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Chapter 1
Introduction

1.1 Lensless imaging

Scientific research has seen a great boost thanks the development of microscopy,
that enables us to look at tiny structures beyond the physical capabilities of the
human eye. The most characteristic example of great advancement thanks to
microscopes is biology and medicine. In that regard, improvement of microscopy
systems has been an ongoing research topic on each own. Next-generation ad-
vanced microscopes used for biomedical applications and semiconductor metrol-
ogy may be required to have specifications that will be challenging for conven-
tional microscopes, based on magnifying optics. Therefore, lensless diffractive
imaging techniques have emerged as alternatives and outperform lens-based mi-
croscopes at specific applications [1, 2]. By ”lensless” we mean that there are no
optics between the object of interest and a detector, which is typically a camera.
”Diffractive” means that the detector captures the diffracted signal following the
incidence of light on the object. Therefore, the detector does not get a directly
magnified image of the object of interest, but the object is numerically recon-
structed from the recorded diffraction information.
The first advantage of lensless imaging is on the achievable spatial resolution.

According to Abbe’s diffraction limit theory, the resolution is proportional to the
wavelength of the illumination and is given by the equation ∆x = λ/2NA, where
λ is the wavelength and NA is the numerical aperture of the microscopy system
[3]. Therefore, nanometer-scale resolution, which is the current requirement for
many biomedical and semiconductor industry applications, can in principle be
achieved with microscopes using light in the extreme ultraviolet (XUV) and soft
X-ray (SXR) range. However, focusing optics for such wavelengths have lim-
ited capabilities in terms of losses and image distortions. On the other hand,
lensless imaging techniques are in principle extensible to any wavelength of the
illumination source.
Besides the spatial resolution, lensless imaging techniques offer element-specific
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Introduction

contrast [4]. The numerical reconstruction of the object is based on modelling
the propagation of light from the measurement plane to the detector plane, where
the object is considered an interface that interacts with the light. Therefore, the
numerical reconstruction is typically a complex-valued expression of the trans-
mission or reflection function of the object, depending whether the light is trans-
mitted through or reflected from the object. This complex-valued representa-
tion contains quantitative information about the optical properties of the object,
which are element-specific, as each element has a distinct refractive index at the
wavelength of the incident illumination.

As mentioned before, numerical reconstruction from diffraction data is possible
because we have analytical expressions that describe the propagation of coherent
light from the measurement plane to the detector plane. If we consider the
configuration of Fig. 1.1, where we know the electric field distribution at the
object plane (plane 1) with coordinates (x1, y1), we can precisely determine the
electric field at a plane 2 with coordinates (x2, y2), at distance z0 from plane 1,
which is the detector plane, and vice versa. The analytical expression connecting
the fields between these two planes is, according to the Huygens-Fresnel principle
[5]:

U(x2, y2) =
z0
jλ

∞x

−∞
U(x1, y1)

ejkr

r2
dx1dy1 (1.1)

where λ is the wavelength, k = 2π
λ and

r =
√
z20 + (x2 − x1)2 + (y2 − y1)2 = z0

√
1 +

(x2 − x1)2 + (y2 − y1)2

z20
. (1.2)

The Huygens-Fresnel principle treats each individual point at the measurement

Figure 1.1: Schematic of a lensless imaging setup, explaining Eq. (1.1). A monochro-
matic light source illuminates the object plane and the diffracted signal propagates to-
wards the detector plane. In Eq. (1.1), the input field distribution at plane 1 U(x1, y1) is

equal to U(x1, y1) = T (x1, y1)E0(x1, y1, z1)e
i 2π

λ
z1 , where T is the transmission function

of the object and E0e
i 2π

λ
z1 is the laser field distribution at plane 1. For simplicity we

have assumed plane wave propagation of the incoming wave.
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1.1. Lensless imaging

plane as a point source that emits a spherical wave. The resulting field at the
detector plane will be the superposition of all these spherical waves. Under the
paraxial approximation, which mathematically means that (x2 − x1)

2 + (y2 −
y1)

2 ≪ z20 , the expression for r can be simplified with a binomial expansion√
1 + b = 1 + 1/2 b − 1/8 b2 + ... . At the exponent of the expression ejkr we will

keep the first two terms of the expansion and for the denominator of ejkr
/r2 we

will keep only the first term. The propagation expression can then be written as:

U(x2, y2) =
ejkz0

jλz0

∞x

−∞
U(x1, y1)e

j k
2z0

(
(x2−x1)

2+(y2−y1)
2
)
dx1dy1 (1.3)

which is known as the Fresnel integral. In Ch. 2 we start from the Fresnel integral
and its discretized form and derive the propagation models that we have used in
all the numerical analysis that follows in the rest of the thesis.

From the Fresnel integral we can be observe that the incident light on the de-
tector is a complex-valued quantity with amplitude |U | and phase U . However,
the detectors that are available for light detection can only capture the intensity
of the light, which is proportional to |U |2, therefore all phase information is lost.
There are various lensless diffractive methods that each uses a different approach
in solving the phase retrieval problem. In all the following chapters in this thesis
we use ptychography, but before introducing ptychography we will address briefly
other methods that have been also developed.

One way to measure the phase of the transmitted light through an object,
called thereafter exit wave, is via holography [6]. In holography the exit wave is
interfered with a reference wave and the phase is imprinted in the interference
pattern. The reference wave can be on-axis [6] or off-axis [7] with respect to the
wave incident on the object, while the detector can be in the near field or the
far field of the object. For far-field detection, Fourier Transform Holography has
been developed [8–10], where the reference wave is transmitted through a pinhole
and the image reconstruction is basically achieved via a spatial Fourier transform
of the interference pattern.

A reference-free approach for lensless diffractive imaging is Coherent diffrac-
tive imaging (CDI), that was first introduced in [11] for x-ray crystallography,
but was later developed and used successfully for imaging arbitrary structures
with illuminating wavelengths ranging from visible to x-ray [12–17]. Here the
object must be confined spatially, so that there is prior knowledge of the object
surroundings, which is called finite support constraint. The reconstruction hap-
pens in an iterative manner, where the reconstruction algorithm starts with an
initial guess for the object and propagates the exit wave from the object plane
to the detector plane and backwards. At every plane the respective constraints
are applied, which are the diffraction pattern intensity at the detector plane and
the finite support at the object plane. Therefore, every iteration yields a better
estimate for the object until the algorithm converges to a solution.

Sometimes, for instance when an object contains elements with absorption
edges at characteristic energies, it is useful to have a non-monochromatic illu-
mination source with photon energies matching those energies, as that can lead

3
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to increased element contrast [4]. The diffraction patterns for polychromatic
illumination exhibit blurred features due to wavelength-dependent diffraction,
which may deteriorate the reconstructed image quality of a CDI measurement.
A solution to this spectral blurring effect was proposed in [18], which combines
the concept of Fourier Transform Spectroscopy [19] with diffractive imaging, and
which was further explored and developed in [20–22]. In this technique, the
object is illuminated by two time-delayed coherent pulses, resulting in a delay-
dependent interference pattern in the detector. With appropriate delay scan in
terms of step size and total range, the authors were able to retrieve the spec-
trum of every pixel in the diffraction pattern and monochromatize the diffraction
patterns accordingly. Then, the challenging task of image reconstruction based
on the polychromatic diffraction pattern was converted into easier tasks of re-
constructing the image per wavelength based on the calculated monochromatic
diffraction patterns.
A scanning variation of CDI that allows us to image extended objects is pty-

chography [23], which is explained in more detail in the next section. Ptychogra-
phy has a few advantages with respect to CDI or holography. Two such advanced
properties of ptychography are 1) the high-quality imaging without any require-
ment for prior knowledge of the object or dependence on a reference beam and
2) the opportunity to reconstruct complex-valued expression of the illumination
along with the object of interest, thus making ptychography an advanced wave-
front sensing technique [4].

1.2 Ptychography

Ptychography, first developed and demonstrated in [23–25], is a scanning CDI
variation, where the object of interest (O(r)) is on a stage that can move laterally
to the illumination. The detector captures a series of diffraction patterns for all
the object scan positions. The scan grid is designed such that there are overlap-
ping illuminated areas between adjacent scan positions. This overlap leads to cor-
related diffraction patterns, which allows the reconstruction algorithm, through
an iterative process, to converge to a unique solution for both the object and the
wavefront of the illumination, which in ptychography is called probe (P (r)). A
schematic of a ptychography setup is shown in Fig. 1.2.
The ptychographic reconstruction algorithm can be described by the following

steps:

Ptychographic algorithm

1. iteration = 0

2. iteration = iteration + 1, scan position = 0

3. scan position = scan position + 1

4. Calculate exit wave ψ(r) = P (r) ·O(r − rj)

4



1.2. Ptychography

5. Propagate exit wave to detector Ψ(q) = P{ψ(r)}

6. Compare Imeasured(q) and Iestimated(q) = |Ψ(q)|2, calculate error and
perform intensity projection

7. Back-propagate updated field from the detector to the object plane
ψupdated(r) = P−1{Ψupdated(q)}

8. Update P (r) and O(r − rj) from ψupdated(r)

9. If not all scan positions have been checked, move to step 3; else,
move to step 2

Figure 1.2: Schematic of a ptychography setup. A coherent light beam illuminates the
sample of interest and a camera captures the diffraction pattern. The sample is on a
stage moving laterally with respect to the beam, so that we record diffraction patterns
from different but overlapping areas of the sample.

The algorithm usually stops when the error has converged, which means that
the probe and object have stopped updating. In the above algorithm, the for-
ward and backward wave propagation, denoted with the operators P and P−1

respectively, is performed according to Eq. (1.3) for coherent monochromatic
light and far-field conditions. In the case of multi-wavelength illumination, the
exit wave is calculated separately for each wavelength (ψλ(r)) and propagated
to the detector (Pλ{ψλ(r)}). At the detector plane the intensities from each
wavelength are added incoherently and compared with the measured intensity.
More details about multi-wavelength ptychography are given in Section 1.5. Fur-
thermore, the intensity projection is an operation that updates the estimated
diffraction signal using the measured signal information. The exact operation is
based on the assumed noise statistics during the data acquisition. For the works
described in this thesis we assume the measurements are dominated by pho-

5



Introduction

ton noise and update the amplitude of the estimated diffraction signal [26, 27]

Ψupdated =
√
Imeasured

|Ψ|+ϵ · ei Ψ, with ϵ a small number introduced to prevent division

with zero.
The functionality of probe update was not available in the original imple-

mentation of the ptychographic reconstruction algorithm, called Ptychographic
Iterative Engine (PIE) [23], but was later added in [28–30], leading to the ex-
tended PIE (ePIE) algorithm. The expressions for the update of both probe
and object are given in [30]. This is a remarkable feature of ptychography, as
high-quality imaging can be achieved even with strongly aberrated wavefronts
or distorted beam profiles, while certain assumptions for the illumination have
to be made for other lensless diffractive methods. On the contrary, as it will be
explained in Section 1.3, it is usually beneficial in ptychography to have beams
with a structured amplitude or phase profile.
Ptychography has been demonstrated in experimental setups with XUV il-

lumination in both transmission [31] and reflection [32] mode. Since the first
demonstrations, there have been many studies with both illumination modes. In
principle, the transmission mode is preferred for imaging two-dimensional or thin
samples with respect to the penetration depth [33–37], while the reflection mode
is used for imaging the outer layers of a thick sample [38–40]. The working prin-
ciples of ptychography are identical for transmission and reflection mode, with
the exception that in reflection the sample and the detector are not in parallel
planes and tilt plane correction is required as a first step.
A ptychographic measurement has a few design parameters that need to be

considered in advance for a successful reconstruction, as measurement and re-
construction happen asynchronously. For example, the scan grid needs to be
designed in a way that the full area of interest in scanned and sufficient overlap
between adjacent scan positions is satisfied. However, increased overlap leads
to an increased number of scan positions in order to cover the desired field of
view, which can have implications on the measurement time and memory issues
for the computer that will run the reconstruction algorithm. In [41], an overlap
factor of 60% is concluded to be sufficient for a ptychographic scheme with a
monochromatic probe. Another important design aspect is the oversampling fac-
tor [42]. The oversampling factor poses a constraint on the extent of the probe,
as a largely illuminating area of the object may cause diffraction features that
cannot be sufficiently sampled by the detector. The maximum probe size should
be, therefore, equal to λz/2dq, with λ the wavelength of the probe, z the distance
between sample and detector and dq the pixel size of the detector.
Apart from optimized design parameters in the measurement setup, there are a

few algorithmic techniques that can contribute to a high-quality imaging perfor-
mance. Since ptychography was first introduced, many groups around the world
developed variations of the original PIE/ePIE engines oriented towards enhanced
imaging quality. For example, if the beam is partially coherent, the mixed states
approach decomposes the probe into a set of incoherent modes [43]. This ap-
proach can also be used when there are external sources of decoherence that have
an equivalent effect on the diffraction patterns, such as high-frequency sample
vibrations, background, or for finite spectral bandwidth [35]. Other variations of

6



1.3. Structured illumination

the ePIE algorithm have been developed for multi-wavelength illumination [44],
beam pointing instability [45], object to camera distance calibration [46], tilt an-
gle calibration on reflection mode ptychography [47], scan positions correction
[48], three-dimensional object reconstruction [49] and super-resolution imaging
[50]. Finally, Gardner et al. proposed the use of the undiffracted probe infor-
mation in the reconstruction algorithm and showed a significant improvement in
imaging quality [51].

Reported potential applications of ptychography are in imaging of biological
samples [33, 36, 52, 53], in inspection of wafers and XUV mirrors [39, 54–56], and
for wavefront sensing [28, 30, 45, 57–63]. The latter is especially interesting for
XUV light, as the most standard way to generate coherent XUV light is via high
harmonic generation (HHG), discussed in detail in Section 1.4, and wavefront
sensing on HHG beams can be used to to answer fundamental questions of the
HHG process. We address such fundamental questions in Chs. 3 and 4, which we
manage to answer thanks to the wavefront sensing capabilities of ptychography.

Throughout this thesis we show ptychographic reconstructions using the afore-
mentioned ePIE algorithm or variations of it. However, recently different ap-
proaches to solve the phase retrieval problem have been introduced, inspired by
machine learning models. One such approach uses a physics-based forward model
to describe the propagation of the exit wave from the object plane to the camera
and implements an iterative algorithm to update the probe and object based
on automatic differentiation (AD) [40, 64–66]. This approach turns out to be
more flexible than ePIE, as any model parameter besides the object and probe
pixel values, such as scan positions, distance, wavelength, angle, can be set to
either ”trainable” or ”non-trainable” and be updated as well. We believe that
this approach has great potential to solve any kind of ptychography problem in
the future.

1.3 Structured illumination

The highest resolution that can be achieved with ptychography (without resorting
to superresolution techniques) is the diffraction-limited resolution ∆x = λ/2NA

mentioned also in Section 1.1. In microscopy, however, people often assume a
composite definition for NA, or effective NA, defined as NAeff ≈ NAill + NAdet

[67], where NAill is the NA of the illumination (i.e. the Fourier transform of the
optical system’s exit pupil), and NAdet is the detection NA, with NAdet = Ld/2z.
Here z is the distance between the sample of interest and the detector and Ld the
detector size, where for simplicity we have considered a square detector and equal
resolution limit in x and y direction. This extended concept of NA motivated the
authors of [50] to develop the superresolution ptychographic algorithm, which ba-
sically can lead to increased resolution of the object in the order of ∆x = λ/2NAeff.

In practice, typically the detector is aligned such that the undiffracted probe
illuminates the center of the detector. Sometimes, for example in case of a weakly
diffracting object illuminated by a probe with low illumination NA, most pho-
tons will end up around the center of the detector and effectively any signal at
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the edges of the detector will be very weak and ”buried” under the noise level.
Consequently, introducing a high illumination NA in the probe, such that the
undiffracted probe already illuminates a large part of the detector, is an efficient
way to increase the effective NA of the system.
A high illumination NA can be interpreted as a large spectrum of k vectors in

the beam, thus rays that propagate in different directions. An intuitive way to
increase the illumination NA of the probe is by adding divergence to a standard
Gaussian-like probe [68, 69], but still in such probe configuration most energy is
directed towards the center of the detector. An efficient alternative is structured
illumination, which means introducing some structure in either the amplitude or
the phase of the beam. There have been many studies showing how structured
illumination can optimize the object resolution [34, 35, 69–75]. In fact, the benefit
of structuring the probe is twofold. First, the diffracted signal is spread across
the full detector, increasing the effective NA. Second, structuring mitigates the
saturation of the center of the detector from zeroth order diffraction, allowing us
to use a probe with higher photon flux. The higher probe photon flux eventually
leads to better reconstruction quality [4].

a) b)

c) d)

Figure 1.3: Ptychography reconstructions with a,b) smooth and c,d) structured illu-
mination. a,c) Object and probe reconstructions. The scale bar is equal to 200 µm.
Brighness indicates the amplitude and hue the phase. b,d) Example diffraction patterns
in logarithmic scale.

In Fig. 1.3 we show an example reconstruction of a USAF 1951 resolution target
with a smooth (Fig. 1.3a)) and a structured (Fig. 1.3c)) monochromatic probe
at wavelength 700 nm. For a laser beam at the NIR or visible spectrum we can
easily structure the beam by placing a piece of scotch tape on an aperture and
imaging that aperture on the sample plane, which is how the probe in Fig. 1.3c)
was generated. From the object reconstructions we see a clear improvement in the
imaging quality for the case with the structured probe, without artifacts and clear
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resolution of the features up to the Element 3 in Group 6. In Figs. 1.3b) and 1.3d)
we also show diffraction patterns in logarithmic scale from random scan positions
for the smooth and structured illumination respectively, where we can observe
that there is higher signal on the edges of the detector for the structured probe
compared to the smooth probe. It is also clear how for structured illumination the
photons are more uniformly spread across the detector, which prevents saturation
of the center of the camera.
For ptychography measurements with XUV and X-ray illumination it is more

challenging to efficiently structure the probe. In [34, 35, 71–73, 76] the authors
used diffractive binary masks in order to structure XUV and X-ray beams, such
as zone plates or arrays of small apertures. However, such a technique leads to a
decrease in the photon flux of the probe, as part of the beam is blocked. Recently,
Eschen et al. proposed an EUV phase-shift diffuser that enables structuring the
probe while achieving higher transmission through the diffuser compared to a
binary mask [75].

1.3.1 Vortex illumination

A different approach to structuring the probe in the XUV and SXR was pro-
posed in [69], where the authors used a beam carrying orbital angular momentum
(OAM), also known as vortex beam, to image an object with periodic structures.
As it will be explained in the next section, they managed to introduce OAM to
the XUV beam without placing any lossy optics or masks in the XUV beamline.

a) c)b)

Figure 1.4: Ptychography reconstruction with vortex illumination. a) Object and
probe reconstructions. The scale bar is equal to 200 µm. Brightness indicates the
amplitude and hue the phase. b) Example diffraction pattern in logarithmic scale. c)
Numerically backpropagated beam at the focal plane. Scale bar is equal to 50 µm. In
a,c) brightness indicates the amplitude and hue the phase.

The effect of OAM in the beam is illustrated in Fig. 1.4, where we show an
experimental demonstration of a ptychographic reconstruction with a NIR beam
carrying OAM. The OAM beam has a singularity in the centre with the inten-
sity approaching to zero. Therefore, the zeroth order diffraction is not as easily
saturated as with a Gaussian smooth beam, which can be seen in a diffraction
pattern from a random scan position in Fig. 1.4b). By numerically backprop-
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agating the probe to the focal plane, shown in Fig 1.4c), we can observe some
properties of OAM beams. In terms of the amplitude profile, we see that OAM
beams have a doughnut-shaped amplitude profile, while their phase ramps up
in the azimuthal direction from 0 to l × 2π. Mathematically this is described
by a phase term eilϕ, with l called the topological charge [77]. For the probe in
Fig. 1.4, the topological charge is equal to 1. In Ch. 5 we extend the work of
[69] by using a multi-wavelength XUV beam carrying OAM to image an object
with arbitrary structures. We also compare this method of structuring with the
conventional mask-based structuring.

