

system and the transformation to it will allow for a general treatment of a Snq+, H
(+)
2 collision

regardless of initial orientation.

Molecular hydrogen is O(2) symmetric which is characterized by a symmetry around the hydrogen
bond axis. This is used to reduce the domain at which the PES needs to be evaluated to the
plane which is spanned by the inter-nuclear vectors. A D2 symmetry in this plane reduces the
size of the domain even further to only a quarter of the total plane as seen in figure 9. Here ρ
and z where chosen as axis labels of coordinate-system which is essential a cylindrical coordinate
system. The PES domain is given by ρ ∈ [0, ρmax] and z ∈ [0, zmax], where the domain edges
should be chosen such that at these edges almost no potential energy is in the system. Within
this square domain Tasmanian’s sparse grid packages can be used to create a grid over this
domain, which can be used for interpolation. Solely using a grid in these coordinates will lead
to convergence problems as in the region ρ ∈ [0, 0.3], z ∈ [0, d+ 0.15] linear dependencies tend
to be a problem. We can circumnavigate this specific region by constructing two separate grids
with domains ρ ∈ [0.3, ρmax], z ∈ [0, d+ 0.15] and ρ ∈ [0, rmax], z ∈ [d+ 0.15, zmax]. Near the
H-nucleus a peak in PES is found which in both of these grids lays near the lower edge of the
domain. Thus both of these interpolation grids will be prone to Runge’s phenomenon as the
peak-like behaviour is not confined to the center of either of these domains. Because of the need
of a square domain other coordinate systems need to be considered such as a con-focal elliptical
or toroidal system6. Both of these suggestions would allow for use of only one interpolation grid,

6For other coordinate systems an expression of the gradient isn’t always readily available but can be calculated
analytically using form factors.
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however both also require computationally expensive and difficult inverse transformation. For
that reason a more simple solution was considered for this thesis.

Figure 9: Schematic showing the internal coordinates used for what is in this thesis referred to
as the R-grid.

Local to the hydrogen nucleus at {ρ, z} = {0, d2}, the potential energy is likely somewhat symmetric
in the semi-circle centered at the H and extending in the z-direction. Forming some sort of semi
circle domain r ∈ [0, rmax], θ ∈ [−π

2 ,
π
2 ] around the H will then mean that each ri approximately

lays at one of the contour lines of the PES. If the PES is plotted for r, θ it result in something of
sheet that increases with smaller r. Because of the need to calculate the potential energy with the
tin ion as close as possible to the H2, the PES coordinates don’t center the circle at the hydrogen
nucleus but at ρ, z = {0, d2 − rmin + 0.15} to ensure a minimal separation to H of 0.15 a.u. along
the axis of H2, this is depicted in figure 10. With this semi circular domain there is still a need for
an interpolation grid for ρ ∈ [0.3, ρmax], z ∈ [0, d− rmin + 0.15]. Luckily this can be attained by
using a simple square grid in ρ, z coordinates. As this grid isn’t particularly wide with respect to
the relative peak height, the expectation is that the oscillations caused by Runge’s phenomenon
should be limited.
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Figure 10: Schematic showing the internal coordinates used for what is in this thesis referred to
as the core-grid.

Taking into account interpolation effects and DFT stabilities, a total set of data points needed to
be calculated is shown in figure 11 where the circular grid has been transformed back into the
more intuitive ρ, z system.

Figure 11: Total set of Tasmanian sparse grid points used for interpolating the PES of the DFT
potential. For the R-grid (red) an interpolation order l = 20 and Chebyshev rule were used. For
the core-grid (blue) an interpolation order l = 30 and Clenshaw-Curtis rule were used. Note that
this is the total set of points after mirroring along the z and rho axis.
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By now using the DFT settings and modules set out in the previous section the full PES has
been constructed for this grid, in figure 12 you will see the PES interpolant for Sn1+ interacting
with H2 is shown7.

Figure 12: PES of the interaction between
Sn1+ and H2. For the interpolation the grid
points and setting shown earlier were adopted.

Figure 13: PES of the interaction between
Sn2+ and H2. For the interpolation the grid
points and setting shown earlier were adopted.