1.4 High order harmonic generation

In the previous sections we reported several studies that deployed ptychography
with XUV and SXR light. In this section we discuss the illumination source for
coherent light in this spectrum. The most common technique to generate coherent
XUV and SXR light is via HHG [78, 79]. HHG can be described semi-classically
with the three-step model illustrated in Fig. 1.5 [80]. In HHG a strong laser
field with a wavelength in the IR or the visible spectrum interacts with a non-
linear medium, which is usually a noble gas. According to the three-step model,
the strong electric field, in the order of 1014 − 1015 W/cm2 bends the Coulomb
potential of the atom of the noble gas, and electrons can escape via tunneling.
The electron accelerates in the continuum, until the electric field of the drive
laser changes sign. Then, the drive field applies an opposite force to the electron,
which is decelerated and accelerated back towards the parent ion, provided the
polarization of the drive laser is linear. If the electron recombines with the parent
ion, due to its high kinetic energy it emits a photon, whose energy extends to the
XUV and SXR spectrum. The maximum photon energy that can be emitted is
equal to Emax ≈ Ip + 3.17Up. where Emax is also called the cutoff energy, Ip is
the ionization potential of the atom and Up is the ponderomotive energy, which
is associated with the intensity and the wavelength of the drive field. A more
accurate analysis was performed in [81] with a quantum mechanical solution,
which was analytically calculated under the strong field approximation.

For half a cycle of the drive laser, the emitted photon energies are in a contin-
uous range from Ip until the cutoff energy. However, for multi-cycle drive laser
pulses, the three-step process happens twice in every cycle, leading to a pulse
train of attosecond pulses with repetition rate twice the drive laser frequency.
In the frequency domain, this corresponds to a frequency comb-like spectrum
with the odd harmonics of the drive laser. The high harmonics are in principle
generated with similar efficiency, and for this reason are called plateau harmonics.

As we mentioned earlier, diffractive imaging methods, like ptychography, re-
quire coherent light, so that we can model mathematically the propagation of
the exit wave from the object plane to the detector. The spatial coherence of
the high harmonics have been investigated in [83], where the authors found good
spatial coherence properties of the harmonic beams, although the coherence can
degrade for long drive wavelength, very high-order harmonics and high ionization
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Figure 1.5: Three step model (copied from [82]). 1) The strong electric field of the
drive laser bends the Coulomb potential of the atom, allowing an electron to escape
via tunneling. The electron accelerates in the continuum. 2) When the electric field
changes direction at the next half cycle, the electron is accelerated back towards its
parent ion. 3) If the electron manages to recombine with its parent ion, it emits a
photon with high energy due to its high kinetic energy.

of the gas. Furthermore, since HHG is a highly non-linear process, minor beam
pointing stability issues of the drive laser can create decoherence effects of the
harmonics. In terms of longitudinal coherence, the linewidth of each harmonic
depends on the number of cycles within the drive laser pulse, with shorter pulses
leading to broader linewidths of the harmonics. For our studies shown later in
this thesis, the drive laser pulse ranges between 40 fs and 50 fs, with driving laser
cycle between 2.67 fs and 3.43 fs. For this condition, we expect each harmonic
to be sufficiently narrowband, so that the distance between the object and the
detector is smaller than the coherence length. However, for better modelling of
the propagation of an exit wave corresponding to a harmonic beam, it is recom-
mended to use mixed states for partially coherent beams [43], which can take
into consideration all the above decoherence effects.

The study of the HHG process has shown that there are two electron trajec-
tories that lead to the emission of a photon with a particular energy below the
cutoff energy. The first trajectory is called long trajectory, in which the electron
has left the atom early within the drive laser cycle and has spent more time in
the continuum, so by the time it reaches its parent ion and recombines, the drive
laser field has changed sign again and has decelerated the electron. The other
trajectory is called short trajectory and corresponds to an electron leaving late
within the cycle, and eventually cannot reach the maximum kinetic energy when
it is accelerated back towards the parent ion and recombines.

Each trajectory has different phase matching conditions because of different
dipole phases, i.e. different phases accumulated by the electron wave packet be-
tween the time of tunneling and the time of recombination [84]. Phase matching
is an important aspect of HHG, because upon interaction of the laser field with
an extended non-linear medium, the maximum yield of XUV and SXR energy
can be achieved when the fields generated throughout the medium add construc-
tively [85]. In general, short trajectories have longer coherence length [84, 86],
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so they are easier to phase-match and typically dominate over long trajectories.
For imaging purposes, high flux is directly associated with better resolution [4].
Therefore, in all studies shown in this thesis we aimed to maximize the XUV flux
by optimizing phase matching conditions for the short trajectories, which led
to poor phase matching conditions for the long trajectories and thus they were
ignored from further analysis. Especially in Chs. 3 and 4, where we compare ex-
perimental findings with simulations, we developed our theoretical model based
on the assumption that only short trajectories are present in the reconstructed
HHG beams. In fact, assuming only short trajectories in our simulation models
was sufficient to explain the experimental findings.

Theoretical models for predicting the behaviour of the high harmonic beams
have been studied and formulated in [87–92], based on knowledge of the
drive laser properties. Although most accurate models use the time-dependent
Schrödinger equation, close approximations can be achieved with the Single
Atom Response (SAR) model, according to which the phase of the high har-
monic wavefront with harmonic order q at the generation plane can be written
as Φq = qϕ+ Φd, with ϕ the phase of the fundamental beam and Φd the dipole
phase. The dipole phase is associated with the intensity I of the drive laser. Par-
ticularly for the short trajectories, which are of interest for the work presented
in the thesis, there are various models to describe the dipole phase as a function
of the drive laser intensity. In [87–90] the authors derive a model of the form
Φd ∝ αI. However, in our works we adopt the model from [91, 92], according to
which Φd ∝ γ/I, which we have used in Chs. 3 and 4 and is in close agreement
with our experimental results. In terms of the amplitude of the high harmonics,
it is shown that in the non-perturbative regime all harmonics are generated with
an amplitude that is proportional to the amplitude of the driving laser to the
power p [93], with common values for p being p = 4 [92] and p = 3.4 [94].

The SAR model is an insightful tool for predicting the properties of the high
harmonic beams in terms of amplitude profile, phase and propagation behavior.
First demonstrations of HHG were with a Gaussian drive laser that produced
Gaussian high harmonic beams. However, more exotic drive beams than just
Gaussian have been used as well. One such example is a beam carrying OAM,
which, as we mentioned in the previous section, is also interesting for ptycho-
graphic imaging purposes. The SAR model suggests that the topological charge
is upconverted to the high harmonics proportionally to the harmonic order, while
further analysis based on the same model predicts that all harmonics propagate
to the far field with similar divergence [95]. An example of this upconversion
is shown in Fig. 1.6, where we show how a doughnut-shaped fundamental beam
with topological charge equal to 1 generates doughnut-shaped high harmonics
with topological charge proportional to the harmonic order. Therefore, start-
ing with a low-topological charge input fundamental beam, we can generate a
polychromatic XUV pulse with high topological charges. In the time domain the
resulting attosecond pulse (or pulse train) has a helical structure also known as
a spatiotemporal light spring [96].

In Ch. 4 we investigate how changes in the generation conditions and properties
of the drive OAM beam influence the OAM and the propagation behavior of the
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Fundamental 
beam 25th harmonic 19 th harmonic 15 th harmonic

2π 25  2π 19  2π 15  2π

Figure 1.6: Upconversion of topological charge during HHG. For simplicity, the
intensity-dependent dipole phase is omitted from the modelled high harmonic wave-
fronts, as it only adds a local divergence in the phase and does not contribute to the
topological charge.

high harmonics, and, eventually, the shape of the attosecond light spring. Here
we should note an important distinction between the topological charge and the
OAM. Topological charge is the number l in the phase term eilϕ of an OAM
beam, and is defined as l = 1/2π

∮
C
dϕ [97]. OAM, on the other hand, describes

the angular momentum that will apply a force to a particle positioned in the
beam, and is strongly dependent on where in the beam it is measured. For
circular beams, it can be calculated as the Fourier Transform of the complex
electric field along a circular loop [98] and the result is a range of modal content
of OAM.

1.5 Multi-wavelength ptychography with XUV
illumination

When performing ptychography experiments with XUV HHG beams, some addi-
tional aspects should be considered. Firstly, we discussed in the previous section
the coherence properties of a single harmonic beam. However, typically in the
HHG process we generate 7 to 11 harmonics which we cannot treat as one co-
herent beam, as the coherence length ξl is very short and violates the coherence
condition ξl > PLD [99], with PLD the path length difference between two rays
starting from the opposite edges of the beam and diffracting at the highest angle
that can be captured by the detector.

A simple way to get a coherent beam from HHG is to isolate one harmonic
beam and filter out all other harmonics. This solution has been implemented
and presented, among others, in [33, 35, 36, 38–40, 69] using narrowband optics
for refocusing and spectral selection. However, for very high harmonics and long
drive wavelength the harmonic wavelengths are very close and a single harmonic
cannot be easily isolated, as noted in [39, 40]. Furthermore, by filtering out
harmonics, all the energy of these harmonics is lost, reducing the available flux
for the ptychographic measurement. Finally, by cropping the XUV and SXR
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Figure 1.7: Ptychography reconstruction with a multi-wavelength HHG beam. a) Re-
constructed object, b) reconstructed probe, with 10 harmonic wavelengths in the beam
ranging from 15th (70.26 nm) to 33rd (31.97 nm) harmonic. The drive laser wavelength
is centered around 1030 nm. In a) and b) brightness indicates the amplitude and hue
the phase. c) Diffraction pattern from the center of the object, in logarithmic scale.
We can observe the distinct signal from each wavelength in the first-order diffraction
towards the edges of the detector.

spectral range of the illumination source, we cannot perform spectrally-resolved
imaging where we can make use of the absorption edges of different elements.

Throughout this thesis we perform HHG ptychographic measurements using
a polychromatic source and implementing multi-wavelength ptychography [44].
The ptychographic algorithm for treating multiple wavelengths in the probe is
similar to mixed states [43], where we decompose the probe into an incoherent
set of modes. In contrast to the mixed states, the incoherent modes in multi-
wavelength ptychography have a physical meaning, as each mode corresponds to
a specific harmonic wavefront. These modes are treated independently in terms
of illumination of the object and propagation to the detector. At the detector
plane, the diffraction patterns from each wavelength are added incoherently and
the sum is compared to the measured diffraction pattern. In [44] it has been
demonstrated that it is possible to reconstruct multiple probes and objects from
the polychromatic diffraction patterns; however, as the number of unknown pa-
rameters increases, the increased complexity of the phase retrieval problem often
requires higher overlap between scan positions or prior knowledge of the probes
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or the objects.
An example from an experimental dataset of HHG multi-wavelength ptychog-

raphy is shown in Fig. 1.7. The object is a home-built non-dispersive binary
USAF 1951 resolution target, which has a common transmission function for
all wavelengths, and it is illuminated by a 10-wavelength Gaussian probe. In
Figs. 1.7a) and b) we present object and probe reconstructions respectively. In
Fig. 1.7c) we show a diffraction pattern from illuminating the center of the object,
where we can observe once again that for this type of illumination the energy
of the diffracted signal is concentrated at the center of the detector. For multi-
wavelength measurements this effect renders the ptychographic reconstruction
even harder, because the zeroth order diffraction behavior is quite similar for
all wavelengths, while in higher diffraction angles the contribution of each wave-
length is more distinct. The diversity of the individual monochromatic diffrac-
tion patterns within a polychromatic diffraction pattern is a property that can
enhance the imaging quality. This is further discussed in Ch. 5, where we com-
pare the reconstructions of multi-wavelength ptychographic measurements for
smooth and structured illumination. As structured illumination, we use beam
structuring via diffraction from a mask and OAM-driven HHG. The latter is of
particular interest, as there is inherent spectral diversity in the probes, shown in
Fig. 1.6, which can potentially lead to increased diversity in the monochromatic
diffraction patterns as well.
Recently, a ptychographic scheme with two coherent pulses was presented in

[100]. This technique works similar to CDI combined with FTS [18, 20–22], where
the second pulse is delayed with respect to the first pulse, leading to interference
fringes on the diffraction pattern, the positions of which are a function of the delay
τ between the two pulses. By changing τ at each scan position we encode spectral
information in the diffraction patterns in the form of the fringes, which can allow
an AD-based reconstruction algorithm to reconstruct spectrally-resolved images
of the objects and probes with increased robustness.

1.6 High harmonic generation drive sources at
ARCNL

In Section 1.4 we mentioned that a necessary condition for HHG to be initiated
is that the drive laser power density is in the order 1014 − 1015 W/cm2. Such
levels of power density are typically achieved by focusing tightly an ultrashort
pulse with pulse energy equal to a few mJ. For the works shown in this thesis, the
HHG-related measurements were performed at ARCNL, where we have switched
from a home-built Ti:Sa [101] seeded source to a commercial Yb:KGW laser. The
Ti:Sa laser has been used for the measurements presented in Ch. 3, whereas the
experimental results presented in Chs. 4 and 5 were acquired with the Yb:KGW
laser as drive laser source.
The Ti:Sa laser can provide ultrashort pulses of 20 fs pulse duration, spanning

a spectrum from 700 nm to 900nm, but the pulse energy is low. Therefore, the
output of the Ti:Sa oscillator was used as seed in an amplification stage, after
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Figure 1.8: Schematic of the two setups to generate high harmonics. a) Old setup
based on Ti:Sa seed beam amplified in a NOPCPA. b) New setup based on Yb:KGW
commercial laser (Pharos) and a pulse compression scheme. In the new setup we also
installed a refocusing chamber in the XUV part, so that we can perform ptychography
measurements with a smaller beam size.

which the pulse energy was increased to 4-5 mJ. The full scheme is presented in
Fig. 1.8a). Firstly, the output pulses of the Ti:Sa oscillator were stretched, such
that they could be amplified to the mJ level without damaging the optics and the
non-linear crystals at the amplification stage. Then, they were amplified in a non-
collinear optical parametric chirped pulse amplification (NOPCPA) [102, 103]
module by a pump beam. Details of the pump beam are given in Fig. 1.8a),
as well as in [82, 104]. After the NOPCPA, the pulses were compressed with a
pair of gratings to a pulse duration of approximately 40 fs at pulse energies 2.6-
3.3 mJ. The pulses were finally sent for HHG, where we could typically generate
harmonics in the range 28-56 nm, which corresponds to harmonics 29-15.

The advantages of this laser system are, among others, the high pulse energies,
accessibility of every module of the (home-built) seed and pump lasers, short drive
wavelength, compared to the Yb-KGW laser, which helps with HHG efficiency
and spatial coherence, and more separated harmonics, which helps with multi-
wavelength reconstructions. However, the complexity of this system was high,
and there were beam-pointing and energy-stability issues, long warm-up times,
and needs for frequent alignment of the NOPCPA. In fact, the capabilities of
this laser system were beyond the 3.3 mJ pulse energy at the gas jet, as 10 mJ
pulse energy for the same system has been reported in [82]. The reduced output
power that we achieved during the measurements associated to Ch. 3 was due
to the challenging and tedious task of alignment of the NOPCPA and due to
aging of the equipment. Finally, there is a big space requirement for all these
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modules shown in Fig. 1.8a), and they covered almost entirely an optical table
with dimensions approximately 6 m×1.5 m.
At the end of 2022 we acquired a commercial Yb-KGW laser (Pharos from

Light Conversion), which delivers 2 mJ pulses with 170 fs FWHM. The cen-
tral wavelength of the laser is at 1030 nm. As the pulse energy is already at a
sufficient level, we only needed to implement a pulse compression system. The
compression system was based on the CASCADE concept [105], which includes
long gas cells where the beams are loosely focused. This loose focusing leads to
sufficient spectrum broadening, via self-phase modulation [106], while suppress-
ing self-focusing [106], which is associated to degradation of the beam quality.
After each pass through a gas cell, we use chirped mirrors with negative group
delay dispersion [106] to compress the pulses. The modules of the new setup are
shown in Fig. 1.8b). The pulse duration after two passes through gas cells was
measured via a FROG measurement [107] equal to 35 fs. More details about
the technique and the beam characterization can be found in [108]. In the new
setup we also introduced refocusing XUV mirrors after the HHG chamber, such
that ptychography measurements are facilitated with a smaller beam size. The
resulting spectrum of the XUV illumination is shaped by the spectral efficiency of
the XUV mirrors. For the projects described in Chs. 4 and 5, the XUV spectrum
was in the range 31-50 nm (harmonics 33-21).
The new setup is more compact, as the dimensions of Pharos is approximately

80 cm×42 cm, although still much space in the optical table is used for the
long gas cells in the spectrum broadening part. The entire setup is easier to
build and maintain, compared to the older setup, and the laser beam is more
stable in terms of both pointing instability and energy fluctuation. However, the
laser pulse energy has a maximum level of 2 mJ, which, for some applications,
such as interferometric measurements, may not be sufficient. Also, the longer
drive wavelength leads to lower conversion efficiency for the HHG, lower spatial
coherence of the high harmonics, and more harmonics within a specific spectral
window.

1.7 Structure of this thesis

The thesis is structured as follows: In Ch. 2, we derive and compare analytical
propagation models that are suitable for multi-wavelength beam configurations.
In Ch. 3, we perform WFS measurements of Gaussian HHG beams, where we
vary the drive laser focus position with respect to the generation plane, and
study chromatic aberration effects. Ch. 4 is also about WFS measurements, but
for HHG beams with non-zero OAM. Specifically, we study the effects on OAM
HHG beams when we vary the drive laser focus position and introduce drive laser
aberrations. Finally, in Ch. 5, we study how structured illumination for multi-
wavelength HHG beams improves imaging quality and demonstrate it with two
types of structured beams: HHG beams driven by a laser beam carrying OAM,
and HHG beams structured via diffraction from a binary mask. We associate the
improved imaging with increased diversity in the diffraction patterns.
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Chapter 2
Optical propagators with
user-defined object-plane
pixel size for ptychography

Lensless imaging techniques have been developed to visualize objects with high
robustness and unprecedented resolution. Lensless imaging is based on the nu-
merical reconstruction of the transmission or reflection function of a sample from
optical diffraction measurements. Specifically, coherent diffractive imaging (CDI)
and ptychography involve an iterative process of numerical propagation of coher-
ent light waves between the sample and detector plane. However, in the standard
propagation models the pixel size of the reconstructed object image is typically
fixed and wavelength-dependent, which limits CDI and broadband ptychography.
Here we investigate three propagation models for far-field propagation that allow
user-defined pixel size at the object plane. These propagators are the two-step
Fresnel, scaled angular spectrum, and chirp-Z transform. We derive their analyt-
ical expressions and observe that all three models are mathematically equivalent,
although they have a different physical origin. Each propagator can be written in
two distinct versions, which conceptually represent propagation via different in-
termediate planes. We perform propagation simulations and ptychographic recon-
structions on experimental data to compare the performance of these two different
versions. Our results show that the choice of intermediate plane can affect the
reconstruction quality due to different sampling bandwidth requirements, which
enables a wider choice of pixel sizes in the object plane. Our analysis provides
guidelines for selecting an optimized object pixel size when performing reconstruc-
tions on broadband CDI and ptychography data.

The content of this chapter has been published as: Antonios Pelekanidis, Kjeld S. E. Eikema,
and Stefan Witte, Far-field optical propagators with user-defined object-plane pixel size for
ptychography, Opt. Continuum 4(4), 804–825 (2025).
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Propagators with user-defined object-plane pixel size

2.1 Introduction

Lensless imaging techniques have been studied and developed extensively over the
last decades. Among the lensless techniques, ptychography [23, 24] has distin-
guished itself as a robust coherent diffractive imaging (CDI) method. In CDI, the
object of interest is illuminated by a laser beam, typically referred to as the probe,
and diffracts the light towards an imaging detector. Because the detector can
only capture the intensity of the diffraction pattern, the phase of the diffracted
field must be algorithmically calculated. Specifically in ptychography, the phase
problem is addressed by moving the object laterally to the laser beam, so that the
detector captures the diffraction patterns from multiple object positions sequen-
tially. Each position has significant overlap with the adjacent positions and the
abundance of the captured diffraction data allows the ptychographic algorithm
to reconstruct complex-valued expressions of both the object and the probe.

Ptychographic imaging has been explored with monochromatic coherent light
in a broad range of wavelengths from infrared [70] to X-ray [28], and diffraction-
limited imaging resolution [3] has been demonstrated. In its most basic form, the
pixel size dx of the reconstructed object image in CDI is equal to the diffraction
limit dx = λ/2NA, where λ is the wavelength of the radiation and NA is the nu-
merical aperture of the measurement setup.. Thus, the object image pixel size
is both fixed and wavelength dependent. This fixed number for the pixel size
comes from the most commonly used models based on Fraunhofer and Fresnel
propagation [5]. However, various applications require broadband illumination,
such as white visible light [109] or multi-wavelength extreme ultraviolet (XUV)
light generated via high harmonic generation (HHG) [31, 34]. Specifically, pty-
chography with HHG radiation has attracted great interest, because of its poten-
tial for nanometer-resolution microscopy with tabletop sources for semiconductor
metrology [35, 38] and biomedical applications [36].

For ptychography with non-monochromatic illumination, a typical way to
model the probe is as a set of incoherent modes, with each mode corresponding to
a different wavelength [44]. The exit wave for each mode is propagated indepen-
dently to the detector and at the detector plane the monochromatic diffracted
signals are added incoherently and compared to the measured diffraction pat-
tern. Since each wavelength is treated independently, we can apply monochro-
matic propagation for each wavelength separately using the standard propagation
models. However, in this case the pixel size at the object plane will be different
for each wavelength. In many cases, it is necessary to have the same pixel size for
all wavelengths, as we can apply constraints based on prior knowledge, such as a
coupling constraint between the object reconstructions for adjacent wavelengths
[110]. For some applications, the object can be entirely non-dispersive, e.g. in the
ptychographic measurements with multi-wavelength HHG beams demonstrated
in [37, 63, 111]. In these examples the object was binary, either for imaging or
wavefront-sensing purposes, and the complexity of the reconstruction problem
was reduced extensively.

A simple approach for multi-wavelength wave propagation is to select the well-
known angular spectrum propagator (ASP) [5], which is accurate, easy to imple-
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ment and fast to compute, as it requires only two Fourier transforms. In ASP,
the pixel sizes at the source plane and the observation plane are fixed and equal,
irrespective of the wavelength. However, for far-field diffraction, the ASP transfer
function suffers from aliasing [112]. Furthermore, the pixel size of the detector is
usually larger than the diffraction limited resolution [113], therefore, the recon-
structed object and probe are sampled with a coarser pixel size compared to the
resolution capabilities of the imaging system.
This pixel size limitation can be mitigated by reverting to propagation models

that allow the user to define the pixel size at the object plane. For example, the
authors of [112, 114] propose such propagation models using non-uniform fast
Fourier transforms [115]. Another solution includes zero-padding the space of
the input field [116]. Similarly, Yu et al. developed a propagation model with
an increased calculation window while performing linear convolutions to mitigate
the computational burden [117]. Asoubar et al. investigated more elaborate op-
erators requiring an additional Fourier transform compared to the standard ASP,
in order to increase accuracy for non-paraxial diffraction [118]. More recently,
a scalable angular spectrum propagator was proposed also for more accurate
propagation in near-field conditions, again at the computational expense of three
Fourier transforms [113].
In this paper we focus on three models that are simple conceptually and rel-

atively fast, as they operate under the paraxial approximation and require two
Fourier transforms. These models are the two-step Fresnel propagation (2SF)
[119, 120], the scaled angular spectrum propagation (sASP) as introduced in [120]
and the chirp-Z transform (CZT) as introduced and implemented in [40, 121, 122].
These models have been mostly presented separately in earlier works [119–122],
and each has a different physical interpretation. Therefore, there may be a mis-
conception that these models differ in their mathematical formulations, poten-
tially leading to different performance in the ptychographic reconstruction con-
text. To validate the equivalence of the models, we first derive the equations that
describe the propagation of the electromagnetic wave from the object plane to the
observation plane for each model. From the mathematical descriptions we con-
clude that all three of them are identical; however, they can be expressed in two
versions, which, as we shall see for the 2SF propagator has a physical interpre-
tation as propagation in different intermediate planes. We denote these versions
as ”+” and ”−”, because of a distinct sign difference within the mathematical
expressions. We subsequently compare the two versions with the commonly used
(one-step) Fresnel propagator by calculating the correlation of simulated diffrac-
tion patterns. Finally, we test the propagators on experimental ptychographic
data, where we vary the pixel size at the object plane. The reconstruction results
confirm that bandwidth limitations of the propagators affect the imaging quality,
although the effect is mainly apparent for very high and very low magnification
ratios between object and detector planes. However, this deterioration of the
imaging quality can be mitigated by zero padding the exit wave at the sample
plane before propagating to the detector.
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2.2 Analytical expressions of the propagation
models

The following analysis is based on [120], where we assume that we know the
electric field U(x1, y1) at a source plane 1, with x1, y1 the spatial coordinates
of this plane. Then, the electric field U(x2, y2) at an observation plane 2, with
x2, y2 the coordinates at this plane, is given by the Fresnel integral,

U(x2, y2) =
eikz

iλz

∫ ∞

−∞

∫ ∞

−∞
U(x1, y1)e

i k
2z [(x1−x2)

2+(y1−y2)
2]dx1dy1 (2.1)

In Eq. (2.1), k is the propagation constant of the electromagnetic wave, λ = 2π/k
is the wavelength, i is the imaginary unit and z is the distance between planes
1 and 2. This equation describes the propagation of any scalar monochromatic
electromagnetic wave under the paraxial approximation [5, 120]. In case of a
multi-wavelength beam, the intensity at any plane is given by the incoherent
sum of the intensities for all wavelengths at that plane, Ij =

∑
λ |U(λ, xj , yj)|2

[44]. Therefore, the forward propagation calculation presented in Eq. (2.1) can
be calculated independently for each wavelength.

In discretized space, Eq. (2.1) is written as,

U(m2dq, n2dq) =
eikz

iλz
dx 2

∞∑
m1=−∞

∞∑
n1=−∞

U(m1dx, n1dx)·

ei
k
2z [(m1dx−m2dq)

2+(n1dx−n2dq)
2] (2.2)

In the above equation dx and dq are the sizes of square pixels in planes 1 and 2
respectively, and (m1, n1), (m2, n2) ∈ Z are the discrete coordinates in planes 1
and 2.

2.2.1 One-step Fresnel propagator

In order to derive the standard one-step Fresnel propagator [5], we rewrite
Eq. (2.2) as

U(m2dq, n2dq) =
eikzdx 2

iλz
ei

k
2z [(m2dq)

2+(n2dq)
2]·

∞∑
m1=−∞

∞∑
n1=−∞

(
U(m1dx, n1dx)e

i k
2z [(m1dx)

2+(n1dx)
2]
)
·

e−i 2πdxdq
λz [(m1m2)+(n1n2)] (2.3)

We assume the size of the arrays that describe the electric fields are N ×N . As
the pixel size in plane 2 dq is set by the choice of detector, the pixel size at plane
1 can be set equal to dx = λ|z|/N ·dq to simplify Eq. (2.3). The electric field at
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plane 2 then becomes

U(m2dq, n2dq) =
eikzdx 2

iλz
ei

k
2z [(m2dq)

2+(n2dq)
2]·

N−1∑
m1=0

N−1∑
n1=0

(
U(m1dx, n1dx)e

i k
2z [(m1dx)

2+(n1dx)
2]
)
·

e−sign(z)i 2π
N [(m1m2)+(n1n2)]

This expression can be rewritten as a Fourier transform, but with a form that
depends on whether the propagation is in the forward (z > 0) or backward (z < 0)
direction:

U(m2dq, n2dq) =
eikzdx 2

iλz
ei

k
2z [(m2dq)

2+(n2dq)
2]N ·

F

{
U(m1dx, n1dx)e

i k
2z [(m1dx)

2+(n1dx)
2]

}
(2.4)

if z > 0 and

U(m2dq, n2dq) =
eikzdx 2

iλz
ei

k
2z [(m2dq)

2+(n2dq)
2]N ·

F−1

{
U(m1dx, n1dx)e

i k
2z [(m1dx)

2+(n1dx)
2]

}
if z < 0. By F (−1) we denote the two-dimensional normalized (inverse) Discrete
Fourier Transform (DFT). Equation (2.4) is a convenient formula in order to
computationally calculate the electric field at plane 2. In case of very large z,
eik/2z[(m1dx)

2+(n1dx)
2 ≈ 1 in Eq. (2.4) and the propagation from plane 1 to plane

2 is written as

U(m2dq, n2dq) =
eikzdx 2

iλz
ei

k
2z [(m2dq)

2+(n2dq)
2]N ·F (−1)

{
U(m1dx, n1dx)

}
(2.5)

which is known as the Fraunhofer propagation model [123].

As mentioned earlier, the one-step Fresnel propagator in the expression of
Eq. (2.4) is valid only for a specific, wavelength-dependent pixel size at plane 1,
determined by the detection geometry. However, in multi-wavelength ptychog-
raphy it is often desirable to have a ratio between the pixel sizes m = dq/dx that
is both adjustable and independent of the wavelength. The propagation models
2SF, sASP and CZT accomplish that by rewriting Eq. (2.2) accordingly, each
based on a specific interpretation of the equations.

2.2.2 Two-step Fresnel propagator

For the 2SF propagator, we define an intermediate plane 1a at distance z1 from
plane 1, as shown in Fig. 2.1. First we propagate the electromagnetic field from
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Figure 2.1: The two-step Fresnel propagator concept. A first numerical propagation
step is performed to an intermediate plane at a distance z1 (indicated by the red frame),
from which a second step is taken towards the final (detector) plane over distance z2,
with z = z1+z2. This intermediate plane can be: a) in between the object and detector
planes (both z1 and z2 positive), with z1 = z · 1/1+m and z2 = z · m/1+m, b) behind the
object plane (negative z1), with z1 = z · 1/1−m, z2 = z ·−m/1−m and m > 1, or c) beyond
the detector plane (negative z2), with z1 = z · 1/1−m, z2 = z · −m/1−m and m < 1.

plane 1 to a plane 1a using Eq. (2.4). The pixel size at plane 1a is di = λ|z1|/Ndx .
Next, we propagate the electromagnetic field from plane 1a to plane 2, also
using Eq. (2.4). The distance between plane 1a and plane 2 is z2 = z − z1.
From this propagation, we find a second equation for the pixel size at plane 1a,
di = λ|z2|/Ndq. As the position of the intermediate plane can be freely chosen,
this 2SF approach gives the ability to adjust the final pixel size in the object
plane. For a given magnification ratio m = dq/dx , there are actually two possible
planes 1a that satisfy the two expressions for di simultaneously, with propagation
distances z1 = z · 1/1±m and z2 = z · ±m/1±m [120]. It is important to realize
that the intermediate plane does not have to be located in between planes 1
and 2 (which is the situation shown in Fig. 2.1a), but can also be chosen in
the opposite direction (Fig. 2.1b) or at a distance larger than z (Fig. 2.1c). In
the latter two cases, one of the propagation steps is in the backward direction,
such that either z1 or z2 is negative, and requires the use of an inverse Fourier
transform. Of the two possible solutions for a given m, one uses two forward
propagation steps as in Fig. 2.1a, while the other solution corresponds to either
Fig. 2.1b or Fig. 2.1c. We will denote these solutions as 2SF± for using ±m
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respectively, with the −m solution using an inverse Fourier transform in one of
the steps. The full propagation from plane 1 to plane 2 can then be expressed as

U(m2dq, n2dq) =
eikz2di2

iλz2
ei

k
2z2

[(m2dq)
2+(n2dq)

2]N · F (−1)

{(eikz1dx 2

iλz1
·

ei
k

2z1
[(m1adi)

2+(n1adi)
2]NF (−1)

{
U(m1dx, n1dx)·

ei
k

2z1
[(m1dx)

2+(n1dx)
2]

})
ei

k
2z2

[(m1adi)
2+(n1adi)

2]

}
(2.6)

As discussed, whether forward or inverse DFT should be performed in each
propagation step depends on the signs of z1 and z2 respectively.

We can substitute di, z1 and z2 with the expressions containing variables only
from the initial problem statement, z, k, dx, dq andm = dq/dx, such that Eq. (2.6)
becomes:

U(m2dq, n2dq) = C2SF±Q2SF±
3 F (−1)

{
F (−1)

{
U(m1dx, n1dx)Q

2SF±
1

}
Q2SF±

2

}
(2.7)

where

C2SF± =
eikz

∓m
(2.8)

Q2SF±
1 = ei

k(1±m)
2z [(m1dx)

2+(n1dx)
2] (2.9)

Q2SF±
2 = e±i 2π2z

mk

(
(
m1a
Ndx )2+(

n1a
Ndx )2

)
(2.10)

Q2SF±
3 = ei

k(1±m)
±2zm [(m2dq)

2+(n2dq)
2] (2.11)

Detailed explanation of the derivation of Eq. (2.7) from Eq. (2.6) is given in
Appendix 2.6.1. To clarify whether forward or inverse DFT should be used, it
can be instructive to rewrite Eq. (2.7), considering the symmetry of Q2 around
(m1a, n1a) = (0, 0), according to the derivation shown in Appendix 2.6.4:

U(m2dq, n2dq) = C2SF±Q2SF±
3 F−1

{
F∓1

{
U(m1dx, n1dx)Q

2SF±
1

}
Q2SF±

2

}
(2.12)

where 2SF+ describes the schematic of Fig. 2.1a) and 2SF− the schematic of
both Figs. 2.1b) and 2.1c). In this expression, we use F+1 to explicitly denote
the forward Fourier transform.

2.2.3 Scaled angular spectrum propagator

The sASP model also starts from the Fresnel integral in Eq. (2.1). In the sASP
model, the desired magnification ratio m is introduced directly into the Fresnel
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equation by scaling the detector plane variables accordingly. This can be achieved
by rewriting the exponential function inside the integral of Eq. (2.1) with the
introduction of m in the equation as [120]

ei
k
2z [(x1−x2)

2+(y1−y2)
2] = ei

k
2z |r1−r2|2

= e
i k
2z

(
±m| r2m ∓r1|2∓

(
1∓m
m

)
r22+(1∓m)r21

)
Note that also in this model, there are two possible solutions corresponding to±m
that are both mathematically correct. After rearranging the terms and setting
the new scaled variables r′2 = r2/m and z′ = z/m, Eq. (2.1) is written as

U(mr′2) =
eikze∓i k

2z′ (1∓m)(r′2)
2

iλz′∫ ∞

−∞

( 1

m
U(r1)e

i k
2z (1∓m)(r1)

2
)(
e±i k

2z′ (r
′
2∓r1)

2
)
dr1

=
eikze∓i k

2z′ (1∓m)(r′2)
2

iλz′

∫ ∞

−∞
U ′′(±r1)h(r

′
2 − r1)dr1 (2.13)

This equation shows that the electric field at plane 2 can be expressed as a
convolution between a modified input electric field at plane 1 U ′′(±r1) and a

transfer function h(r1) = e±ik/2z′(r1)
2

. The convolution is replaced by a product
in the reciprocal domain, so the electric field at plane 2 can be written as

U(m2dq, n2dq) =
eikzdx 2e∓i k

2z′ (1∓m)
(m2dq)2+(n2dq)2

m2

iλz′
·

F−1

{
F

{
U ′′(±m1dx,±n1dx)

}
· F

{
h(m1dx, n1dx)

}}

We can use the property that F{f(−x)} = F−1{f(x)}, which then leads to the
expression

U(m2dq, n2dq) =
eikzdx 2e∓i k

2z′ (1∓m)
(m2dq)2+(n2dq)2

m2

iλz′
·

F−1

{
F±1

{
U ′′(m1dx, n1dx)

}
· F

{
h(m1dx, n1dx)

}}
(2.14)

In Eq. (2.14) we have already expressed the fields in the discretized space co-
ordinates, where the Fourier transform is implemented as DFT. Here we should
note that the convolution with a transfer function using the DFT is a circular
convolution [124], therefore we need to convert it into a linear convolution for
Eq. (2.14) to make it equivalent to Eq. (2.13). This conversion can be made by
doubling the array sizes of the fields and pad them with zeros [124]. Then the
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field at the destination plane, which has the same (increased) size as the mea-
surement plane will have to be truncated accordingly, according to [124], to the
original dimensions.

Equation (2.14) is valid for any magnification ratio m. It can be further elab-
orated to get a fully analytical expression and can be compacted by introducing
auxiliary phase functions, similar to Eqs. (2.9-2.11) for the 2SF propagator, with
a detailed derivation given in Appendix 2.6.2. Following this analysis, Eq. (2.14)
then becomes

U(m2dq, n2dq) = CsASP∓QsASP∓
3 ·

F−1

{
F±1

{
U(m1dx, n1dx)Q

sASP∓
1

}
QsASP∓

2

}
(2.15)

where

CsASP∓ =
eikzdx 2

iλz

(1
2
± i

2

)√ 2z

km
=
eikzdx 2

√
λzπm

(
± 1

2
− i

2

)
(2.16)

QsASP∓
1 = ei

k
2z (1∓m)

(
(m1dx)

2+(n1dx)
2
)

(2.17)

QsASP∓
2 = e∓i 2π2z

km

(
(

mf
Ndx )2+(

nf
Ndx )2

)
(2.18)

QsASP∓
3 = e∓i k

2z (1∓m)
(m2dq)2+(n2dq)2

m (2.19)

2.2.4 Chirp-Z transform propagator

The chirp-Z transform (CZT) is a generalization of the discrete Fourier trans-
form that allows for fast calculations of z-transforms of the form Xk =∑N−1

n=0 xnA
−nWnk, with A and W arbitrary complex numbers that satisfy the

expressions A = A0e
i2πθ0 and W = W0e

i2πϕ0 [125]. While the main application
of the CZT is to map signals onto tailored frequency spaces, an additional benefit
is that a magnification ratio m between the pixel sizes in different planes can be
introduced in a similar way as for the sASP model. This approach follows the
work performed in [122]. The CZT approach starts from Eq. (2.3), and the main
step is the introduction of the identities m1m2 = ±m2

1/2±m2
2/2∓ (m1∓m2)

2
/2 and

n1n2 = ±n2
1/2 ± n2

2/2 ∓ (n1∓n2)
2
/2. These products can be introduced into the

Fourier transform phase factor, so that Eq. (2.3) is then written as

U(m2dq, n2dq) =
eikzdx 2

iλz
ei

k
2z [(m2dq)

2+(n2dq)
2]·

∞∑
m1=−∞

∞∑
n1=−∞

U(m1dx, n1dx)e
i k
2z [(m1dx)

2+(n1dx)
2]·

e−i 2πdxdq
λz [(

±m2
1

2 ±m2
2

2 ∓ (m1∓m2)2

2 )+(±n2
1
2 ±n2

2
2 ∓ (n1∓n2)2

2 )]

(2.20)
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The exponent in the last term of Eq. (2.20) can be expanded and worked further,
with detailed calculations in Appendix 2.6.3. The final expression for the CZT
propagator is the following:

U(m2dq, n2dq) =
eikzdx 2

iλz
QCZT∓

3 F−1

{
F±1

{
U(m1dx, n1dx)Q

CZT∓
1

}
QCZT∓

2

}
(2.21)

where

QCZT∓
1 = ei

k
2z [(m1dx)

2+(n1dx)
2]e∓i kmdx2

z (
m2

1
2 +

n2
1
2 ) = ei

k
2z

(
(m1dx)

2+(n1dx)
2
)
(1∓m)

(2.22)

QCZT∓
2 = F

{
e±i kmdx2

z (
m2

1
2 +

n2
1
2 )

}
(2.23)

QCZT∓
3 = ei

k
2z [(m2dq)

2+(n2dq)
2]e∓i kdq2

zm (
m2

2
2 +

n2
2
2 ) = ei

k
2z

(
(m2dq)

2+(n2dq)
2
)
(1∓ 1

m )

(2.24)

By comparing Eqs. (2.21-2.24) with Eqs. (2.29-2.32) of the sASP model, it can
be seen that the expressions of the sASP and the CZT propagators are actu-
ally identical. This is an interesting observation, as the models have a different
physical motivation, but result in the same mathematical expression. Because of
this equivalence, we will only consider the 2SF and the sASP models for further
comparison in the following section.