3.1.3 Calculation of Gradient

With a calculated PES and a way to interpolate it, several types of finite difference methods
can be utilized to determine the gradient of the potential at any point within the DFT domain.
For this research three versions were considered, the forward difference, central difference to 1st
order and central difference to 2nd order, they are all given in eq (88)[49]. All of these methods
have been tested on the PES and in the end the 2nd-order central difference method was chosen.
All three methods resulted in approximately the same magnitude of gradient in both the R and
C-grid. But the use of interpolated data for the evaluation of a gradient might raise a few issues.
The usage of Lagrange polynomials for fitting means some (small) residual oscillations might
still be present within the PES regardless of interpolation depth l. This effect is reflected in the
gradient which is more sensitive to them (i.e. any local minimum/maximum has df

dx = 0) in the
worst case leading to nonphysical harmonic motion during a collision simulation.

df

dx

∣∣∣∣
FD

=
f(x+ dx)− f(x)

dx
+O(dx)

df

dx

∣∣∣∣
CD,1st

=
f(x+ dx)− f(x− dx)

2dx
+O(dx2)

df

dx

∣∣∣∣
CD,2nd

=
−f(x+ 2dx) + f(x− 2dx) + 8f(x+ dx)− 8f(x− dx)

12dx
+O(dx4)

(88)

With these finite difference methods the gradients of the PES were found, these are all show in
appendix 7.1.

Within GIonS V2 discrete time steps dt are used for simulating the motion of the atoms.

7The data points found from all these calculations have been stored in a ”.csv” file which can be loaded into GIonS
V2 and subsequently automatically reconstruct the interpolant on start up using the c++ Tasmanian library
ready to be used for dynamics simulations.
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In combination with an oscillatory gradient, this could lead to a collision violating energy conser-
vation if dt is not adjusted for properly. To explain the mechanism, imagine a tin ion traversing
the potential of a near flat energy surface. The combination of a velocity v and a fixed time step
dt will then correspond to calculating the gradient/force at fixed positions. For a totally flat PES
nothing will happen, however if the surface looks like a sine wave, velocity/energy will possibly
be gained at one time-step and lost at the other, this is schematically depicted in figure 14. If
then these steps across the PES are too big, there is no guarantee the speed gains and losses will
cancel out (which is what is desired for what is in essence a flat PES).

Figure 14: A particle traversing a flat potential with some random oscillatory interpolation
error. By traversing in discrete steps the atom gets slowed down losing energy, even though the
data-points in lime green depicting the potential are completely flat.

In order to rid the simulation of this energy breaking effect, dt is adjusted over time. In the ideal
case fixed distance steps dx are taken that are significantly smaller than the wavelength of the
oscillations. The time step at any moment t0 in the simulation would then be given by solving:

dt(t0) =
dx

|v(t0) + F(t0)dt(t0)|
(89)

However in GIonS V2 this seemed to be a unstable solution. The very next best thing was chosen
instead, calculate dt(t0) without any force input, and scale it according to the ratio of the old
and the new velocity:

dt(t0) =
|v(t0)|

|v(t0) + F(t0)dt̃(t0)|
dt̃(t0) with dt̃(t0) =

dx

|v(t0)|
(90)

Additionally the time step isn’t required to be small if the tin ion is significantly far away from the
hydrogen atoms. Because of this dx is also varied based on the inter-nuclear separation. In order
to retain the right size of dx (or dt) within the DFT grids a step function could be used. Here
it was chosen to use the error function as it helps engineer in a smooth transition from one do-
main to the other. The function that scales dx, f(R), is given in eq (91) and illustrated in figure 15.
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f(R) = 1 + R
20 [1 + erf (R−Rcut − 2.3)] with R = min {|r|, |r1|, |r2|} (91)

Figure 15: f(r)-function engineered to increase the simulation step size dx as the inter-nuclear
separation r increases. Here Rcut = 7 a.u., see eq (91)

Here r1, r2, r denote the distance from Snq+ to hydrogen atom 1, to hydrogen atom 2, and to the
center of the molecular hydrogen respectively. Rcut is chosen as the value of the upper domain of
the DFT grid, which ensures that the transitional region starts just before entering the DFT grid.
Now eq (90) is generalized to introduce the scaling:

dt(t0) =
|v(t0)|

|v(t0) + F(t0)dt̃(t0)|
dt̃(t0) with dt̃(t0) =

dx

|v(t0)|
f(R(t0)) (92)

By comparing between simulation results of different dx it has been found that using a dx = 0.005
a.u. is sufficient to prevent any major energy discontinuities entering energy loss results.

3.1.4 Charge Distribution Surface

For each PES data point gathered the partial charge of each atom found with Becke’s population
partitioning method was also extracted. In order to use these partial charges effectively for the
calculation of torque they need to be interpolated following from the same motivation as the PES.
For this sparse grid interpolation was used once more. In the construction of the PES a lot of
work went into finding the right grids and settings to keep oscillatory interpolation errors to a
minimum. However the gradient of the charge surfaces is not of interest to us and thus less care
has been put into optimizing their grids. Technically one could create a totally different set of
grids for the partial charges but for convenience the choice was made to use the same grids and
settings as the PES. The charge of one of the H2-nuclei and Sn2+ are show in figure 16 and 17
respectively. For the other H-nucleus the same surface is used but mirrored in the z = 0 axis.
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Figure 16: Tasmanian sparse grid interpolant
of the partial charge of a H-nucleus in the
presence of a Sn2+ ion.

Figure 17: Tasmanian sparse grid interpolant
of the partial charge of a Sn2+-ion in the pres-
ence of a H nucleus.

In the first place it is immediately obvious that there is some oscillatory behaviour in the surface.
This behaviour is caused by the interpolant function and not the DFT partial charges and this
has been inferred by plotting the data points inside the same plot. These plots and interpolation
grids are still useful despite the errors because the general trend along the surface is smooth and
can thus be used for coupled torque calculations. Additionally, from further analysis of these
surfaces it might also be possible to acquire some insight into the transition region between using
DFT or CDFT or other DFT related quantities, though nothing apparent is visible here.
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4 Results

The first thing investigated was the effect of rotational motion. By adding this motion to
the simulations the influence of rotational dynamics has been probed. As the effective charge
occupation of the nuclei has been found using DFT, a ZBL potential was used for this analysis
(however GIonS V2 allows for the calculation of angular velocity even with other potentials such as
the Coulomb or DFT-constructed potentials). To asses the relevance of these expanded dynamics
the rotational energy put into the system has been calculated. The results for two initial energies
E = 0.1 and E = 10 keV and some in plane orientations θ = π

2 , ϕ = 0, π2 are seen in figure 18.
The energy put into rotation is seen to be very small and thus the induced rotational dynamics
may be neglected.

Figure 18: Rotational energy gained versus impact parameter b during a collision of Sn2+ with
H2 using a ZBL potential.

The reason why rotational motion is insignificant is related to the formation of coupled torque.
For coupled torque to be applied to the H2 one of the H-nuclei should have an effective charge
above zero and the other below it. In any other configuration both forces will point approximately
in the same direction (in the H2 center of mass frame). Consequently angular velocity is only
gained in the exclusive case that δq1 > 0 and δq2 < 0 or the other way around. By inspecting
the surfaces depicting the partial charge of H in figure 16, we can see that this special case only
occurs when the Snq+ is almost on the bond-axis. Although tthe charge distribution is favourable,
barely any torque will be generated because the components of the force perpendicular to the
molecular axis will be small.
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The combination of conditions needed to form a coupled torque prevents the system from
picking up angular velocity in most initial conditions. It could be that a different description of
these dynamics is necessary but for the rest of this project the decision has been made to exclude
the rotational motion in further computations. This in part due to the computational cost of
additional vector calculations.
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4.1 Stopping Cross-Sections

For a representative stopping cross-section calculation, the determination of an appropriate
maximum impact parameter bmax and density of impact parameter sample points, ρb is the
first step to be taken. A combination of bmax, ρb is adequate if the power law coefficients in
S(E) = αEβ describing the stopping cross-sections are not affected by the increase of either
parameter. For calibration the known ZBL potential was chosen because the fitting results
could be compared against the same fit found from SRIM data. Convergence is fast for bmax

as is seen in figure 19. Thus the main concern lies with the impact parameter sampling,
which seems to have converging fitting parameters to within 2 decimals at around ρb ≈ 50.
Similarly, with ρb = 50, α, β converge for bmax ≈ 5 a.u. , to be certain of a good fit
bmax was taken to be 40 a.u., twice the maximum value calculated in this convergence test.

Figure 19: Integration parameters bmax and
ρb compared against the power law fit obtained
from a ZBL potential.

To be sure the b-settings (bmax, ρb) =
(40, 100) were adopted leading to the fit-
ting parameters α = 0.52 and β = 0.49
for a ZBL potential. In comparison, fit-
ted SRIM data yields α = 0.89 and β =
0.48. As β is more influential when com-
paring stopping lengths, the small differ-
ence between SRIM and GIonS V1 in β but
not α seems reasonable. Hence a choice of
(bmax, ρb) = (40, 100) are appropriate settings
for stopping-cross section integration calcula-
tions.

Next are some straightforward comparisons
of energy loss per collision ∆E versus impact
parameter b. To simplify matters we start by
only looking at ground state Sn1,2+ collisions.
Results of the GIonS V1 Sn1,2+ energy loss
function ∆E are shown for several initial en-
ergies in figure 20. Because of the center sym-
metric ZBL used in GIonS V1, the orientation
angles ϕ and θ don’t actually matter. Inter-
estingly there seems to be a shift in behaviour
between small and large impact parameters
which is dependent on the energy of the tin
projectile. A logical argument exists that ex-
plains the change in energy loss behaviour by
coupling the initial energy and impact param-

eter to the interaction time and with that energy transfer in the collision, this will be discussed
later. This type of behaviour is not unique to the ZBL potential but can also be seen for a
Coulomb type interaction potential as depicted in figure 21.
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Figure 20: Energy loss versus impact param-
eter for a Sn1+ −H2 ZBL potential.