2.2.5 Equivalence between sASP and 2SF propagators

To systematically compare the 2SF and sASP propagators we need to examine
the analytical formulas of the two propagators in Eqs. (2.8-2.12) and (2.15-2.19)
respectively. Firstly, we observe that the quadratic phase terms Q1, Q2 and
Q3 are identical for the two propagators and both ± versions. Furthermore,
the sequence of performing the forward and inverse DFT operations are also
identical. The only difference is in the constant term C. However, in practice,
C is selected such that there is energy conservation between the two planes.
Therefore, we conclude that all three propagators that have been studied in this
paper are equivalent, despite the fact that conceptually they had a different
starting point. Of practical importance is that each propagator has two versions
that are denoted as the ”+” and ”−” version. Using the conceptualization used
for the 2SF model and the visualization of Fig. 2.1, these two versions can be
interpreted as having an intermediate plane between (”+”) or outside (”−”) the
two planes of interest. In the rest of the paper, we will study the differences in
the precision and performance of these two versions.
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2.2.6 Bandwidth limits

The mathematical expressions for both versions were derived from the Fresnel
integral equation, without any further assumptions or approximations. There-
fore, the accuracy of the models is in principle the same. However, when working
with discretized space we must ensure, according to the Nyquist theorem, that
the sampling rate is at least twice the maximum frequency [126]. Alternatively,
the highest frequency that can be uniquely encoded in a signal is half the sam-
pling rate. In our analysis, the Nyquist theorem poses different limits to the
highest resolvable frequencies of each auxiliary quadratic phase function, which
can eventually affect the accuracy of each model.

The procedure to calculate the Nyquist frequency is based on ref. [124] and
follows three steps. Firstly, we write the bandwidth-limited array that repre-
sents an auxiliary function of a model in the form H(u; a, b) = eiϕ(u;a,b), where
u are the coordinates either in the spatial domain or the reciprocal domain. By
a and b we denote other parameters such as distance and wavelength. Then,
we determine the frequency of H(u; a, b) by calculating the partial derivative
fu(u; a, b) = 1/2π ∂ϕ/∂u. Finally, we write the Nyquist theorem in the form
∆u−1 ≥ 2|fu|, where ∆u is the pixel size. By solving the latter with respect to
u, we can determine umax = 2|fu|. We apply these steps to the quadratic phase
functions of both the ”+” and ”−” propagators. As our analysis is performed
for ptychography, we will only investigate the Nyquist frequency for the terms
that affect the ptychographic algorithm. Specifically, ptychography is insensitive
to phase information in the detector plane, labelled as plane 2 in the previous
sections. Therefore, we can ignore Q3 and we need to check the bandwidth limits
for the functions Q1 and Q2 only.

Both Q1 and Q2 have a general form Qj = eiAju
2

(with j = 1, 2), where Aj is
a constant and u2 = u21 + u22 with u1, u2 independent variables. Then

fu =
1

2π

∂Aju
2

∂u
=

1

2π
2Aju

∆u−1 ≥ 2|fu| ⇔ ∆u−1 ≥ 1

π
2|Aj ||u| ⇔ |u| ≤ π

2|Aj |∆u

umax =
π

2|Aj |∆u
(2.25)

We can apply Eq. (2.25) for each function Qj of the Eqs. (2.9, 2.10).

Nyquist criterion for ”+”

• Q1: A1 = k(1+m)
2z , ∆u = dx −→umax =

πz

k(1 +m)dx
(2.26)

• Q2: A2 = 2π2z
mk , ∆u = 1

Ndx −→ umax =
mkNdx

4πz
(2.27)
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Nyquist criterion for ”−”

• Q1: A1 = k(1−m)
2z , ∆u = dx −→umax =

πz

k|1−m|dx
(2.28)

• Q2: A2 = −2π2z
mk , ∆u = 1

Ndx −→ umax = mkNdx
4πz

From Eqs. (2.26) and (2.28) we conclude that the ”−” version of the propagators
always has a less strict Nyquist limit for the Q1 phase term, with the difference
between the two versions becoming more apparent when m ≈ 1. The Q2 phase
term has the same Nyquist limit for both versions.
Setting the Nyquist limits in the phase functions Q1 and Q2 has a straight-

forward mathematical aspect of ensuring the signals are well-sampled, but there
is an implicit physical implication which has been discussed in [124]. The au-
thors of [124] discuss a physical error associated with the bandwidth limit of the
transfer function, which for the sASP case is equivalent to Q2. This physical
error emerges if the bandwidth limit of Q2 is smaller than the maximum spatial
frequency of the field at the source plane. Since Q2 is multiplied with the Fourier
transform of the field, any spatial frequencies beyond the bandwidth limit will
be excluded from the propagation calculation, leading to inaccurate propagation
result. Similarly for Q1, the bandwidth limit of Q1 needs to be larger than the
radius of the beam; otherwise, the product U ·Q1 in Eq. (2.15) will exclude parts
of the field that may carry a significant part of the total energy and information.
Furthermore, sharp edges in the product U ·Q1 due to a strict bandwidth limit
of Q1 will cause artificial diffraction effects. To verify whether this physical er-
ror is present in the following simulations and experimental reconstructions, we
can calculate the percentage of the input field energy that is preserved after the

multiplications with Q1 and Q2: ∆E =
∑

all pixels |F
±1{U ·Q1}Q2|2∑

all pixels |F{U}|2 100%.

2.3 Precision of propagation models tested on
simulated diffraction data

In order to compare the different propagators, we perform a simulation in which
we propagate the exit wave of a coherent light beam after it is transmitted
through a binary object. The probe beam has a wavelength λ = 38.25 nm
and is Gaussian-shaped with 23 µm full-width at half maximum (FWHM). We
compare the ”+” and ”−” versions with respect to the standard one-step Fres-
nel, as mathematically they should be identical. For the ”±” propagators we
have calculated the diffraction patterns with and without zero-padding the exit
waves, as the sASP and CZT indicate that zero padding is necessary, whereas
the 2SF analysis does not include any convolution step that would necessitate
zero padding. The difference in the diffraction patterns between zero-padded and
non-zero-padded exit waves for these demonstrated propagations turns out to be
very small, as is shown in Appendix 2.6.5. We attribute this small difference on
the finite extent of the probe and consequently of the exit wave, compared to
the field of view at the object plane. Generally, in ptychography the probe is
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aimed to have a small size, so that we can satisfy the oversampling ratio criterion
[42]. Specifically, for an object pixel size equal to the diffraction limit, the probe
has to be of diameter dprobe ≤ Ndx/2 [42]. Therefore, there is typically much
empty space on the frame of the exit wave, and the circular convolution is not
affected strongly by wrapping artifacts. However, as shown in the next section,
for a certain selection of object pixel sizes where the probe extends to the whole
frame, zero-padding is indeed necessary.

The exit waves at the sample plane and the diffraction patterns are shown in
Fig. 2.2. Specifically, in Fig. 2.2 we demonstrate three different cases of illumina-
tion divergence, which correspond to diffraction patterns with stronger far-field
or near-field features. The flux of the exit surface wave is 7.6×106 photons.
The detector is assumed to be a 2048×2048-pixel camera with pixel size equal
to 13.5 µm, placed at a distance z = 105 mm from the object. The diffraction
patterns are calculated and stored as single-precision floating point (float32) num-
bers. In Appendix 2.6.5 we study more examples in terms of probe divergence,
as well as different object to detector distances for flat wavefront illumination.
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Figure 2.2: Comparison of diffraction patterns acquired for different propagators, us-
ing probes with varying radius of curvature R. a) R = ∞, b) R = 7.83 mm, c)
R = 1.88 mm. In a-c), top left: exit wave. The brightness indicates the amplitude
and the hue the phase; top right: intensity of diffraction pattern using one step Fres-
nel propagator at the detector plane at a distance z = 105 mm; bottom: correlation
between diffraction patterns acquired from one step Fresnel and sASP± for different
probes, as a function of spatial frequency (distance from center of detector). All sub-
figures share the same respective scale bars. The dashed circle indicates the spatial
frequency f = 2.5 µm−1, where the correlation starts to decrease.

In Fig. 2.2 we also show correlation results between the diffraction patterns
acquired via the one-step Fresnel propagator and the sASP± propagators. The
correlation is shown as a function of the radius r2 from the center of the de-
tector, which for far-field propagation can be interpreted as spatial frequency
f = r2/λz. We observe that the diffraction patterns we get from either the ”+”
or ”−” version of the sASP propagator are almost identical to the the one-step
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Propagators with user-defined object-plane pixel size

Fresnel propagator up to a spatial frequency equal to 2.5 µm−1, indicated by the
dashed circle in Fig. 2.2a). For higher spatial frequencies, the propagators give
slightly different diffraction patterns, with the ”+” version deviating more from
the reference diffraction pattern of the one-step Fresnel propagator. The worse
performance of the ”+” version can be explained by the lower bandwidth limit
of Q+

1 compared to Q−
1 . The deviation of the ”+” propagator becomes larger for

highly divergent beams, which we attribute to the divergent phase front of Q+
1

(Eq. (2.17)). When multiplying two signals corresponding to the exit wave from
the object plane and the phase function Q+

1 , the product may not be Nyquist
sampled, even though the individual signals are Nyquist sampled. This effect
cannot be solved by further truncating the product U · Q+

1 until it fulfills the
Nyquist sampling criterion, because that would mean cropping the exit wave in
its physical extent, which would create artificial diffraction from the imposed
sharp edges.

2.4 Performance of propagation models on
experimental ptychography data

To demonstrate the accuracy of the studied propagators in actual use cases, we
perform ptychographic reconstructions on real experimental data with a vary-
ing, user-defined pixel size. The goal is to find a range of pixel sizes beyond the
default dx = λz/Ndq, where the propagators still perform properly and the recon-
struction quality is preserved. The results from this analysis can be a tool for
choosing the probe and object pixel size during a multi-wavelength ptychographic
reconstruction. According to the 2SF model, different magnifications m = dq/dx
correspond to different intermediate planes at distances z1, z2 from the sample
and the detector respectively. However, eventually these distances are only im-
plicitly used in the model, as the final expression (Eq. (2.12)) after performing
all the calculations on the equations does not include z1, z2 explicitly.
The ptychographic setup has been described in detail previously [61], and for

the present measurements it was set to provide a monochromatic probe with
a wavelength centered at 708 nm. The sample is a standard positive USAF
resolution target and is illuminated by a smooth divergent beam with 1/e2 diam-
eter equal to 157 µm. A camera (CMOS Manta G419B NIR, 2048x2048 pixels,
5.5 µm pixel size) is placed at a distance z ≈ 75 mm from the object. The ob-
ject is scanned across the beam, covering 151 positions of a Fermat spiral scan
pattern. The step size is equal to 50 µm, which corresponds to a linear over-
lap factor of 68%. The diffraction patterns are binned by a factor of 4 before
running the reconstruction algorithm in order to speed up the reconstruction
process. Reconstructions were performed using the ptylab.py toolbox [110]. The
reconstruction algorithm for each propagator and magnification ratio has been
performed three times with different initial guesses of object and probe, using
GPU-accelerated computation on a NVIDIA Tesla K40. In Fig. 5.4 we show the
best reconstructions, in terms of minimum converged error, that were achieved
for each parameter set.
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Figure 2.3: Reconstruction results of experimental data for different propagators and
pixel sizes at object plane. a) Object and probe reconstructions using the one step
Fresnel propagator. b) Object reconstruction using the ”−” and ”+” version of the
sASP propagator for different pixel sizes at the object plane, without zero-padding
the exit wave. c-d) Probe reconstructions and full-frame plots of the auxiliary phase
functions Q1 and Q2 for the c) ”−” and d) ”+” version of the sASP propagator without
zero-padding the exit wave. Q1 is defined at the object plane, with pixel size dx . The
size of the full frame in each dimension is therefore 512×dx , with the corresponding
pixel size for each m. The scale bar of the Q1 plots for magnification equal to m = 2
is given as an example, while no scale bar is included in the other plots due to poor
contrast of a scale bar inside the frames. Similarly, for the Q2 plots the size of the full
frame in each dimension is equal to 1/dx. The scale bar of the Q2 plots for magnification
equal to m = 10 is given as an example. e) Normalized error between measured and
estimated diffraction patterns for different propagators and pixel sizes, summed over all
scan positions. The x-axis is in logarithmic scale for better visibility of the numbers.
Reconstruction errors are compared for scaledASP± propagators without (left panel)
and with (right panel) zero-padding of the exit wave before propagating.
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Propagators with user-defined object-plane pixel size

Figure 5.4a) shows the reconstruction results when the propagator is the stan-
dard one step Fresnel. The pixel size of the object and the probe is equal to
4.76 µm, which corresponds to a pixel size ratio m = dq/dx = 4.6 for a binned
camera pixel size. Figures 5.4b-d) show the results when repeating the recon-
struction process using the sASP± propagators and varying pixel size ratios. For
the results in Figs. 5.4b-d) we did not perform zero-padding before propagating,
as this step is not implemented in the standard version of Ptylab. However, we
repeated the reconstructions with zero-padded fields and include the error results
with and without zero-padding for comparison in Fig. 5.4e).

In Fig. 5.4e) we have calculated the error between the estimated diffraction
patterns, Ie, after convergence of the reconstruction algorithm, and measured
diffraction patterns, Im, for every propagator and pixel size ratio m. The error is

calculated over all the diffraction patterns as
∑

j

∑
x,y |Ij

e−Ij
m|∑

x,y Ij
m

, with j the index

of the scan position. The results indicate that for the non-zero-padded data
there is a range between m = 4.6 and m = 15 where the reconstruction error is
low, whereas for pixel sizes outside this range the error increases substantially,
especially for the propagator with the + sign. We can also associate the phase
functions Q1 and Q2 with the model errors and observe that for extreme low or
high pixel size ratios m, either Q1 or Q2 have a very dense phase progression
in the radial direction and need to be heavily cropped to remove the aliasing.
Furthermore, the lower bandwidth limit for the ”+” propagator, which indicates
an even faster phase progression radially, affects negatively the precision of the
propagated fields and subsequently the reconstruction results.

Performance improvement in the propagation when we zero-pad the fields be-
forehand is apparent for large magnification ratios. As mentioned in Sec. 2.3,
for the standard pixel size, which corresponds to m = 4.6 in our experiment,
the probe size must be smaller or equal to half the frame size. In Fig. 5.4a) we
indicate that the probe extends over an area of 75×75 pixels, while the frame size
is 512×512 pixels. However, for m = 25 the probe spans over an area of 400×400
pixels, which can lead to strong circular convolution artifacts. This problem is
more apparent in the + propagator, but zero-padding ensures that both + and
− propagators behave similarly and exhibit the same model error. For the prop-
agations related to this experimental dataset, we have also calculated the energy
transferred, according to definition in Sec. 2.2.6. Our findings indicate that more
than 99.9% of the energy of the exit waves is preserved after multiplications with
Q1 in the real domain and Q2 in the reciprocal domain.

To make solid conclusions on the best range of m that leads to optimal re-
construction quality, we need to clarify whether the exact value of m or the
deviation from the diffraction-limited resolution is the cause for increased recon-
struction error. For this reason we have performed a series of reconstructions
with a binning factor equal to 2 for our ptychographic dataset, which changes
the detector pixel size, but does not affect the resolution limit. When binning
with a different binning factor, the number of pixels N of the probe and the
diffraction patterns also change accordingly, which leaves the bandwidth limit
for Q2 unchanged (Eq. (2.27)). Therefore, reconstructions using binned data
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2.5. Conclusion

with another binning factor have a different influence on the functions that we
want to compare. However, this round of reconstructions can still provide some
insight into the limitations of the free choice of the magnification ratio m. The

error from these reconstructions, also calculated as
∑

j

∑
x,y |Ij

e−Ij
m|∑

x,y Ij
m

, is shown in

Appendix 2.6.6.
In this analysis (binning factor equal to 2) the magnification ratio for object

pixel size equal to diffraction limit is equal to m = 2.3. Reconstruction with
magnification ratio equal to or slightly smaller than 2.3 still gives very good re-
construction quality and low error, which indicates that, in this regime of m,
the actual pixel size and not the exact value of m influences the reconstruction
quality. On the other hand, choosing m = 12.5, which corresponds to an object
pixel size with m = 25 for the dataset with binning factor equal to 4, the recon-
struction quality is still very good and the error is low, while a deterioration in
reconstruction quality and increase of the error is noticeable for m ≈ 20. This
result indicates that in the large-m regime, the exact value of m (and not the
object pixel size per se) determines the limit for a good ptychographic recon-
struction. The latter can be explained by interpreting Eq. (2.27), as Q2 is the
function with strong bandwidth limits for large ms (Figs. 5.4d,e)). The band-
width limit for Q2 is umax = mkNdx/4πz = k·FoV/4πz, where FoV is the field of
view of the detector and is, therefore, independent of the binning. Also, the pixel
size of Q2 is ∆u = 1/Ndx (Eq. (2.27)). Since Nbin2 = 2Nbin4, we can ’afford’ to
set dx bin2 = 1/2 · dx bin4, such that Q2 has the same sampling, and therefore, the
same accuracy.
From all the above we can conclude that it is generally better to choose the

propagator with the negative sign if we do not intend to zero-pad the fields before
propagating, and choose the pixel size such that for all wavelengths the pixel
size ratio is equal to or slightly larger than the diffraction-limited resolutions.
Zero-padding is typically recommended, but the reconstruction time increases
because of the larger array sizes. The results align very well with the intuitive
decision one would make, as one would choose a pixel size smaller or equal to
the resolution limit, so that one can make best use of the capabilities of their
imaging setup. However, the above analysis shows that, even with zero-padding,
there are limitations on the minimum pixel size one should use for the probe
and object representation, as we observed a slight increase in the reconstruction
error. This is particularly useful when, for instance, performing measurements
with a broadband source. In such a scenario, using a common object pixel size
for the full bandwidth may lead to suboptimal modelling of the propagation for
the longest wavelength, because the selected pixel size will be very different from
the respective resolution limit.

2.5 Conclusion

In this paper we investigated the relative performance of the propagation mod-
els that are commonly used in multi-wavelength ptychography experiments, es-
pecially with regards to the pixel size magnification ratio. We looked at three
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well-known propagation models, namely the 2-step Fresnel propagator, the scaled
angular spectrum propagator and the chirp-Z transform. The theoretical analysis
revealed that all three propagators are identical in principle, with each having
two versions, which we denoted as ”+” and ”−”. We compared the performance
of these two versions and observed that the performance depends strongly on
the bandwidth limitations set by the Nyquist theorem, which are always less
stringent for the ”−” propagator. Furthermore, we investigated the range over
which the pixel size at the object plane can be arbitrarily chosen. The results
indicate that the pixel size should be such that for all wavelengths it is (slightly)
smaller than or equal to the Abbe resolution limit. The exact range of m that
can describe accurately the propagation depends on a variety of parameters, such
as the number of pixels N , and the λz product. We believe that this analysis can
serve as a guideline for improving the reconstruction process of ptychographic
datasets.

2.6 Appendix

2.6.1 Derivation of two-step Fresnel propagation

In this section we present the derivation of Eq. (2.7) from Eq. (2.6) for the 2SF
propagation model.