Figure 21: Energy loss versus impact param-
eter for a Sn1+ −H+

2 Coulomb potential.

When inspecting the same results for a Sn1+ − H2 DFT potential, figure 22, the overal trends
are similar to the ZBL results, however oscillatory behaviour shows up in ∆E. This might be
caused by small gradient oscillations that were not visible while checking the gradient of the PES.
Depending on molecular orientation it might be possible to figure out if both or just one grid is
”contaminated”.
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Figure 22: Energy loss versus impact parameter
for a Sn1+ −H2 DFT potential with a molecule
alignment of (ϕ = 0, θ = 0).

As depicted in figure 23,24 there is a notice-
able difference in energy loss between the two
extreme in-plane orientations with the DFT
potential. However both orientations show sim-
ilar noise features in approximately the same
region b > 2. For a long time the hypothe-
sis was that the fluctuations are rooted in the
R-grid. For ϕ = 0 the deflections and energy
transfer would be impacted mostly by the gra-
dient’s ρ-component as that is now aligned with
the y-axis. For ϕ = π

2 , the y-axis corresponds
to the z component in the DFT frame thus
being sensitive to the gradient’s z-component.
Regardless of orientation both of the two com-
ponents of the PES gradient do influence the
collision path. From just comparing two differ-
ent orientation results it is thus not possible
to figure out the origin of the oscillatory be-
haviour. Even so the argument that remains
still claims that deflection away from/towards
the hydrogen reduces/increases the interaction
time considerably thus altering energy transfer.

Figure 23: Energy loss from a collision versus
impact parameter for a Sn1+ − H2 DFT po-
tential, for two different molecule orientations
(ϕ, θ).

Figure 24: Energy loss from a collision versus
impact parameter for a Sn2+ − H2 DFT po-
tential, for two different molecule orientations
(ϕ, θ).

Another possible way to figure out the origin of the gradient oscillations is by increasing the
interpolation order of a grid. This was done for the C-grid and R-grid which resulted in the
oscillatory behaviour worsening drastically for the R-grid only, implying some sort of Runge’s
phenomenon still being at play. Yet the presence of oscillations can be by itself mitigating the
error since an integral is taken over the domain of b and the amplitudes might cancel out. One
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note here is that ∆E is multiplied with the differential cross-section 2πbdb which makes error
canceling less straight forward. In order to still use these results the choice was made to utilize
the Savitzky Golay (SG) signal filter. This filter essential straightens out the energy loss data
which should somewhat solve the problem and return a reliable energy loss spectrum if there is a
nice harmonic type of noise. Stating that this last condition holds is reasonable for energies E > 1
keV. Below this limit ∆E contains so much noise it seems more like energy losses from some kind
of chaotic collision/system. The explanation for this might be that at lower energy the relative
size of the gradient oscillations and thus random energy losses are significant to the motion of the
projectile. Just a small change in impact parameter could lead to a different path early on, which
then cascades into a completely different trajectory at the bottom line. When looking at energies
in the ranges E ∈ [1, 10] keV, this type of chaotic results is no longer there, as seen in figure 22.
Consequently, for the fitting of the stopping cross-section power law of a DFT potential only
initial energies of E ∈ [2, 10] keV were used initially as a conservative estimate. Another data set
with energies E ∈ [0.01, 2] keV was then added to the total set of stopping data points to create
a second fit. The stopping cross-section as found by GIonS V2 are shown in figure 25.

Figure 25: Sn1+,2+ with H2 Stopping cross-sections for Sn1+ (red) and Sn2+ (blue) - H2 collisions

When looking at the two data sets of Sn1+ it seems that in the lower energy range, the model
produces S1+-values that are overal lower than predicted by both of the power law fits. This is
partly due to the lack of knowledge on the uncertainty in S1+ which skews the fitting process to
weight in the high value S1+ data points more. If a standard deviation of 5% is assumed in all
the data points a fit of S1+ = 1.34E0.61 is found which is close to the power law corresponding to
only the lower energy stopping results. For both Sn1+ and Sn2+ stopping cross-section data has
been published by Abramenko et al. [8] as previously mentioned. For comparison with these data
sets GIonS V2’s high energy regime results have been plotted in figure 26.
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Figure 26: Experimental stopping data from Abramenko et al.[8] and GIonS V1 & V2 predicted
stopping, S1+ (left) and S2+ (right).

In terms of the S1+ power law, a great step has been taken from GIonS V1 to V2, where
α1+ = 0.53 → 1.45 is much closer to the Abramenko’s data fit of α1+ = 1.59. In terms of β1+
GIonS V2 also shows a promising improvement with β1+ = 0.56 being distinctly different from
ZBL based models such as SRIM or V1 which have β1+ ≈ 0.5. Additionally by allowing a fit to
lower energy S1+ values β1+ = 0.61 would shift even further towards the β1+ = 0.70 measured by
Abramenko et al.