U(m2dq, n2dq) =
eikz2di2

iλz2
ei

k
2z2

[(m2dq)
2+(n2dq)

2]N · F (−1)

{(eikz1dx 2

iλz1
·

ei
k

2z1
[(m1adi)

2+(n1adi)
2]NF (−1)

{
U(m1dx, n1dx)·

ei
k

2z1
[(m1dx)

2+(n1dx)
2]

})
ei

k
2z2

[(m1adi)
2+(n1adi)

2]

}
(2.6)

The constant factor eikz1dx2
/iλz1 can be taken out of the Fourier transform oper-

ator

U(m2dq, n2dq) =
eikz2di2

iλz2

eikz1dx 2

iλz1
ei

k
2z2

[(m2dq)
2+(n2dq)

2]N2·

F (−1)

{
ei

k
2z1

[(m1adi)
2+(n1adi)

2]ei
k

2z2
[(m1adi)

2+(n1adi)
2]·

F (−1)

{
U(m1dx, n1dx)e

i k
2z1

[(m1dx)
2+(n1dx)

2]

}}

We replace di = λ|z1|/Ndx outside the Fourier transform operator and group the
phase terms inside the operator

U(m2dq, n2dq) =
eikzz1
−z2N2

ei
k

2z2
[(m2dq)

2+(n2dq)
2]N2·
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F (−1)

{
ei

kd2i
2 (m2

1a+n2
1a)

(
1
z1

+ 1
z2

)
·

F (−1)

{
U(m1dx, n1dx)e

i k
2z1

[(m1dx)
2+(n1dx)

2]

}}

We replace z1, z2 and di with variables that are not related to the intermediate
plane

U(m2dq, n2dq) =
eikz

∓m
ei

k(1±m)
±2zm [(m2dq)

2+(n2dq)
2]·

F (−1)

{
ei

k
2

(
λz
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(m2
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2]

}}

We replace λ = 2π/k and perform the calculations in the phase term that is at
the outer Fourier transform operator

U(m2dq, n2dq) =
eikz

∓m
ei

k(1±m)
±2zm [(m2dq)

2+(n2dq)
2]·

F (−1)

{
e±i 2π2z

mk

(
(
m1a
Ndx )2+(

n1a
Ndx )2

)
·

F (−1)

{
U(m1dx, n1dx)e

i
k(1±m)

2z [(m1dx)
2+(n1dx)
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=C2SF±Q2SF±
3 F (−1)

{
F (−1)

{
U(m1dx, n1dx)Q

2SF±
1

}
Q2SF±

2

}
(2.7)

with C2SF±, Q2SF±
1 , Q2SF±

2 and Q2SF±
3 given in Eqs. (2.8-2.11).

2.6.2 Derivation of scaled angular spectrum propagation

In this section we present the derivation of Eq. (2.15) from Eq. (2.14) for the
sASP propagation model.

U(m2dq, n2dq) =
eikzdx 2e∓i k

2z′ (1∓m)
(m2dq)2+(n2dq)2

m2

iλz′
·

F−1

{
F±1

{
U ′′(m1dx, n1dx)

}
· F

{
h(m1dx, n1dx)

}}
(2.14)
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Equation (2.14) can be written in a compact form, by introducing auxiliary phase
functions:

U(m2dq, n2dq) =
eikzdx 2

iλz
QsASP∓

3 F−1

{
F±1

{
U(m1dx, n1dx)Q

sASP∓
1

}
QsASP∓

2

}
(2.29)

where

QsASP∓
1 = ei

k
2z (1∓m)

(
(m1dx)

2+(n1dx)
2
)

(2.30)

QsASP∓
2 = F

{
e±i km

2z

(
(m1dx)

2+(n1dx)
2
)}

(2.31)

QsASP∓
3 = e∓i km

2z (1∓m)
(m2dq)2+(n2dq)2

m2 (2.32)

Equation (2.31) can be analytically calculated according to the property that a

function g(x) = e±iαx2

has a Fourier transform G(kx) =
(
1/2± i/2

)
e∓ik2

x/4α1/
√
α if

α is a real and positive number [127]. Therefore, Eq. (2.31) can be written with
continuous variables as

QsASP∓
2 (kx, ky) = F
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e±i km

2z

(
x2+y2

)}
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(1
2
± i

2

)
e
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k2
x+k2

y

4 km
2z

1√
km
2z

= CsASP∓
Q2

e∓i z
2km (k2

x+k2
y)

where CsASP∓
Q2

includes all constant terms and kx, ky are the spatial frequency
variables in units rad/m. The above equation can be written with respect to the
spatial frequency variables fx = kx/2π, fy = ky/2π whose units are m−1 as

QsASP∓
2 (fx, fy) = CsASP∓

Q2
e∓i 2π2z

km (f2
x+f2

y )

or in discretized form, for N samples per dimension and spacing in the real
domain equal to dx

QsASP∓
2 (mfdf, nfdf) = CsASP∓

Q2
e∓i 2π2z

km

(
(mfdf))

2+(nfdf)
2
)

(2.33)

where df = 1/Ndx. For simplicity, in the evaluation of Q2 we will only consider the
quadratic phase term with unitary amplitude as the constant term can be taken
out of the Fourier transform calculations. Therefore, Eq. (2.29) then becomes

U(m2dq, n2dq) = CsASP∓QsASP∓
3 ·

F−1

{
F±1

{
U(m1dx, n1dx)Q

sASP∓
1

}
QsASP∓

2

}
(2.15)

with CsASP∓, QsASP∓
1 , QsASP∓

2 and QsASP∓
3 given in Eqs. (2.16-2.19).
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2.6.3 Derivation of chirp-Z transform propagation

In this section we present the derivation of Eq. (2.21) from Eq. (2.20) for the
CZT propagation model.

U(m2dq, n2dq) =
eikzdx 2

iλz
ei

k
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(2.20)

We can separate the terms in the exponent of the last line of Eq. (2.20) and take
the part that has no m1, n1 dependence outside of the summation

U(m2dq , n2dq) =
eikzdx 2

iλz
ei

k
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We can rewrite the expression in a more concise form by introducing W =
e∓i2πdxdq/λz

U(m2dq , n2dq) =
eikzdx 2
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)
By doing a change of variables m′

1 = −m1 and n′1 = −n1 for the ”+” case, we
can make the difference m′

1−m2 and n′1−n2 appear in the last row of the above
expression. Here we show the result after renaming m′

1 to m1 and n′1 to n1
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The sum represents a convolution between the term in the big brackets and the
term outside of the bracket

U(m2dq, n2dq) =
eikzdx 2

iλz
ei

k
2z [(m2dq)

2+(n2dq)
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m2
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1
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)
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m2
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n2
1
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This expression has some analogy to Eq. (2.13) in the sense that it describes the
propagated field as a convolution between a modified input field and a transfer

function W−(m2
1/2+n2

1/2). Similar to the approach taken for the sASP, Eq. (2.34)
can be treated in the Fourier domain as a product, considering the necessary
zero-padding to convert the circular convolution to linear [124]. This leads to the
expression
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and due to the property F{f(−x)} = F−1{f(x)}
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(2.36)

This expression has a similar structure as Eq. (2.14). While a magnification ra-
tio is not explicitly given, the presence of the nonlinear phase factor W provides
the freedom to adjust the pixel size dq for the electric field sampling at plane 2.
Therefore, Eq. (2.36) works for any arbitrary magnification ratio as well. In the
CZT model, this magnification flexibility can be seen as a side benefit resulting
from the introduction of the scalable frequency basis. Mathematically, there is
a close analogy between Eq. (2.36) and the 2SF and sASP models (Eqs. (2.6)
and (2.14)), in the sense that an additional Fourier transform is needed to attain
this scalability. Therefore, the computational cost of all three models is compa-
rable too. Similar to the previous propagators, we can rewrite Eq. (2.36) in a
more compact form by introducing auxiliary phase functions, in which we also
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explicitly include the magnification ratio m via dq = mdx:

U(m2dq, n2dq) =
eikzdx 2

iλz
QCZT∓

3 F−1

{
F±1

{
U(m1dx, n1dx)Q

CZT∓
1

}
QCZT∓

2

}
(2.21)

with QCZT∓
1 , QCZT∓

2 and QCZT∓
3 given in Eqs. (2.22-2.24).

2.6.4 Rewriting two-step Fresnel propagation due to
symmetry of Q2

In this section we derive Eq. (2.12) from Eq. (2.7), using the symmetry of Q2

around (m1a, n1a) = (0, 0).
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Similarly,

F

{
F

{
U(x1, y1)Q1(x1, y1)

}
Q2(kx, ky)

}
=

F−1

{
F−1

{
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}
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}

Therefore, we can rewrite Eq. (2.7) in the form

U(m2dq, n2dq) = C2SF±Q2SF±
3 F−1

{
F∓1

{
U(m1dx, n1dx)Q

2SF±
1

}
Q2SF±

2

}
(2.12)
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2.6.5 Effect of zero-padding in the accuracy of the
propagators for spatially confined probes

We study the effect of zero-padding the field before propagating, when the field
is confined at a small area within an N × N array. This is the case for the
simulations of Fig. 2.2, where the total field of view for the exit wave at the
sample plane is approximately 300 µm, while the beam size is 23 µm FWHM,
with a Gaussian profile.

a) b)

Figure 2.4: Difference between diffraction patterns calculated with two different prop-
agators, defined as

∑
x,y |Iprop1−Iprop2|/∑x,y Iprop1. a) Comparison between non-zero-padded

sASP± and one-step Fresnel propagator. The inset shows a zoomed-in plot of the differ-
ence between zero-padded sASP± and one-step Fresnel propagator at high divergences.
b) Effect of zero padding separately on sASP−, sASP+. In both a) and b) the top
panels show results when the experimental settings (wavelength, object to detector dis-
tance, detector pixel size) are same as the ones considered in Sec. 2.3 and we vary the
probe divergence. Bottom panels: we vary the object to detector distance for the case
of a probe with flat phase. The detector pixel size changes proportionately to the dis-
tance, so that the diffraction patterns can be calculated, for reference, with the one-step
Fresnel propagator. The vertical lines indicate the cases that are exhibited in Fig. 2.2.
In all graphs, the solid line indicates the ”+” propagator and the dashed line the ”−”
version.

In Fig. 2.4 we show the normalized difference on the diffraction patterns, when
they are propagated with different propagators. Specifically, in Fig. 2.4b) we
show the difference between using zero-padded and non-zero-padded data for both
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2.6. Appendix

the ”+” and ”−” versions. For reference, in Fig. 2.4a) we show the difference
in the diffraction patterns calculated via the one-step Fresnel and the sASP±
propagators. The normalized difference is defined as

∑
x,y |Iprop1−Iprop2|/

∑
x,y Iprop1,

with prop1 and prop2 the two propagators that are under comparison. We study
the trend in the normalized difference as a function of two parameters, namely the
divergence of the probe, similar to Fig. 2.2, and the object to detector distance
with a flat probe wavefront. The results are shown in the top and bottom panels
of Fig. 2.4 respectively.
From the results we observe that the difference between the propagators is

generally low, but we can distinguish two main points. First, for high probe
divergence the difference in the diffraction patterns between zero-padded and
non-zero-padded data before propagating is more prominent than for low diver-
gence. Furthermore, for high divergences the error between zero-padded sASP
and one-step Fresnel is smaller, as shown in the inset of Fig. 2.4. Therefore, we
conclude that in such cases it is more accurate to zero-pad the field data before
propagating. On the other hand, for a flat wavefront illumination, such as when
the sample is at the focal plane of a beam, the improvement of zero-padding in
the accuracy is negligible (Fig. 2.4b), bottom).
Second, from the bottom panel of Fig. 2.4a) we observe that when the distance

between the measurement and detection planes are close, the difference between
one-step Fresnel and sASP is increased. This difference cannot mitigated by
zero-padding, as from Eqs. (2.26),(2.28) we see that a short propagation distance
affects the bandwidth limit of Q1 which cannot be improved with zero-padding.
The reason for this difference needs to be further investigated.
The energy transferred after multiplication with Q1 and Q2 in the real and

reciprocal domain respectively is, according to the definition given in Sec. 2.2.6,
always larger than 99.98% for the non-zero-padded exit waves for all cases studied
in this section. Therefore, we conclude that there is no physical error due to
cropping significant spatial frequency content in our results.

2.6.6 Experimental results with smaller detector pixel size

In this section we show reconstruction error results when working with diffraction
data that have been binned by a factor of 2, resulting in a detector pixel size equal
to 11 µm. The results are shown in Fig. 2.5. We observe that the trend of the
error is similar to the results with 4×4-binned data, shown in Fig. 5.4, especially
for large magnification ratios. However, as we see in the top x-axis scale, the
object-plane pixel sizes are half of what is shown in Fig. 5.4. Therefore, as
discussed in the main text, the accuracy of the propagation is mostly associated
to the magnification ratio m and not the absolute number of the pixel size at the
object plane. On the other hand, for low m we see a better reconstruction result
with the 2×2- data, as discussed in the main text as well. Finally, we observe
that the effect of zero-padding is the same as with the 4×4-binned data, with
considerable improvement of the reconstruction for high values of m.
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Figure 2.5: Reconstruction error for different magnification ratios, when the experi-
mental data are binned with a binning factor equal to 2. The x-axis is in logarithmic
scale for better visibility of the numbers. Left panel: there is no zero-padding in the exit
waves when using the sASP± propagator. Right panel: the exit waves are zero-padded
when using the sASP± propagator.
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Chapter 3
Observation of chromatic
effects in high-order
harmonic generation

High-harmonic generation sources can produce coherent, broadband radiation
at extreme-ultraviolet and soft-X-ray wavelengths. The wavefronts of the gen-
erated high-order harmonics are influenced by the incident laser field, the gen-
eration conditions, and geometry. These influences depend on harmonic wave-
length, which may result in wavelength-dependent focusing properties and spa-
tiotemporal couplings that can affect attosecond physics experiments. We experi-
mentally demonstrate and characterize these chromatic effects in high-harmonic
generation by measuring the spectrally resolved high-harmonic wavefronts as a
function of generation conditions. We find that the high-harmonic generation
process can have significant intrinsic chromatic aberration, particularly for con-
verging incident laser fields. Furthermore, we identify regimes where chromatic
effects can be minimized, and show that analytical single-atom models allow ac-
curate predictions of harmonic wavefronts produced by a specific driving field.
High-harmonic generation sources can produce coherent, broadband radiation at
extreme-ultraviolet and soft-X-ray wavelengths. The wavefronts of the generated
high-order harmonics are influenced by the incident laser field, the generation
conditions, and geometry.

The content of this chapter has been published as: Xiaomeng Liu, Antonios Pelekanidis,
Mengqi Du, Fengling Zhang, Kjeld S. E. Eikema, and Stefan Witte, Observation of chro-
matic effects in high-order harmonic generation, Phys. Rev. Res. 5, 043100 (2023).
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Observation of chromatic effects in HHG

3.1 Introduction

High-order harmonic generation (HHG) as a laboratory-scale source of coherent
soft-X-rays and extreme ultraviolet (EUV) pulses has become indispensable for
many table-top coherent diffractive imaging (CDI) experiments [21, 34, 128], and
attosecond physics [129]. In the high-harmonic generation process [80, 81, 130,
131], an intense broadband femtosecond infrared laser pulse, with a peak intensity
on the order of 1014 − 1015 Wcm−2, is focused into a noble gas medium. The
strong driving field leads to electron tunnelling, acceleration and recombination,
subsequently leading to the generation of a chirped broadband EUV pulse [129],
that for multicycle laser pulses consists of a comb of odd-order harmonics of the
drive laser frequency [132, 133].
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Figure 3.1: a) Typical geometry for high-harmonic generation (HHG). The wavefront
curvature of the harmonics may differ from the driving field, mainly because of the dipole
phase. b) Apparent focus positions of harmonics 15-25 generated in Argon with laser
parameters λ = 800 nm, I0 = 1.7 × 1014 W/cm2, w0 = 50 µm. For both laser and
HHG, positive numbers indicate a focus behind the gas jet (being a real HHG focus),
and negative numbers mean the focus is before the jet (virtual HHG focus).

The ultrashort pulse duration and broad spectral bandwidth of HHG sources
are key enabling features for probing ultrafast phenomena [134, 135], but there is
the possibility of couplings between their temporal and spatial properties [136].
Such spatiotemporal couplings can significantly increase the pulse duration upon
propagation [137], affect the propagation itself in dispersive nonlinear media [138],
and have an influence on nonlinear effects [139]. In the case of time-varying
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polarization states, spatiotemporal couplings become even more complex [140]. In
many experiments in attosecond spectroscopy [141, 142] and lensless imaging [34,
143], a high quality focus is crucial to obtain a short pulse duration and high peak
intensity at the target.

While spatiotemporal coupling is typically associated with aberrations caused
by optical components, recent work showed that the HHG process itself may
already introduce chromatic aberrations [92, 144, 145], as the wavefront and in-
tensity profile of the generated high-harmonic beam can depend both on the
harmonic order and the generation geometry. Placing the gas medium slightly
before the waist of the driving laser beam was shown to result in an HHG beam
in which the wavefronts range from diverging to converging for different harmon-
ics [145, 146].

The wavefront distribution of a high-harmonic field can be expressed as [92]:

Φq(r, z) = qϕ(r, z) + Φi(r, z), (3.1)

where ϕ(r, z) is the drive laser phase, q is the harmonic order and Φi(r, z) is
the atomic dipole phase [81, 87]. While the dipole phase is commonly approx-
imated as Φi = αqI with I the laser intensity [87–89], we take the expression
derived by Guo et al. [91, 92] that for the short trajectories takes the form
Φi = γs(qωl − ωp)/I. In this expression, ωp = Ip/ℏ is the frequency correspond-
ing to the ionization energy Ip and γs = aω2

l with ωl the laser frequency and
a a constant. These two dipole phase expressions are mutually consistent when
taking into account that the αq−parameter depends on harmonic order and in-
tensity [91]. The 1/I−model is insightful as its prefactor is a true constant at
fixed ωl, and provides an analytical expression for the phase properties of HHG
fields. For an HHG beam with a Gaussian spatial intensity profile, the radius
of curvature of the HHG wavefront can be obtained by approximating the phase
with a polynomial expansion up to r2 (considering only short trajectories), plus
the wavefront curvature of the drive laser [92]:

1

Rq
=

1

Rl(z)
+

4γsc (qωl − ωp)
2

I0w2
0qωl

, (3.2)

in which Rl(z) is the radius of curvature of the laser field at the gas jet, I0 is the
peak intensity, and w0 is the beam waist.

Figure 3.1 shows the concept of the harmonics being generated with a different
wavefront curvature than the driving field. We set the geometry as in Fig. 3.1a),
with the gas jet as the origin and positive z-values being further downstream
(behind the medium). The difference in wavefront curvature of the driving laser
field leads to a different ‘apparent’ focus position where the harmonics appear
to originate from, with significant dependence on the harmonic order [92, 145].
We use Eq. (3.2) to calculate the expected apparent foci for our typical genera-
tion conditions, with the results shown in Fig. 3.1b). In particular for the laser
focusing behind the gas jet, strong wavelength-dependent variations of several
Rayleigh lengths in the HHG focus positions are predicted, with most harmonics
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Observation of chromatic effects in HHG

changing from a virtual to a real focus at a specific generation position. Refo-
cusing such beams for strong-field attosecond experiments would result in severe
chromatic aberrations, even when using fully achromatic refocusing optics.

A quantitative experimental verification of these predicted chromatic aberra-
tions is challenging, as it requires a wavelength-resolved focus characterization
with high spatial resolution. Alternatively, a model-independent reconstruction
of the HHG focal spot is possible from high-resolution far-field measurements of
the transverse complex field distribution of each harmonic. While various far-
field wavefront sensing methods have been developed for HHG sources [144, 147–
151], achieving both sufficient spatial and spectral resolution without relying
on model assumptions remained challenging. Recently, a computational imag-
ing method called ptychography has been applied for wavefront sensing applica-
tions [34, 61], where the quantitative complex electric field can be reconstructed
with diffraction-limited spatial resolution. Specifically, for characterization of
HHG sources, we have developed a multi-wavelength ptychographic wavefront
sensing (PWFS) method [63]. In this work, we employ PWFS to study the in-
trinsic chromatic variations in the HHG process with unprecedented detail. The
reconstructed complex field distributions from PWFS can be numerically propa-
gated back to their apparent focus position near the generation medium, without
requiring Gaussian optics or assuming certain beam symmetry. By recording
PWFS data as a function of the HHG generation geometry, a detailed analysis
of these intrinsic chromatic effects in HHG becomes possible. By simultaneously
characterizing the complex field of the drive laser, we can compare the measured
HHG beams with single-atom-model predictions for a given driving field, enabling
a critical comparison of different model approaches.