For Sn2+ stopping, V2 also produces results in agreement with Abramenko et al. Once again the
pre-factor of the stopping law is changed drastically between simulation versions moving closer to
α2+ = 1.46. No significant changes are found when it comes to β2+, though with the new α2+, the
difference in β2+ = 0.49, β2+ = 0.49 could be more plausibly attributed to model or measurement
error. More interesting however is that the dip in S2+ seen in Abramenko’s S2+ from ∼ 4 keV
upward is not observed in the simulation results. Electron transfer of excited states of Sn2+ could
have a different stopping cross-section which is an effect not taken into consideration in the V2
model and thus could be studied in the future.

One last interesting detail is the sudden increase in S1,2+ seen around 0.3 keV for S1+ and
0.6 keV for S2+ in Abramenko data which now also shows up in GIonS’s stopping cross-section
data. For experimental results this could possibly be associated with measurement error or
statistics but GIonS showing such behaviour could point at underlying physics included in GIonS,
such as an interchange between two possible behavioral regimes in S1,2+(E). To investigate
further the traces of the PES were taken near along different paths leading to one of the H-atoms,
these traces are schematically shown in figure 27.
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Figure 27: Traces taken of the Sn1,2+ PES. Note that the radial paths of the traces do not align
nicely with the C-grid coordinate basis hence the introduction of the σ coordinate for further
graphs.

By now laying all the traces on top of one another figure 28 was created. Two things become
apparent, one at the edges of the core grid there are still interpolation errors in the from of
oscillations (though they are small). And more importantly the potential is (somewhat) symmetric
in the semi circle around the hydrogen atoms in the H2 as expected.
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Figure 28: All PES traces for the Sn1+ (left) and Sn2+ (right) DFT potentials layed on top of
each other. The identified S1,2+ transition energies have been plotted in at 0.3± 0.2 keV for S1+

and 0.6± 02 keV for S2+

When comparing the energies coupled to the supposed transition regions of S1,2+ to the potential
curves we see that they lay just before the potential switches behaviours from some power function
V ∝ σγ to what appears to be an exponential relation V ∝ eγ

′σ. Depending on the energy of
the. If the σ > 0.7 really corresponds to a power law it is difficult to tell due to the range and
interpolation error of the PES, but regardless the main point is that the PES behaviour changes.

To investigate the effect of a range separated potential a similar type of center symmetric
analytic potential was made which shall henceforth be referred to as a quasi-DFT (QDFT)
potential and is given in eq (93).

vQ(r) =


(

a0

|r|a1
− dv

)
if |r| ≤ rcut

a2e
a3|r|

|r|a4
if |r| > rcut

dv =
a0

(rcut)a1
− a2e

a3rcut

ra4
cut

(93)

The QDFT potential is fixed to have a transition point at rcut. For |r| ≤ rcut, vQ behaves like
a Coulomb potential (indicating nuclear repulsion) while at |r| > rcut the potential is descibed
by a screening like term (as seen in the ZBL-potential). By taking the gradient the interaction
force is recovered, which is not continuous. To fix this in further analysis one could make use of
some sort of smooth step function, but for now to keep it analytical the hard cut was chosen. We
want to see stopping cross-sections that show different behaviour around some energy Es which
is now called the switch point. To see if this corresponds to the change in potential fit we need to
control the energy barrier height of the QDFT potential at rcut. The potential rescaling for a
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given split energy Es is easily defined as:

VQ(r, Es) = C(Es)vQ(r)

with,

C(Es) = Es ·
(

a0
(rcut)a1

)−1
(94)

For both the q = 1+, 2+ cases the QDFT potential was fitted and used as a center symmetric
potential in the simulations. Additionally the same simulations were run again with the same
potentials but divided by 3 and 6. By dividing VQ, we are effectively lowering the energy of the
switch point. Based off of the previous suspicions this will show a characteristic switch in stopping
behaviour at increasingly lower energies. The QDFT stopping cross-sections are seen in figure 29

Figure 29: Stopping cross-sections of the Sn1+ (left) and Sn2+ (right) QDFT potentials.

In figure 29 the stopping cross-section data was not fitted to the conventional S ∝ Eβ but rather
S ∝ (1 − exp

[
(−γEβ)

]
). This was done because of the exponential behaviour shown by the

stopping cross-sections of these particular potential, though non power-law like behaviour is also
seen in the ordinary DFT simulation results (fig 26). As the exponential relation seems to fit
the data better it could indicate that at these energies we are entering the domain at which
nuclear stopping (as seen in figure !!!!) starts to become less relevant8. Regardless, the curved
data from the QDFT stopping results can be understood by looking at the stopping relations of
the Coulomb potential, and V1 using a ZBL potential, depicted in figure 30.

8The same exponential fit has also been made on the V1 and DFT results and can be found in appendix B: sec 7.2
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Figure 30: Stopping cross-sections of a Sn1+ with H+
2 Coulomb potential and the V1 model

using the Sn1+ with H2 ZBL potential.

For the lower energies the stopping process consist mainly of a ZBL type stopping, while if the
initial energy E0 ≫ Es, the QDFT potential is dominated by the Coulomb term, thus giving
Coulomb type stopping behaviour. This interchange thus leads to a morphing of the V1 into the
Coulomb stopping curves. Now lowering Es (like by dividing the potential by some factor) will
make the transition happen at lower energies, this is completely reflected in figure 29. This last
analysis has provided a very important result, every potential has its own characteristic stopping
behaviour. If an interaction potential consists of several energy domains at which the potential
has different behaviours, then this can be directly observed by a change in stopping behaviour at
around the edges of these energy domains.
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4.2 Further Energy loss Analysis

For this thesis the GIonS project has seen improvements in several departments most of which
lean on the introduction of the Snq+ and H2 DFT interaction potential. In the end the main
reason for modeling these interactions is to find the stopping cross-sections of tin with molecular
hydrogen. Nevertheless from a theoretical perspective there is also some insight to be gained on
the effect a certain interaction potential is expected to have on stopping power. By analyzing the
relation between the energy-loss in a collision and the impact parameter b in particular. First to
consider is energy-loss spectrum for different b and E, this has already been depicted in figure 20
and 21.

Here one can see that whether using a ZBL or DFT found potential, the energy loss spec-
trum of an initial energy E0 = Ei tin ion will always dip below an energy loss spectrum of lower
initial energy E0 = Ej from some impact parameter b̃i,j onwards. For b > b̃i,j the energy loss
spectrum is most likely dominated by the interaction time. Because higher initial energy collisions
have less interaction time, they will have lower energy transfer during collisions at large impact
parameters, which is reflected in all b versus ∆E plots (example, fig 20). Yet also for b < b̃i,j the
energy loss is way higher for high energies. To further illustrate the effect of these two energy
loss regimes lets define the partial stopping cross section:

S(E0, bmin, bmax) =

∫ bmax

bmin

∆E(E0, b)2πbdb (95)

By now using the transition impact parameter b̃i,j , the total stopping cross-section can be
partitioned:

S(E0) = S(E0, bmin, b̃i,j) + S(E0, b̃i,j , bmax) ≡ Sl(E0) + Sh(E0) (96)

Where as before b̃i,j indicates the impact parameter at which the energy loss spectra of energy
Ei and Ej cross. Here by construction Sl(E0) > Sl(E

′
0) and Sh(E0) < Sh(E

′
0) for E0 > E′

0. For
the total stopping cross section Sl is the dominant term as higher energy tin ions experience
more stopping but, what is not clearly visible here is the contribution of Sh. Depending on
the value of b̃i,j the contribution of Sh might or might not be significant for the total stopping
cross-section. This is especially true because of the differential cross-section 2πb term, see eq
(95). If b̃i,j decreases, so will the difference in stopping cross section at energies Ei and Ej .

Having b̃i,j be affected over a whole range of energies will decrease the factor β in the power
law describing the stopping cross-sections. Now the most important realization comes in the
idea that b̃i,j could be interpreted as a range of interaction associated with the potential used in
the stopping simulation. A comparison between the ZBL potential VZBL ∝ 1

r e
−γr and Coulomb

potential VC ∝ 1
r is easily made as an example to support this hypothesis. In figures 20, 21

the energy losses for both the ZBL and Coulomb potential are shown where for the energies
of 1 and 10 keV, b̃ZBL ≈ 1 a.u. and b̃Coul ≈ 0.3 a.u. . These then correspond to β fits of
βZBL = 0.49 and βCoul = −0.429. This does not match up with the initial hypothesis on the
physical interpretation of b̃ as the ZBL potential is meant as a screened version of the Coulomb
potential meaning the Coulomb potential would always have a longer interaction range and thus b̃.
Here b̃ itself does not seem to correspond to interaction range, rather at high enough energies the
Sn gets closer to the nucleus, here the force of the ZBL is way larger. By looking at the crossing
between the 0.1 and 0.01 keV curves we find b̃ZBL ≈ 3 and b̃C ≈ 14. This implies that the points
of these crossings are not only range dependent but also dependent on the gradient of the potential.

9For the Coulomb potential a higher bmax needs to be used for a good fit because the losses don’t drop fast enough
as seen in figure 21
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Because the ZBL and Coulomb potentials have very different gradients it is difficult to compare
them based on b̃ alone. But the DFT potentials do have a similar gradient because of the outer
extend of the potential is formed by electron-electron interactions which were calculated with the
same xc-functional which is engineered to behave like vxc(r) ∝ −1/|r| for individual electrons, see
2.2.4.