3.2 Setup for ptychographic wavefront sensing

We measure the multispectral EUV wavefronts and the fundamental laser wave-
front with the experimental setup outlined in Fig. 3.2a). High harmonics are
generated in a gas jet, using 0.61 mJ, 45 fs, 825 nm wavelength laser pulses
from a noncollinear optical chirped pulse amplifier running at 300 Hz repeti-
tion rate. The gas jet is formed by a supersonic expansion from a pulsed nozzle
into a stainless steel tube with 0.6 mm inner diameter, at 2 bar Argon backing
pressure. The laser crosses the jet through 100 µm diameter holes in the side
of the tube. As the interaction length is significantly shorter than the 3.4 mm
Rayleigh length of the laser focus, propagation effects are expected to be lim-
ited [89, 93], and we therefore focus our analysis on the single atom response
and the influence of the driving laser wavefront. For the PWFS measurements,
an EUV wavefront sensor mask (EUV WFS) as used in [63] is mounted on a
two-dimensional translation stage (Smaract SLC-1730) and placed 40.9 cm after
the gas jet. A 200 nm thick free-standing aluminum filter blocks the fundamental
beam, and the HHG beam is detected by an EUV-sensitive camera (Andor Ikon-
L 936SO, 2048×2048 pixels, pixel size 13.5 µm) placed 56.5 cm behind the EUV
WFS. A series of diffraction patterns is recorded as the EUV WFS is transversely
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Figure 3.2: a) Experimental setup for wavelength-dependent EUV wavefront measure-
ments. Ultrashort near-infrared pulses are focused into an Argon gas jet for HHG, using
a f = 0.5 m lens. An EUV wavefront sensor mask (EUV WFS) is transversally scanned
through the generated HHG beam for ptychographic wavefront characterization, and
the resulting EUV diffraction patterns are recorded by an EUV-sensitive CCD camera.
The fundamental field is also characterized using ptychography, in a separate measure-
ment arm. b) Scanning electron microscopy (SEM) image of the near-IR wavefront
sensor mask, and a reconstructed laser field (brightness linearly encodes amplitude,
color represents phase). c) SEM image of the EUV WFS mask, and a set of recon-
structed fields for different harmonics.

scanned through the HHG beam. To characterize the fundamental field, a near-
infrared ptychography measurement is set up in an auxiliary beam path outside
the vacuum system. Band-pass filters are used to select single wavelengths from
the driving laser, enabling characterization of the driving laser at several wave-
lengths across the broad spectrum. A different wavefront sensor mask is used
to measure the fundamental wavefront (Fig. 3.2b)). An infrared camera (Allied
Vision Prosilica GT3400) is used to capture the diffraction patterns.

3.3 Results: HHG wavefronts and chromatic
aberrations

From a single ptychography scan, complex fields at all harmonic wavelengths are
reconstructed (Fig. 3.2c)). These fields can be numerically propagated backward
along the beam direction, enabling an accurate characterization of the focus
position and the properties of the HHG beam [63].

A reconstruction result with an example of the numerical beam propagation
for multiple harmonics is shown in Fig. 3.3. The first column (Figs. 3.3,a1-a6))
contains the reconstructed multispectral EUV fields for harmonics 15 to 25 at
the position of the EUV WFS. The plots in the middle column (Figs. 3.3,b1-b6))
show the numerical propagation of the EUV beam through the beam waist, in
which the beam direction is from left to right. The dashed white line indicates
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Figure 3.3: a) Reconstructed HHG wavefronts and focusing properties for a laser focus
positioned 3.6 mm downstream of the jet. Left column (a1-a6): Reconstructed wave-
fronts of harmonic beams in the wavefront sensor plane. The corresponding wavelength
(harmonic order) is 54.7 nm (15th), 48.2 nm (17th), 43.1 nm (19th), 38.9 nm (21st),
35.5 nm (23rd) and 32.6 nm (25th). Middle column (b1-b6): axial cross section of
the reconstructed beam propagating through their foci. The scale bars are shared for
all panels. The white dashed line indicates the gas jet position. Right column(c1-c6):
reconstructed beam profiles in the gas jet plane. Intensity is linearly encoded in bright-
ness, and phase is encoded as color.
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the position of the gas jet. It should be noted that only linear propagation is
considered here, and any (nonlinear) effects of the gas jet on the beam propa-
gation are not included. This approach provides a detailed view of the HHG
beams around their focus region, with sufficient resolution to identify that the
generated harmonics clearly have different focusing properties. In this example
we find that the 15th harmonic focuses near the gas jet plane, while the higher
harmonics show progressively larger divergence at the gas jet plane (Figs. 3.3c1-
c6)), and have virtual foci up to several centimeters upstream of the jet. From
the ptychography scans, the complex fields of the fundamental and the generated
harmonics can be directly compared around the focus region.

To study the harmonic-order dependence of the focusing properties in detail,
we performed a series of PWFS measurements while varying the relative position
between the laser focus and the gas jet. The results are shown in Figs. 3.4a,b)
where the apparent focus position of harmonics 15 to 25 is determined as a
function of the relative gas jet position. Due to slight astigmatism in the funda-
mental beam, we observed minor differences in horizontal and vertical focusing
behaviour, therefore we show separately the focus positions in the horizontal and
vertical plane in Figs. 3.4a) and b) respectively.

In Fig. 3.4 we maintain the axis convention of Fig. 3.1, with positive numbers
indicating a focus behind the gas jet (i.e. a real focus). The high resolution
of our wavefront measurements enables an accurate determination of the focus
position of the individual harmonics, with the major advantage that there are no
assumptions needed to retrieve the focus position from the measured data, other
than the paraxial approximation used in the numerical propagation of the fields.
Therefore, we obtain a detailed overview of the intrinsic chromatic aberration
resulting from the HHG process itself.

3.4 Discussion

The observed chromatic aberrations qualitatively follow the trends predicted by
the single-atom model (Fig. 3.1b)). In the regime of HHG with a converging
drive laser beam, some lower-order harmonics are found to have a real focus be-
hind the jet [145]. For these harmonics, the fundamental wavefront contribution
dominates the dipole phase. When the laser focus coincides with the gas jet, all
harmonic wavefronts are diverging, as only the dipole phase contribution to the
harmonic phase is present, which is always divergent. The harmonic-wavelength-
dependence of the dipole phase then directly results in chromatic variations. For
a laser focus before the jet, all harmonics have diverging wavefronts and thus
virtual foci, as expected from Eq. (3.2). Note that these virtual harmonic foci
are located several centimeters upstream of the laser focus. An important obser-
vation however, is that the chromatic aberrations are significantly smaller in this
geometry. The origin of this behaviour is that, while both the dipole phase and
fundamental wavefront are diverging, their change as a function of harmonic or-
der is largely inverse, thus partially cancelling wavelength-dependent variations.
Figure 3.5 shows the separate influence of dipole phase (Fig. 3.5a)) and wavefront
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Figure 3.4: a,b) Wavelength-dependent (a) horizontal and (b) vertical focus position
of the different harmonics, as determined from reconstructed HHG wavefronts. c) Over-
lay of reconstructed intensity profiles of harmonics 17 (red), 21 (green) and 25 (blue),
at the apparent focus positions of the respective harmonics. The frame color indicates
the harmonic that is in focus in that image (red H17, green H21, blue H25). The scale
bar in the top left frame is 20 m, and is shared among all images.
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transfer (Fig. 3.5b)).

By analyzing the reconstructed complex beam profiles, we find that the shift
between the apparent HHG source positions of different harmonics can exceed
the Rayleigh length of the harmonic beams, in the present geometry by up to
2-4 times. This effect reaches a maximum when the laser focus is ∼5 mm down-
stream of the gas jet, corresponding to about one fundamental Rayleigh length.
Refocusing of such a multi-wavelength beam, even with perfectly achromatic op-
tics, will result in an aberrated focal spot with spatially varying spectral density
and therefore similarly varying durations of attosecond pulses, following model
predictions [92]. To give more direct insight into the beams produced in the HHG
process, we numerically reconstruct the intensity profiles of three different har-
monics around the generation region. The results are shown in Fig. 3.4c), which
contain the overlaid intensity profiles of harmonics 17, 21 and 25, at propagation
distances that correspond to the apparent focus of each of these harmonics, for
three different fundamental focus positions. For a laser focus position before the
gas jet, the apparent focus positions of all harmonics are almost identical, and we
find a small HHG source spot with a similar profile for all harmonics. Moving to a
laser focus behind the gas jet, where a large chromatic aberration was measured,
we also observe significant differences in the intensity profiles of the respective
harmonics: when reconstructing the HHG beam at the apparent focus position of
one specific harmonic, the other harmonics appear clearly defocused, and there is
no single position where all harmonics have identical profiles. Further details and
additional visualizations are provided in Appendix 3.6.3. We previously already
found that astigmatism transfers from the fundamental to the HHG beam in a
wavelength-dependent way [63], which is also observed in the present beam re-
constructions. We now conclude that dipole-phase-induced wavefront curvature
also leads to significant chromatic aberration, and this effect would remain even
for diffraction-limited beams.

To connect these experimental results to expectations, a model is needed that
simulates the properties of HHG fields based on fundamental field properties.
The analytical single-atom model described by Eqs. (3.1) and (3.2) gives an ex-
pression for the wavefront, but not the intensity distribution, limiting the options
for direct numerical propagation. To find the apparent focus position, the single-
atom model does allow for a determination of the radius of curvature through
Eq. (3.2). By approximating the beam properties in a Gaussian model, assuming
a Gaussian intensity profile and considering only quadratic phase profiles follow-
ing the paraxial approximation, the focus position z of a beam can be calculated
from the radius of curvature R and beam radius w at a given position along the
beam propagation axis:

zq = − Rq

1 +
(
λqRq/πw2

q

)2 . (3.3)

This Gaussian beam approach can be used when only HHG wavefront informa-
tion is available, but does require an assumption for the waist of the generated
HHG beam. In strong-field approximation (SFA) models, an effective nonlinear-
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a)

b)

Figure 3.5: Relative contributions to the wavefront and the resulting focus of the HHG
beams. a) The calculated apparent focus position only taking into account the dipole
phase. b) The calculated apparent focus without dipole phase, only considering transfer
of the fundamental wavefront to the harmonics. Note that even for this contribution
only, a chromatic effect appears. This is the result of the chosen waist size of the
harmonics, which we set as wHHG = wf (z)/

√
meff as discussed in the text. For an

HHG waist size that scales as wf (z)/
√
q, this chromatic effect in the phase transfer

disappears.

ity meff is often assumed for plateau harmonics, resulting in a harmonic waist
approximation as wHHG = wf (z)/

√
meff . For all our present single-atom model

calculations we have taken meff = 4. Further details about the procedure to re-
construct the HHG focus position from the measured fundamental field are given
in Appendix 3.6.1.

The high accuracy of the focus determination through ptychographic wavefront
sensing enables a critical assessment of the dipole phase model. To this end, we
calculate the single-atom model predictions using different approximations for the
dipole phase, using the experimentally measured fundamental field as the starting
point (Fig. 3.6). This field is numerically propagated to the gas jet plane, and
its intensity and phase distributions serve as input to Eq. (3.1). This approach
enables model predictions for astigmatic and otherwise aberrated beams, as often
encountered experimentally. As the model does not include an estimate of the
HHG efficiency, we assume Gaussian HHG intensity profiles when calculating the
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a) b)

c) d)

Figure 3.6: Expected wavelength-dependent HHG focusing properties for different
dipole phase models, based on the experimentally measured fundamental field. a,b)
Calculated a) horizontal and b) vertical focus positions using the Φi ∼ γ/I model,
using γ = 0.9569× 10−18 s2 W/cm2. c) Calculation of horizontal focus positions using
Φi ∼ αI, taking a constant value α = −3 × 10−14 cm2/W. d) Model with Φi ∼ αI,
taking α ∼ q2, increasing from −2.025× 10−14 at q = 15 to −7.225× 10−14 at q = 25.

expected HHG focus position.

Figures 3.6a and b show the result for the horizontal and vertical focus posi-
tions respectively using the model introduced by Guo et al. [91] and Wikmark
et al. [92], based on an analytical derivation resulting in a 1/I−dependence for
the dipole phase. These calculations show a high degree of similarity with the
experimental results in Fig. 3.4. In Figs. 3.6c,d) we plot the results of the hor-
izontal focus positions for two other commonly used approaches to model the
dipole phase, based on a Φi ∼ αI relation, in which the factor α is either con-
stant (Fig. 3.6c)) or quadratically proportional to harmonic order (Fig. 3.6d)).
Note that in both cases, the values of α are chosen negative, to ensure that
the dipole phase adds a diverging wavefront curvature as physically expected.
For the model with constant α, the chromatic aberrations are markedly different
from the experimental observations. Making α dependent on harmonic order
leads to a qualitative improvement, but this model significantly underestimates
the magnitude of the chromatic aberrations when the gas jet is close to the laser
focus, and predict variations around positive laser-gas jet positions that are not
commensurate with the experimental results.

From this comparison we conclude that the Φi ∼ γ/I dipole phase model
provides an accurate description of the atomic response in our experimental ge-
ometry with a thin jet. While nonlinear propagation and phase matching effects
cannot be excluded, the close correspondence between the experimental results
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and simulations indicates that the observed chromatic effects are well-described
by the single-atom response. Since our experiments are performed at high back-
ing pressure, generating sufficient flux to collect the diffraction data needed in
ptychographic imaging, self-focusing and plasma-induced defocusing should be
considered. For our experimental parameters, we estimate a B-integral of 0.2,
and an ionization level of 4% at the peak of the fundamental pulse. From these
numbers we estimate that both self-focusing and plasma defocusing separately
may lead to additional wavefront curvatures in the range R ≈ 5−10 cm, and par-
tially cancel as both effects have opposite signs. Such wavefront curvatures will
not lead to significant shifts of the HHG foci, and are to first order wavelength-
independent. Including such estimates in the calculations of Fig. 3.1b) therefore
only leads to a small horizontal shift of all the curves with respect to the laser
focus position. Given the quantitative agreement between our single-atom calcu-
lations (Figs. 3.6a,b)) and experimental observations (Figs. 3.4a,b)), we conclude
that for our parameters propagation-induced effects do not lead to significant
modifications of the HHG focusing properties.
For HHG geometries with extended propagation length, more detailed simula-

tions would be required for a quantitative analysis. However, the PWFS approach
remains applicable to experimentally characterize the resulting chromatic effects
in the HHG beam.

3.5 Conclusion

In conclusion, we have experimentally demonstrated that the wavefronts of the
HHG EUV beams can strongly depend on the wavefront and intensity profile of
the fundamental laser, as well as the wavelengths of the harmonics themselves.
We confirm that the 1/I-model for the dipole phase can be used for realistic
predictions of HHG wavefronts if a measured fundamental laser field is available.
Our findings provide guidance for experiments that aim to tightly focus broad-
band attosecond pulses, where the effects of intrinsic chromatic aberration in the
HHG process should be minimized.

3.6 Appendix

3.6.1 Calculating HHG focus position from fundamental
beam reconstructions

As stated before, having the measured detailed complex field information for both
the fundamental and the HHG beams enables a direct comparison, taking the
effect of aberrations in the fundamental beam into account [63]. For the model
predictions we initially calculate the phase of the high harmonic field at each
frequency qωl according to Eq. (3.1), where the driving laser phase and intensity
are known from the ptychographic characterization of the beam at a wavelength
close to the central laser wavelength of 830 nm. By numerically propagating
the reconstructed wavefront over a range of positions around the focus, we can
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simulate the high harmonic generation conditions for the different positions of
the focusing lens.
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Figure 3.7: Beam diameter of the different harmonics at the gas jet position as re-
constructed from the ptychography measurements, for various distances between the
gas jet and the fundamental beam waist position. a) horizontal direction, b) vertical
direction.

From the estimated phase of the high harmonic wavefronts, we calculate the
radius of curvature at the horizontal and vertical directions though fitting a
quadratic curve on the 1D wavefront cuts. The radius of curvature for each
direction is then

Rx/y =
kq

2a2,x/y
, (3.4)

where kq is the propagation number of the harmonic q, and a2 is the quadratic
term of the fitting curve. The focal distance can then be calculated directly from
the radius of curvature using Eq. (3.3), which we apply for the x- and y-directions
separately, with the assumption that wHHG = wf (z)/

√
meff .

To facilitate the quadratic fitting near the saddle point of the fundamental
beam, we apply the fit separately to the two phase contributions Φ1 = qϕ and
Φ2 = Φi. From these fits we get two radii of curvature per direction R1,x/y and
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R2,x/y. The total radius of curvature then becomes:

Rx/y = (
1

R1,x/y
+

1

R2,x/y
)−1. (3.5)

The results from this process are equivalent to the results obtained when we fit
a quadratic curve to the total HHG wavefront directly.

For the results shown in Fig. 3.6 we used a peak intensity at the fundamental
beam waist of 2.3 ×1014 W/cm2. At different gas jet positions, the peak intensity
is scaled inversely proportional to the increase of the beam size and numerically
calculated.
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Figure 3.8: Reconstructed beam profiles of harmonics 17, 21 and 25, both overlaid
(top row) and separated, at the plane where harmonic 25 has its apparent focus, for
three different drive laser positions. The first row corresponds to the last row of Fig. 3.4.

3.6.2 HHG beam diameters at the generation plane

As explained in the main text, the model used to estimate the intensity distribu-
tion of harmonics from a known fundamental field assumes a constant effective
nonlinearity for plateau harmonics. Numerically propagating the measured har-
monic fields to the source plane allows a verification of this assumption. From
this data (Fig. 3.7), we actually find significant deviations from this SFA model
waist assumption based on a constant effective nonlinearity. This discrepancy
may limit the accuracy of a determination of the HHG wavefront based only on
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such model calculations, although we find that it does not change the conclusions
for our experimental conditions.

3.6.3 Harmonic-resolved beam profile reconstructions

Figure 3.4c shows the reconstructed beam profiles of harmonics 17, 21 and 25 at
different positions around the gas jet, for three different generation positions. In
those figures, the different harmonics are overlaid as RGB color plots. To provide
a more detailed decomposition, we separate the channels of the bottom row of
Fig. 3.4c) and plot them together in Fig. 3.8. These are the beam profiles of the
respective harmonics, back-propagated to the position where harmonic 25 has its
apparent focus. For the left column, which corresponds to a generation condition
where the jet is positioned after the fundamental focus, little variation between
the harmonics is observed and the spots are generally small. For conditions where
the gas jet is placed before the laser focus (Figs. 3.8b,c)), strong chromatic effects
are observed. For large focus-jet separation (Fig. 3.8c)), additional aberrations
also become more apparent.
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Chapter 4
Generation dynamics of
broadband extreme
ultraviolet vortex beams

Light beams carrying orbital angular momentum (OAM) can be generated in the
extreme ultraviolet and soft X-ray spectrum by means of high harmonic gener-
ation (HHG). In HHG, phase properties of the drive laser, such as curvature,
aberrations and topological charge are upconverted to the harmonic beams and
coherently added to the inherent dipole phase. The strong nonlinearity of the
HHG process, combined with the rapid phase variations corresponding to large
OAM values in these vortex beams, leads to a high sensitivity to small varia-
tions in the driving field. However, a study of the generation dynamics via an
accurate reconstruction of multi-wavelength OAM beams is challenging. Here we
show full complex field measurements of multiple individual harmonics of HHG
vortex beams. By using spectrally resolved ptychographic wavefront sensing, we
retrieve high-resolution amplitude and phase profiles for harmonics 23 to 29 in
parallel, enabling detailed multi-wavelength beam reconstructions. We study the
influence of generation conditions and drive laser aberrations on the resulting
vortex fields by comparing measured fields to numerical simulations, and retrieve
the propagation conditions around the focus and the OAM content of the beams.
Specifically, we find that the multimodal content of such vortex beams can signif-
icantly influence the propagation and field distributions in the focal region. Such
beam propagation analysis allows a prediction of the resulting attosecond pulse
trains and associated attosecond light springs that can be generated under realis-
tic driving conditions.

The content of this chapter has been published as: Antonios Pelekanidis, Fengling Zhang,
Kjeld S. E. Eikema, and Stefan Witte, Generation dynamics of broadband extreme ultravi-
olet vortex beams, ACS Photonics 12(3), 1638–1649 (2025).
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4.1 Introduction

Light beams carrying orbital angular momentum (OAM) have been of increased
interest in recent years and have been proposed for various applications [152, 153],
including super-resolution microscopy [154–157], coherent diffractive imaging
[37, 69], optical trapping [158, 159], communications [160–162] and quantum en-
tanglement [163, 164]. OAM beams have a helical wavefront that mathematically
is described as an azimuthal phase ramp eilϕ, where l is the topological charge
[77]. OAM light beams with controlled properties have been demonstrated for dif-
ferent applications in a wide spectrum ranging from infrared to X-ray [165, 166].
Especially in the extreme ultraviolet (XUV) and soft-X-ray regime, OAM beams
have been extensively studied theoretically [94, 95, 167–170], and demonstrated
experimentally [69, 86, 171–182] by means of high harmonic generation (HHG)
[81, 131, 183–185]. For HHG OAM beams, the topological charge of the drive
laser l1 is upconverted to ql1, where q is the harmonic order of each harmonic.
The harmonic-order-proportional topological charge leads to the generation of
spatio-temporal attosecond light springs [95, 96].