Because the DFT potentials for H2 are not center symmetric they also serve as a great tool to
test the b̃ hypothesis. A difference in stopping is found by comparing the two in plane (θ = π

2 )
orientations with ϕ = 0, π2 . With ϕ = π

2 the stopping is greater because the H −H bond extends
into the direction of b meaning it’s potentials is more prevalent at increased impact parameter,
though at ϕ = 0 generally the interaction time during a collision is larger.

By inspecting the energy loss spectra in figure 23 and 24, a similar conclusion can be drawn
as before for Sn1+, where here for the energies of 2 and 10 keV, b̃ϕ=0 ≈ 1 and b̃ϕ=π/2 ≈ 1.8.
Subsequently from these energy loss spectra the stopping power law fit can be carried out. Paying
attention to the b < b̃ regime, ∆Eϕ=0 > ∆Eϕ=π/2 which is most likely an effect caused by the
longer interaction times for ϕ = 0.

The importance of interaction range is also reflected when comparing the DFT potentials of Sn1+

and Sn2+ with one another. During the DFT calculations electron-electron energies are also
present in the total potential energy, implying their spatial distribution matters. The interaction
of tin electrons with hydrogen electrons will extend the interaction range of the potential as the
electron orbitals extend far from the nucleus in the case of nuclei with a high proton number Z
such as Sn. If the fundamental difference between ZBL and DFT like potentials is the extend
of the electron orbitals, there should also be a significant difference in power law between Sn1+

and Sn2+. Sn2+ is optically smaller than Sn1+ as with the removal of an electron off Sn1+ the
electron wave functions spatial extend diminishes. Fortunately for the hypothesis a difference in
stopping between Sn1+ and Sn2+ is exactly what has been found in the previous section. Looking
at figure 31 and 32, once again the energy transfer distribution is depicted for 2 and 10 keV ions
where here b̃1+ ≈ 1.9 and b̃2+ ≈ 1.6.
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Figure 31: Energy loss from a collision versus
impact parameter for a Sn1+ −H2 DFT poten-
tial, one orientation.

Figure 32: Energy loss from a collision versus
impact parameter for a Sn2+ −H2 DFT poten-
tial, one orientation.

The impact electron orbitals seem to have on the power law also implies a possible relevance
of excited states of both projectile and target. In order to show this one could calculate the
exact stopping of an excited state tin ion with DFT. However at the moment of writing this
thesis, an excited state potential can only be created by shifting the ground state potential
energy up leaving the gradient invariant. With that any excited channel with or without electron
transfer would yield the same stopping cross-section as the ground state (assuming electron
transfer is possible in both states). Calculating excited state energies is very much possible
within the framework of DFT by making use of linear response theory [23]. This theory falls
under a branch of DFT called Time Dependent Density Functional Theory or TDDFT in short
[24]. With linear response theory, the first n excited state energies can be computed. The use of
TDDFT and linear response theory was considered during this research, during which TDDFT
was able to recover the first few energy levels of Sn2+ and H+

2 to within fractions of eV’s but only
independently. In a combined system and at large separation the first many excited states of that
system would correspond to excited states of molecular hydrogen. In particular TDDFT would
find Sn2+ excited states only after all hydrogen’s excited states with energy difference lower than
the first excited state of Sn2+ at 6.64 eV were found. This in itself is not problematic but would
require extensive calculations. Nevertheless whenever internuclear distances are small it is not
clear which level corresponds to what was initially an excited tin ion at large separations. This
problem is most likely universal to the calculation of any type of DFT potential and thus needs
to be solved in order to make actual excited state interaction potentials. A solution could be
to save the orbital vectors of excited Sn2+ without any H2 present and then use these vectors
as a starting point when doing an ordinary DFT calculation with H2 added back in. NWChem
possesses the capability to try this procedure, but as of yet it hasn’t been tested over a wide domain.

The entire argument in the last few paragraphs supports a conclusion that the power law
is significantly influenced by the range l and gradient of the interaction potential. On top of that l
is likely related to the number of interacting electrons and it is also conceivable that the quantum
states these electrons are in play a role. Excited state ions may have higher stopping power then
if they were in the ground state. Reflecting these thoughts on the stopping of tin ions, it follows
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that the prediction is that higher charge states have smaller stopping cross-sections. Yet if their
electron transfer cross-sections are sizeable even highly charged ions will still be stopped, though
electron transfer will play a bigger role in making an accurate total stopping length predictions.

5 Conclusion

The GIonS V2 model introduces the possibility of using new tailor made potentials for the
interaction between ions and matter. With it new numerical techniques, mathematical de-
scriptions and physics was brought together into a final result. This final result shows that
ground state DFT potentials are an excellent choice to descibe the dynamics that are at play
during low energy tin ion stopping as simulation results show good resemblance to experimen-
tal data. Most importantly, the newest version of GIonS does not indicate the significant drop
in Sn2+ stopping cross-sections from about 3 keV and upward found in Abramenko’s results as real.

Some additional analysis has pointed at the idea that each potential has its own stopping
behaviour. Furthermore any potential that is energy range separated into two or more potential
behaviours, will see a interchange from one to the other corresponding stopping function close to
the energy at which the potential switches behaviour. This is most relevant for most types of
nuclear stopping as at high energies one would expect a Coulomb type potential while at lower
energies the interaction is mediated by some type of screened Coulomb term.

In the DFT potentials these two regimes are easily identified and can be arguably be traced
back to the choice of Core Potential taken. Here the Coulomb type interaction is most likely
related to the core-core term and the screened Coulomb to the core-valence term. Following this
argumentation it could be possible to fit core potential parameters based of off stopping data.

The results of the GIonS model show great promise especially as there is still a lot of po-
tential left untapped. Some of the possible improvements are now listed.

The first big upgrade GIonS could receive is a more dynamical treatment of the molecular
H −H bond, which was chosen to be rigid. By doing so no vibrational motion was modeled into
the collision. Vibrations within the H2-molecule could significantly impact the possibility of the
H2 to pass an electron to the Snq+ because potential curve crossing moves as the hydrogen atoms
move apart. Additionally if electron capture does occur, the H2 bond will shrink in size to its
new H+

2 equivalent equilibrium bond length (1.4 → 2.0 a.u), the process and way in which this
happens is not known and also not modelled in any way in GIonS yet. Consequently the model’s
performance on loss-channels with electron transfer could be improved by treating these problems
which would start at making a PES with the bond length d as another (internal) coordinate
(something which has been prepared but not worked out yet). Lastly the presence of a tin ion
near a H2 could induce some sort of bond relaxation, though the short interaction time might
prevent this from happening. Even so assuming it is a possibility the new bond length could be
calculated by optimizing the energy over the internal the bond length. Doing so might alter the
PES in such a way that the stopping results turn out differently. This optimization has not been
implemented in GIonS V2 because as mentioned prior NWChem does not provide the option to
optimize over internal coordinates.

When it comes to technical elements there are two areas of improvement. Firstly the pro-
cess of interpolation could more streamlined. With the use of sparse grids the necessary task of
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interpolating the PES was made possible though only after finding an optimal set of grids and
settings under which no huge interpolation errors were evident. For sake of simplicity it would be
good if the model could reduce the number of grids from two (R and core grid) to one. This could
be facilitated by using a different coordinate system around H2 such as elliptical coordinates.
Another possible way to do so is by using a different interpolation method all together. If looking
for a pre-written library the advise would be to ensure it is supported in both Pyhton and c++
merely for convenience. Otherwise big parts of GIonS V2 might need to be rewritten. Secondly
because of computational times it might also be worth the effort to prepare GIonS to run on
a cluster. Because I have no personal experience with this I have no way of telling what level
of difficulty this task entails but it would allow for more time to debug the code if it ends up
working.

There are also ways the DFT part of the code could be improved. The xc-functional used
is a hybrid and thus of fourth-rung but fifth rung functionals also exist and it would be interesting
to see whatever the difference is between the two in these type of calculations. Furthermore
by adopting time-dependent DFT or TDDFT in short, the PES of excited states of ions might
also be constructed and used to further study the effect of electronic configuration on stopping
cross-section. More details on possible methods to use TDDFT are in the previous section.

Lastly, possibly the best upgrade GIonS could receive is a successful construction of a Sn(q−1)+

and H+
2 potential as it would allow for electron transfer channels to be included into the model.

By shifting the ground state PES up according to the NIST excited state energy levels [50] the
model would be able to allow for electron transfer to occur by using the same Landau-Zener
model calculation as done in GIonS V1 but now with a more accurate crossing radius. This opens
op a lot of possibility as V2 will already automatically calculate the electron transfer probability
and thus cross-sections of the collisions. Furthermore it was also anticipated that V2 might have
been able to do a two level multi level Landau-Zener calculation by using a PES of excited state
energies but it was not possible due to the lack of Sn(q−1)+ and H+

2 potential data.
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A. Vishnu, K. D. Vogiatzis, D. Wang, J. H. Weare, M. J. Williamson, T. L. Windus,
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7 Appendices

7.1 Appendix A

Figure 33: Fρ-component of Sn1+ DFT po-
tential gradient.

Figure 34: Fz-component of Sn1+ DFT po-
tential gradient.

Figure 35: Fρ-component of Sn2+ DFT po-
tential gradient.

Figure 36: Fz-component of Sn2+ DFT po-
tential gradient.
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7.2 Appendix B

Figure 37: Exponential stopping cross-section fits for Sn1+,2+ using DFT potentials and V1
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