HHG is a fully coherent process, therefore, we can control the properties of
the generated XUV and soft-X-ray beams via the drive laser. Thanks to the
development of high-power ultrafast commercial lasers that render HHG broadly
accessible, there has been extensive research on the configurability of HHG OAM
beams. Specifically, earlier studies have demonstrated that we can achieve control
over the resulting OAM of the XUV OAM beam by combining drive lasers with
different topological charges [172, 175, 176, 181] and polarizations [178, 182]. It
has also been shown that a drive laser with a minor impurity of its main OAM
mode will lead to a large distribution of the HHG OAM modes [167, 179, 180].
Such an impurity can be caused for instance by astigmatism and other aberrations
in the drive laser [179] or by fabrication limitations of the spiral phase plate (SPP)
that is inserted in the drive beam in order to convert a Gaussian into OAM beam
[180].

Moreover, as HHG is a coherent process, phase matching is required in order to
maximize yield. Experimental parameters such as gas pressure, laser intensity,
focus position and interaction length contribute to phase matching [186–188].
Phase matching conditions vary for the different quantum paths, namely the
short and the long electron trajectory, with the short trajectory usually having
easier phase matching conditions [86]. For OAM beams, specific studies revealed
the conditions that lead to improved phase matching for HHG with a drive laser
of topological charge equal to 1 [86, 170, 189]. All studies confirm that short
trajectory harmonic emission has longer coherence length and hence higher HHG
yield, and phase matching is better when the gas medium is behind the drive
laser focus.

The wavefront of an emitted harmonic beam with harmonic order q can be
modelled microscopically as Φq = qϕ+Φi, where ϕ is the wavefront of the drive
laser at the generation plane and Φi is the dipole phase for short (i = s) or long
(i = l) trajectory [91, 92, 190]. This model has been used to predict the high
harmonic wavefronts for perfect single OAM mode driving beams [94, 95, 168–
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170], but also for driving beams with impurities in the dominant OAM mode
[167, 180]. The studies assuming a pure OAMmode in the drive laser showed that
the short-trajectory harmonic emission leads to a ring-shaped far-field intensity
profile with similar divergence for all emitted harmonics [95, 169]. The properties
of these beams are quite constant with respect to the distance between drive laser
focus and gas medium [94, 168]. However, the long-trajectory harmonic emission
has a more diverse behavior as a function of laser focus-gas distance [94, 168].
HHG OAM beams have been studied experimentally with intensity-based

measurements [173, 174, 189] or with single-wavelength wavefront sensors
[177, 179, 180]. However, given the significant wavelength-dependence of the
dipole phase and extreme sensitivity to drive laser parameters, an accurate as-
sessment of a broadband HHG OAM beam requires a full characterization of all
harmonics in terms of amplitude and phase information.
In this paper, we use spectrally resolved ptychographic wavefront sensing

(PWFS) measurements [24, 61] to retrieve complex fields of HHG vortex beams
at multiple individual harmonics in parallel. By performing such measurements
for varying drive laser parameters, we can quantify their influence on the gener-
ated HHG OAM beams. From the measured high-resolution field information,
we then reconstruct the propagation behavior around the focus and the OAM
modal content, which are found to depend on the combined effect of the dipole
phase and the drive laser wavefront aberrations.

4.2 Materials and Methods

4.2.1 Experimental design and setup

To test the generation dynamics, we designed a series of experiments in which
we perform high-resolution PWFS measurements on high harmonic beams, while
varying drive laser properties at the generation plane by adjusting the final fo-
cusing lens. Specifically, we vary the lens position along the beam propagation
direction, thus changing the relative position between the beam waist and the gas
jet, as well as the lens tilt angle to introduce controlled amounts of astigmatism
in the fundamental beam.
Our PWFS approach [61, 63] is based on the coherent diffractive imaging

concept of ptychography [24, 57], which reconstructs complex field information
of an object and the incident illumination profile. By using optimized image
masks, PWFS is capable of robust multi-wavelength XUV wavefront sensing of
individual harmonics [63, 111], even for complex fields with high OAM [37]. In
addition to the HHG wavefront sensing, we perform PWFS measurements on the
fundamental beam for all demonstrated generation conditions, so that we can
compare the measured HHG wavefronts with theory predictions from a single
atom response model (Section 4.2.2).
The complete setup is shown in Fig. 4.1a). An ultrafast ytterbium-based NIR

laser system (Pharos from Light Conversion) drives the HHG. The laser system
delivers 2 mJ pulses at a center wavelength of 1030 nm, with pulse duration 170 fs
and a repetition rate of 1 kHz. For efficient HHG, the pulses are compressed by a

63



Generation dynamics of broadband XUV vortex beams

Figure 4.1: Experimental setup. a) A NIR laser with topological charge equal to 1
is focused to a gas jet to generate HHG. The high harmonics propagate to a pair of
multilayer mirrors that focus the beam in the vicinity of the ptychographic wavefront
sensor plane. An auxiliary beam path in front of the vacuum part is used for ptycho-
graphic wavefront sensing of the fundamental beam. b) Example of reconstructed NIR
beam (top) and modelled high harmonic wavefronts at the gas jet plane (bottom) for
that particular NIR beam. c) High harmonic spectrum behind the multilayer mirrors
measured through diffraction from a grating, indicated by the solid line. The dashed
line shows the reflectivity of the multilayer mirror pair. d) Ptychographic reconstruc-
tion of the wavefront sensor. Inset shows zoomed-in area of the object. e) Wavefronts
of harmonics 23 to 29 at measurement plane. In b), d) and e) brightness indicates the
amplitude and hue the phase, according to the colormap in the left of the figure. Scale
bars in all figures correspond to 50 µm.

home-built pulse compression system to a duration ≈45 fs with an average power
of 1.5W [108]. The NIR beam, with FWHM diameter equal to 6 mm, is sent
through a spiral phase plate (Vortex Photonics V-1064-20-1) giving topological
charge equal to 1 at a nominal wavelength 1064 nm, and is subsequently focused
by a 300 mm lens into a jet with 1 mm diameter, filled with argon at a backing
pressure of 5 bar. Moreover, an iris with diameter equal to 7.7 mm clips the
beam before the focusing lens in order to maximize the HHG flux [191].
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Behind the focusing lens a flip mirror can send the beam to an auxiliary beam
path, where we perform the PWFS of the fundamental beam at a plane that
corresponds to the vicinity of the gas jet. The NIR wavefront sensor is a binary
object with 4 µm square holes arranged in a golden spiral configuration of total
width 400 µm. The diffraction patterns from the NIR wavefront sensing mea-
surement are recorded by a CCD camera (AVT GT3400, 3384×2704 pixels, pixel
size 3.69 µm, 14-bit dynamic range) placed 12.5 mm behind the wavefront sensor.

Within the main beam path an aluminum filter blocks the drive laser and
transmits the generated high harmonics, which are then focused by a pair of plane
and curved (ROC=500 mm) molybdenum/silicon multilayer mirrors (optiXfab
GmbH) onto the wavefront sensor. The HHG spectrum, shown in Fig. 4.1c), is
shaped by the efficiency of the multilayer mirrors and includes seven wavelengths
ranging from 31 nm to 50 nm. The wavefront sensor is a scaled version of the
one proposed in [63], and consists of 10 µm apertures with four orientations
and 1 µm pitch gratings inside each aperture. An example of the ptychographic
reconstruction of the object is shown in Fig. 4.1d). A CCD camera (Andor
Ikon-L 936SO, 2048×2048 pixels, pixel size 13.5 µm, 15-bit dynamic range) is
placed approximately 107 mm behind the sample. The numerical aperture of the
ptychographic setup is 0.129, leading to a diffraction-limited resolution of 148 nm
for the central HHG wavelength of 38.3 nm.

4.2.2 Single atom response model

The reconstructed fundamental complex electric field can be used to estimate
the high harmonic wavefronts. Here we adopt the single atom response (SAR)
[91, 92] that gives expressions for both the amplitude A and the phase Φ of each
high harmonic q in the plateau region:

Aq(x, y) = Af (x, y)
p (4.1)

Φq(x, y) = qϕ(x, y) + Φi(x, y) (4.2)

Φi(x, y) = αiI(x, y) +
γi

I(x, y)
(qω − Ωp)

2 + const. (4.3)

In the above expressions, Af (x, y) and ϕ are the amplitude and phase of the
fundamental beam at the generation plane, and Φi is the dipole phase. For the
calculation of the spatial distribution of the dipole phase, I and ω are the inten-
sity and frequency of the fundamental laser respectively, and Ωp is a frequency
associated with the ionization potential IP of the gas Ωp = Ip/ℏ. The parameter
values used to describe the amplitude and short-trajectory dipole phase are taken
from [92], with a wavelength scaling for a 1030 nm drive laser wavelength where
applicable: γs = 0.795× 10−18s2W · cm−2, αs = 0 and p = 4. This model for the
dipole phase has been used in previous studies to describe chromatic aberration
effects in HHG Gaussian beams and transfer of aberrations from drive beam to
the high harmonics, and was in agreement with experimental findings [63, 111].
Figure 4.1b) shows an example of the predicted HHG wavefronts for the four
brightest harmonics (23rd to 29th harmonic), using the reconstructed drive laser
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information as input for the single atom response model.

4.2.3 Ptychographic reconstruction of high harmonic
wavefronts

For the ptychographic wavefront sensing we have placed the object on a transla-
tion stage that can move laterally to the beam (Smaract SLC-1730) and acquired
a series of 218 diffraction patterns with the object moving in a concentric scan
grid covering a field of view equal to 104 µm with an average step size equal to
6 µm. The ptychographic reconstructions are performed via Ptylab.py [110]. The
overlap factor, using the definition of the overlap presented in [37], is equal to
68%. The relatively low overlap factor given the complexity of the reconstruction
problem with seven unknown structured wavefronts creates some uncertainties
in terms of the reconstructed topological charges. Specifically, while the topo-
logical charge for every wavelength should be equal to the respective harmonic
order, when the drive laser’s topological charge is equal to 1, the reconstructed
topological charges are in the range between harmonic order ±2. Examples of
independently reconstructed beams from the same dataset that exhibit different
topological charge are shown and discussed in Appendix 4.5.1. Therefore, the
results shown in the following section are based on a constrained reconstruction
process, such that the topological charge of each probe, calculated during the
reconstruction process as l = 1

2π

∮
C
dϕ [97], is fixed according to the HHG up-

conversion rule for the topological charges. While the topological charge is a
single value that is set by physical properties of HHG, the OAM of the harmon-
ics can be influenced by the generation conditions. As the nonlinear conversion
process will influence the exact amplitude and phase profiles of each high har-
monic wavefront, the harmonics can carry a distribution of OAM values with a
central value that may deviate from the topological charge [167, 179, 180]. The
OAM distribution can then be calculated via an azimuthal Fourier Transform
(FT) of the complex electric field on a circular path along the beam [180] or via
a Laguerre-Gaussian decomposition [179].

4.2.4 Correction of multilayer mirror effects on wavefronts

The presence of the refocusing optics needs be considered for the numerical prop-
agation of the HHG beam between the generation plane and the wavefront sensor
plane. The indicated angle of incidence for maximized reflectivity is 5 degrees.
For the plane mirror, we assume that there is perfect reflection and neglect any
surface defects. However, oblique incidence on the curved mirror leads to astig-
matism, as can be clearly observed in the example ptychographic reconstruction
of the vortex probes in Fig. 4.1e). The induced astigmatism to the wavefront

is equal to η2

2r (y
2 − x2), with η the incidence angle and r the radius of curva-

ture of the mirror [192]. In practice, the beam has a slight elevation angle and
the incidence angle can deviate from exactly 5 degrees for alignment purposes.
Therefore, the astigmatism contribution can only be estimated such that the
astigmatism-corrected wavefronts have physically reasonable profiles at the fo-
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cus, which is an image plane of the generation position. It is also convenient to
perform amplitude comparisons between modelled and experimental results at
the curved multilayer mirror plane, as the beam intensity profile has not been
affected by the astigmatism induced by the curved multilayer mirror. Since the
PWFS measurements give high-resolution representation of both the amplitude
and phase of the high harmonic wavefronts at the object plane, we can get beam
information at the curved multilayer mirror plane via numerical propagation of
every reconstructed wavefront assuming paraxial approximation. The numerical
propagation can be performed, for instance, with the scaled angular spectrum
propagator [120].

4.3 Results and Discussion

4.3.1 Dependence of the HHG beam profiles on the drive
laser properties

Firstly, we investigate the HHG beam amplitudes as a function of the laser focus
position relative to the gas medium. The measured and reconstructed complex
fields of harmonics 23 to 29 are numerically propagated back to the curved mirror
plane and compared to simulations. In Fig. 4.2a) we show the results for 3
example laser focus positions (-2.9 mm, -1.5 mm and +1.36 mm), while results for
more positions are shown in Appendix 4.5.2. From Fig. 4.2a) we observe the same
trend with respect to the rim thickness as modelled in [94], with a single thick
ring for the cases when the drive laser focus position is behind the gas medium,
whereas the HHG beams exhibit a thinner rim of the main ring and secondary
rings with larger diameter when the gas is on the divergent side of the drive
laser. The secondary rings appear to be clipped due to an added aluminum foil
that was intended to block leaking fundamental light through the flat multilayer
mirror towards the camera, but still the presence of these rings is clear, especially
in the short wavelengths. In Fig. 4.2a) we also show comparative results from
expected far-field high harmonic beam profiles using the SAR model described
in section 4.2.2. The drive laser’s beam profile at the generation plane assumed
in the model is a reconstructed beam from the auxiliary drive laser path shown
in Fig. 4.1a), which we numerically backpropagated to different distances along
the focus, in order to simulate the generation conditions for varying laser focus
positions. Due to small beam drifts between HHG and NIR wavefront sensing
measurements, we numerically corrected some of the aberrations in the drive laser
at the focusing lens plane before propagating to the respective generation plane
and applying the SAR model. The Rayleigh length has been calculated to be
approximately 6 mm, so the experiment covers a range of about half a Rayleigh
length in both directions from the drive laser focus.
We find that the model captures the trend of the experimentally derived beam

profiles’ behavior as a function of the laser focus position. For focus positions
in front of the gas we predict a thin bright ring and secondary rings with higher
divergence, which are more profound for the short wavelengths. On the other
hand, when the drive laser focus position is behind the gas, we predict a sin-

67



Generation dynamics of broadband XUV vortex beams

35.7 nm

38.3 nm

41.3 nm

45 nm

Laser focus position

-2.9 mm -1.5 mm +1.36 mm

H
ig

h
 H

ar
m

o
n
ic

 W
av

el
en

g
th

Exp. Sim. Exp. Sim. Exp. Sim.

Exp.

Sim.            

dip. phase  0

Sim.            

dip. phase = 0

-3.1 mm -1.6 mm +1.4 mm

Laser focus position

-3.1 mm -1.6 mm +1.4 mm-0.1 mm-2.1 mm

a)

b)

-2.9 mm -1.5 mm +1.36 mm-0.07 mm-2.2 mm

-3.1 mm -1.6 mm +1.4 mm-0.1 mm-2.1 mm

35.7 nm

38.3 nm

H
ig

h
 H

ar
m

o
n
ic

 W
av

el
en

g
th

Lens tilt (exp.)/
opt - 0.33o

opt opt + 1.42o

Astigmatism added to drive laser (  λ) (sim.)

+0.038

Exp. Sim. Exp. Sim. Exp. Sim.

-0.0380

c)

0 1

Figure 4.2: Reconstructed and modelled beam amplitudes for four harmonics ranging
from 35.7 nm (29th harmonic) to 45 nm (23rd harmonic) at the curved multilayer mirror
plane for various generation conditions. a) Beam amplitudes for varying laser focus po-
sitions with respect to the gas medium. Positive (negative) laser focus positions means
that the laser focus is downstream (upstream) of the gas jet position. b) comparison of
reconstructed and modelled beams for 27th harmonic with and without the dipole phase
contribution in the model. c) Beam amplitudes of harmonics 29 and 27 for varying tilt
positions of the focusing lens. The beam profiles for lower harmonics are similar, and
shown in Appendix 4.5.2, along with results for more lens tilt positions. The absolute
laser focus positions for experimental data in a) and b) are approximate, based on the
fit with the modelled results. Scale bars in all figures are equal to 3 mm.
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gle ring with increased rim thickness. We should note here that these results
consider only short electron trajectory contributions to the HHG, as long trajec-
tories have very short phase matching length [86] and their efficiency is considered
negligible for our generation conditions. In previous work, secondary rings were
predicted [94] and observed [174] for positive laser focus positions, and associated
to long trajectories. The appearance of ring structures attributed to long trajec-
tory emission has some analogy to experimental studies [89, 193] for Gaussian
beams. It is likely that the shorter Rayleigh length and longer medium used in
our HHG setup results in phase matching conditions that suppress the long tra-
jectories. The influence of the dipole phase of the short trajectory is illustrated
in Fig. 4.2b), where we compare far-field HHG profiles for different γs values in
the SAR model for the 27th harmonic, with γs = 0.795 × 10−18s2W · cm−2 and
γs = 0. From this figure it can be seen that the secondary rings are caused by
the dipole phase and subsequent beam propagation. For reference, in Appendix
4.5.3 we present modelled HHG wavefronts that would correspond to long elec-
tron trajectories. For the specific drive wavelength, pulse duration and pulse
energy in our experiments we observe that the wavefronts associated to long tra-
jectories would diverge strongly and not be captured by the refocusing optics. In
Appendix 4.5.2 we also show far-field beam intensities from short trajectory con-
tributions, when the drive beam is an ideal circularly symmetric non-aberrated
vortex beam. In the case of this ideal drive beam, the far-field HHG beam pro-
files for varying drive laser focus positions with respect to the generation plane
closely resemble other theoretical results [94], with secondary rings not present
in the beam. Therefore, our conclusion is that the experimentally observed rings
(Fig. 4.2a)) are caused by the combination of focusing geometry, fundamental
beam profile and dipole phase. Note that this conclusion does not exclude the
possibility of forming additional rings in a geometry where long trajectories are
generated more efficiently.

Similarly, in Fig. 4.2c) we compare experimental and model results for varying
astigmatism of the drive laser. For these measurements, the distance between the
gas jet and the non-aberrated laser focus was set to -0.54 mm. The astigmatism
is adjusted by tilting the focusing lens in a controlled way in a range of 1.75◦

around the optimized tilt denoted as θopt. This optimized tilt angle leads to a
polychromatic HHG beam at the camera with the most uniform intensity around
the ring. We model the astigmatism by numerically adding astigmatism in the
beam used to generate the simulated results in Fig. 4.2a). We observe a close
similarity of the beam amplitudes, with the doughnut shape of the HHG beams
transforming into two bright lobes either on the vertical or horizontal direction.
Note that adding drive laser astigmatism of only 0.038λ already leads to the
emergence of bright lobes in the HHG beams, due to the strong nonlinearity of
the upconversion to the high harmonics.

4.3.2 Propagation of vortex beams around a focus

As mentioned in Section 4.2.4 the phase of the HHG beams can be corrected at
the curved multilayer mirror plane for each investigated generation condition if
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we numerically remove the astigmatism induced by the mirror due to the non-
zero angle of incidence. Since the precise astigmatism of the mirror is not known
with sufficient accuracy, we used fitted astigmatism coefficients for the results
shown henceforth such that they maximize the OAM modal purity of the most
circular and azimuthally homogeneous beam profile from the beam profiles of
Fig. 4.2a). This assumption implies that a beam with amplitude profile that
resembles a pure LGq,0 mode, with q the harmonic order, is more likely to have
phase that corresponds to a pure LGq,0 mode, too. We selected the 27th harmonic
(38.3 nm) from the dataset that corresponds to laser focus position −1.5 mm as
the beam with maximized OAM purity, which gave astigmatism coefficients equal
to α1 = 4.959k·10−3 and α2 = −4.934k·10−3, with k the wavenumber for the 27th

harmonic and α1, α2 such that Φastigm correction = e−i
(
α1ρ

2cos(2ϕ)+α2ρ
2sin(2ϕ)

)
,

where ρ and ϕ are the polar coordinates. For reference, the expected astigmatism
according to [192], for angle of incidence equal to 5 degrees and radius of curvature
equal to 50 cm, is 7.62k · 10−3(x2 − y2).
In Fig. 4.3 we show example propagation plots of the four reconstructed

harmonic beams along the measurement plane without (Fig. 4.3a)) and with
(Fig. 4.3b)) the astigmatism correction, starting from the reconstructed fields for
the laser focus position at -1.5 mm. We show two different cross sections, the xz
and yz planes, as well as two-dimensional amplitude plots at selected planes. In
Appendix 4.5.4 we show propagation results across the diagonal cross sections as
well, where we see similar behavior as in the xz and yz planes. Figures 4.3c-g)
show in-plane plots of the 27th harmonic at different planes along the focus po-
sition. The astigmatism from the spherical multilayer mirror leads to distorted
beam profiles, where at some planes the doughnut shape has degenerated into a
thin line (Figs. 4.3d) and f)). After removing the astigmatism term at the mul-
tilayer mirror plane and propagating again forward along the focus, all harmonic
beams maintain the doughnut-shaped amplitude profile and can be refocused to
a smaller spot size (Figs. 4.3h-l)). However, even for the numerically corrected
beams for the astigmatism from the spherical multilayer mirror, we observe in
Figs. 4.3h-l) that there is a slight intensity variation across the beam as the beam
propagates along the focus. This is an indication of a remaining OAM modal
impurity, with the coherent superposition of the different OAM modes creating
this intensity variation effect.
Figure 4.4 shows the propagated beams around the focal region for different

laser focus positions. Propagation is performed directly with the retrieved fields
(Fig. 4.4a)) and after numerical astigmatism removal (Fig. 4.4b)). While the
retrieved field results do not require an assumption on the mirror-induced astig-
matism, the corrected fields provide better insight into the HHG beam properties
at the vicinity of the generation plane. Figures 4.4e-g) show overlapped, for dif-
ferent laser focus positions, in-plane plots of the 27th harmonic at 3 planes around
the focus. From these reconstructions, we find that the rim width and the ring
diameter of the vortex beams are influenced by the laser focus position in differ-
ent ways. These quantities are plotted in Fig. 4.4e): the diameter is measured
between intensity maxima, and the rim thickness is defined as the FWHM, both
azimuthally averaged. The focal plane of the HHG beam is taken as the plane
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Figure 4.3: Propagation of harmonic beams along the focal plane after refocusing. a,b)
Cross sections along horizontal and vertical cuts for a) the reconstructed wavefronts from
the PWFS measurement, b) the astigmatism-corrected beams at the curved multilayer
mirror plane which are subsequently forward propagated around the focus, c-g) in-plane
amplitude profiles of the 27th harmonic (38.3 nm) for planes denoted in the second row
of a), h-l) same as (c-g), for the astigmatism-corrected beams at planes denoted in b).
Scale bars are shared between (a-b) and (c-l).

where the diameter is minimized. Using these two parameters to describe the
OAM beams, we observe that the drive laser focus position affects both diameter
and rim thickness, as shown in Fig. 4.4c) and Fig. 4.4d) for experiment and model
respectively. The model is based on the drive laser that was used to generate the
amplitude results of Fig. 4.2a).

A striking feature is the local increase in rim thickness near the focal plane,
which depends on the generation conditions. The simulations are in agreement
with the experiment and can qualitatively explain this feature. In the simulations,
the peak in rim thickness coincides with the generation plane. The amplitude of
the HHG beams at the generation plane is modelled as the drive laser amplitude
to the power 4 (which is typical in the strong-field approximation). In Fig. 4.4h)
we show a simplified simulation example to better explain the HHG beam behav-
ior around the generation plane. Taking the drive laser as a pure LG1,0 mode,
the 29th harmonic will have the amplitude and phase profile of the beam shown
at the left panel of Fig. 4.4h) at the generation plane. Compared to a pure LG29,0

mode (right panel of Fig. 4.4h)), such a beam has a clear difference in the rim
thickness. Therefore, the 29th harmonic should be described as a superposition of
different radial modes LG29,n [179], which at the generation plane are coherently
added to create a ring with increased thickness. However, as this beam propa-
gates, the radial modes have different relative phases and are no longer added
constructively. This effect causes the rim to become narrower initially, as it is
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Figure 4.4: Propagation of harmonic beams along the focal plane after refocusing,
overlapped for different drive laser focus positions. Red: +1.36 mm, green: −1.5 mm,
blue: −2.9 mm. a,b) Cross sections along horizontal and vertical cuts for a) the re-
constructed wavefronts from the PWFS measurement, b) the astigmatism-corrected
beams at the curved multilayer mirror plane which are subsequently forward prop-
agated around the focus, c-d) Experimental and model results for the variation of
diameter and rim thickness, as defined in (e), of the astigmatism-corrected beams, for
different wavelengths and generation conditions. In (a-d) all horizontal rows are aligned
and correspond to the same wavelength. e-g) overlapped in-plane amplitude profiles of
the 27th harmonic (38.3 nm) for planes denoted in the second row of b), h) example of
a 29th harmonic beam driven by a LG1,0 fundamental laser (left) compared to a LG29,0

mode (right). Brightness indicates amplitude and hue the phase. a-b) and e-g) share
the same scale bar.

mainly determined by the dominant LG29,0 mode, until it starts expanding again
due to propagation. The effect of the dipole phase is a local divergent wavefront
on the rim, which favors the expansion of the rim and partially counteracts the
aforementioned effect. Further insight on the effect of the dipole phase is given
in Appendix 4.5.4, where we show modelled results excluding the contribution of
the dipole phase.

The reasoning above also explains the position of this local maximum in rim
thickness relative to the HHG focal plane. The rim local maximum occurs at the
generation plane, where the phase properties of the drive laser are transferred
to the harmonic wavefronts. Therefore, for positive laser focus positions, the
harmonic beams have a converging phase and the focus is real and downstream
of the generation plane, whereas for negative laser focus positions the harmonic
beams are diverging at the generation plane and have a virtual focus. Note that
the scales are different between experiment and model, because experiment has
been conducted at the (corrected) image plane with a demagnification ratio of
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2.76 between gas jet and image plane.
The comparison between experimental and modelled results shown in

Figs. 4.4c,d) can provide insight on the exact value of the non-perturbative scal-
ing power p in Eq. 4.1, as p can vary depending on the generation conditions and
other values have been proposed except p = 4 [94]. However, as the modelled
results presented in Fig. 4.4d) have been calculated with the SAR model, a more
quantitative comparison between experimental and simulated results can only be
accurate for HHG configurations with a thin generation medium, where phase
matching conditions can be excluded. In our experiments, we can safely consider
the generation medium to be thin compared to the drive laser’s Rayleigh length,
but still such a quantitative comparison would likely require a more accurate
modelling of the HHG process [90].

Figure 4.5: Propagation of harmonic beams along the focal plane after refocusing over-
lapped for different astigmatism levels of the drive laser. Lens tilt positions of red:
θopt − 0.33◦, green: θopt, blue: θopt + 1.42◦. a,b) Cross sections along different cuts
(horizontal, vertical and diagonal) for a) the reconstructed wavefronts from the PWFS
measurement, b) the astigmatism-corrected beams at the curved multilayer mirror plane
which are subsequently forward propagated around the focus, c-g) overlapped in-plane
amplitude profiles of the 27th harmonic (38.3 nm) for planes denoted in the second row
of b).

The influence of drive laser astigmatism on the harmonic beam propagation
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around the focal region can also be visualized using overlapping propagation plots
(Fig. 4.5). In Figs. 4.5a,b) we show overlapped propagated beams that correspond
to different astigmatism levels of the drive laser. Here we do not show results
for the 23rd harmonic (45 nm), because of the lack of reconstruction for that
harmonic from lens tilt equal to θopt + 1.42◦. We notice that, when the drive
laser is astigmatic, leading to harmonic beams denoted as red and blue curves,
there is clear presence of lobes that dominate on the y direction for negative lens
tilt (red curve), and on the x direction for positive tilt (blue curve). Also on the
diagonal directions, the lobes rotate from one direction to the other as the beam
propagates through the focus. In Appendix 4.5.4, we show individual plots of
the in-plane overlapped plots of Fig. 4.5c-g), in order to have clear visualization
of the beam properties for each generation condition.

4.3.3 OAM modal purity analysis

Another important aspect that we can investigate via the spectrally resolved
PWFS technique is the OAM modal content and purity and how they vary with
the generation conditions. For this purpose we have numerically propagated the
wavefronts to the curved multilayer mirror plane and removed the astigmatism
caused by the off-axis mirror reflection, as was calculated in Section 4.3.2, as well
as remaining tip, tilt and defocus phase terms before calculating the OAM modal
content.

As mentioned in Section 4.2.3, the modal content can be calculated by either
performing azimuthal FT or through LG decompositions. Due to the slightly
elliptic beam profiles, we estimate that the LG decompositions, presented in
Fig. 4.6, can give more accurate conclusions, as azimuthal FT along a circular
path on an elliptical beam may underestimate the actually present OAMs. How-
ever, for comparison reasons we provide an example of the angular FT method
for the case of a circular beam in Appendix 4.5.5, showing very similar results to
the LG decomposition. We perform the OAM modal content calculation at the
curved multilayer mirror plane for convenience, as it is the reference plane where
we correct the effect of the refocusing optics. However, the LG decomposition
would be equivalent at any other plane, since the LG modes are solutions to the
Helmholtz equation and are propagation-invariant.

Figure 4.6a) displays the experimentally retrieved complex fields of the 27th

harmonic for different laser focus positions, together with the OAM modal con-
tent from the experimental data and SAR model results. The OAM modal con-
tent of the other reconstructed harmonic beams between 35.7 nm and 45 nm is
shown in Fig. 4.6b). The selected laser focus positions are the same five positions
with respect to the gas medium as in Fig.4.8. For the experimental data, we use
a truncated basis of LG modes including 5 radial modes, similar to [179], and
42 azimuthal modes, whereas for modelled results we use fewer azimuthal modes
for computational efficiency. We calculate the basis modes and the coefficients
individually for each harmonic beam in our analysis, such that the fitting error
between the actual beam and its modal description is minimized. As the LG de-
composition gives the coefficients cmn of the complete basis for azimuthal modes
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Figure 4.6: Orbital angular momemtum (OAM) modal content of experimental HHG
wavefronts for varying drive laser focus positions with respect to the gas medium. a) top:
OAM calculated for the 27th harmonic (38.3 nm) and compared to modelled results.
bottom: complex-valued visualization of the 27th harmonic that gave the above LG
decomposition. b) OAM content calculated for three harmonic wavelengths, besides
the 27th harmonic. c,d) same as a,b) with results from drive laser astigmatism scan.
For the beam plots in a,c), brightness indicates amplitude and hue the phase. The scale
bars are equal to 3 mm.

m and radial modes n, we calculate the OAM modal content Cm by summing
the coefficients with the same m index Cm =

√∑
n |cmn|2. In Appendix 4.5.5 we

show the complete LG decomposition cmn for the 27th harmonic and laser focus
position -1.5 mm, where we observe that most energy is included in the radial
modes with n = 0.

The OAMmodal content depends on the generation conditions, with the purity
being maximized at the laser focus position equal to -1.5 mm (see Section 4.3.2).
In principle, a broadening of the OAM can be either due to an inhomogeneity in
the drive laser amplitude distribution along the vortex ring, or due to a deviation
of the (unwrapped) phase from a linear behavior in the azimuthal direction. From
simulations, the strongest influence is found to result from phase effects, and we
attribute the OAM broadening that is shown in Figs. 4.6a,b) predominantly to
phase aberrations. As discussed in Section 4.2.2, the phase of an HHG wavefront
is the sum of the drive laser intensity-dependent dipole phase and the drive laser
phase, which both vary significantly with respect to the drive laser focus position.
LG decomposition results of modelled HHG OAM beams also give a broadening
of the OAM modal content for certain laser focus positions. The simulation
results in Fig. 4.6a) show qualitative agreement with the experimental data, but
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the variations with laser focus position are not fully reproduced.
The dependence of OAM modal content on drive laser astigmatism is shown in

Figs. 4.6c,d). For increasing astigmatism, we observe a broadening of the OAM
distribution. In addition, there appears to be a small linear increase of the mean
OAM value as a function of lens tilt. The OAM broadening, which is qualita-
tively reproduced by the simulations, is related to the impurity that is injected
to the pure LGq, with q the harmonic order, when an astigmatism phase term
and an amplitude modulation are added to an azimuthally symmetric beam. The
astigmatism phase term leads to local deviations from the linear azimuthal phase
ramp for an ideal LGq mode, resulting in variations in OAM. However, from sym-
metry considerations, any effect of the lens tilt should be independent of the sign,
as a positive and negative lens give rise to the same induced astigmatism. SAR
simulations of the drive laser beam as pure LG1,0 mode with added astigmatism
confirm that expectation. Therefore, the observed linear trend is likely due to
other experimental uncertainties resulting from changes in lens alignment, which
may influence both the fundamental wavefront and the HHG process. Determin-
ing the origin of this OAM variation will require further study.

4.3.4 Synthesis of attosecond pulse trains

The spectrally resolved amplitude and phase reconstruction of multiple high
harmonics enables the reconstruction of the attosecond pulse train (assum-
ing the harmonics are phase-locked) by Fourier-transforming the reconstructed
frequency-domain fields to the time domain. For ideal drive laser conditions, the
attosecond pulse is expected to form a double-sided helix [95, 96]. However, the
influence of dipole phase and drive laser aberrations to the HHG wavefronts can
distort the double helix structure. In Appendix 4.5.6 we show synthesized at-
tosecond pulse trains from the reconstructed harmonic wavefronts under certain
assumptions for the spectral phase that would correspond to Fourier-transform
limited pulses. However, a conclusive analysis would require a measurement that
is sensitive to the relative phase between the harmonics [194].

4.4 Conclusion

In conclusion, we have utilized the spectrally resolved PWFS method for charac-
terizing HHG OAM beams for different generation conditions. We showed how
changing the laser focus position with respect to the gas jet leads to different
far field HHG beam profiles. We attributed this behavior to the dipole phase
associated with the short electron trajectory. Furthermore, any astigmatism in
the drive laser is upconverted to the high harmonics such that even a slight astig-
matism of the drive laser leads to the emergence of bright and dark areas along
the doughnut-shaped beam. Except for observations related to the amplitude of
the HHG beams, we could investigate more properties of the multi-wavelength
vortex beams under the assumption that we know precisely the astigmatism in-
duced by the refocusing optics. The influence of laser focus position and drive
laser aberrations around the focal region could be characterized in this way. By
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performing LG decompositions on the beams for each generation condition, we
found that these differences can be also associated with broadening of the OAM
modal content of the beams. Finally, we proposed a simplified approach to re-
construct the attosecond pulse train for different generation conditions, assuming
prior knowledge on the spectral phase. In Appendix 4.5.6 we show results from
this approach, where we observed how impurities in the OAM modal content
distort the double-helix light spring structure that is theoretically predicted in
[95, 96]. In particular, aberrations in the harmonic fields are found to lead to a
modification of the double helix structure, both in intensity and position.
Overall the PWFS method is a high-fidelity technique for characterizing mul-

tiple HHG wavefronts with high resolution from a single measurement, and in
this work we have extended this capability to highly structured XUV beams
carrying high topological charge. The complex-valued reconstructions of the
wavefronts enable numerical backpropagation to the generation plane, where we
can study the upconversion mechanisms and experimentally validate theoretical
models about the generation of such XUV vortex beams.
An interesting follow-up of this work could be on performing PWFS measure-

ments for more complex multi-wavelength vortex HHG beams, such as the beams
demonstrated in [172, 175, 176, 178, 181, 182]. In these cases, the topological
charge values of the harmonics are relatively unknown and we would need to im-
plement unconstrained ptychographic reconstructions in terms of the topological
charge values. Preliminary PWFS measurements with single-wavelength HHG
vortex beams, not presented in this work, showed that, for this less complicated
parameter space, the topological charge was reconstructed accurately without
any prior knowledge requirement on the topological charge. Furthermore, for
multi-wavelength Gaussian beam PWFS, we have demonstrated high-fidelity un-
constrained wavefront reconstructions by increasing the overlap factor between
adjacent scan positions to a value above 90% [63]. Therefore, we believe that
PWFS on more complex multi-wavelength vortex HHG beams is possible, but
would require many scan positions in order to satisfy a high overlap factor, and
possibly high exposure times, so that the recorded diffraction patterns have high
SNR even for the first- and second-order diffraction signal. The design and im-
plementation of such a measurement requires a very stable HHG beam in terms
of long-term beam drifts and intensity fluctuations.
This work on HHG vortex beams generated by a single vortex drive beam offers

an insight on how critical parameters such as drive laser focus and aberrations can
be in achieving desired properties for the attosecond pulse. We believe that this
work is a first step towards more efficient design and experimental implementation
with attosecond OAM beams.

4.5 Appendix

4.5.1 Ptychographic reconstruction without constraint on
topological charges
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Figure 4.7: Reconstructed beams with and without imposing constraints on the topo-
logical charges. a) Complex-valued plots of the reconstructed beams for three harmonics
ranging from 35.7 nm (29th harmonic) to 41.3 nm (25th harmonic) at the PWFS plane.
All figures share the same scale bar. b) Propagated beams from a) to a plane 10 mm
upstream, where the beam shape looks more like a doughnut. Topological charges are
calculated as (29,27,25) from the constrained reconstruction, and (27,25,23) from the
unconstrained reconstruction, for harmonics (29,27,25) respectively. The last row shows
overlapped intensity plots of the uncostrained (red) and constrained (green) results. All
figures share the same scale bar.

As mentioned in Section 2.3 of the main text, the resulting topological charges
of the reconstructed harmonic wavefronts may vary between independent recon-
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structions, due to the low overlap between scan positions and the complexity of
the beams. In Fig. 4.7a) we show example reconstructions of wavefronts with
the correct and incorrect topological charges. The correct topological charges
were achieved via imposing constraints during the reconstruction process. We
observe that the intensity profile of the beams at the ptychographic wavefront
sensor (PWFS) plane exhibits large areas of low intensity and fast fringe-like
features at the vicinity of the bright lobes. This structure of the beams renders
the wavefront reconstruction very sensitive to the the phase, which is undefined
when intensity values are (near) zero.

In Fig. 4.7b) we show backpropagated beams to a plane where the beam profile
has a doughnut shape and the topological charge can be calculated via integration
following a closed loop with non-negligible intensity values. Overlapping the
intensity plots between correct and incorrect reconstructions reveals that even
a difference of 2 between topological charges does not affect strongly the beam
propagation behavior. Therefore, we consider that a deviation of ±2 in the
resulting topological charge of the reconstructed beams is to be expected and a
constraint on the topological charge during the reconstruction was necessary to
further constrain the reconstruction process and lead to a unique solution.

4.5.2 HHG far field beam amplitudes for varying
generation conditions

Laser focus position scan

To complement Fig. 4.2a) of the main manuscript in which we showed data
for 3 lens positions, Fig. 4.8 presents results from the complete dataset of 5 lens
positions that aimed to investigate how the drive laser focus position with respect
to the gas jet affects the HHG beam amplitudes in the far field. Experimental
results in Fig. 4.8a) can be compared with simulation results (Fig. 4.8b)). We
observe a close agreement between simulations and experiment, especially with
related to the rim thickness and the presence of secondary concentric grids.

Drive laser astigmatism scan

Complementing Fig. 4.2c), Fig. 4.9 displays results from the complete dataset of
5 lens tilt positions that lead to different astigmatism levels of the drive laser.
The experimental results (Fig. 4.9a)) can be compared with simulation results
(Fig. 4.9b)).

Laser focus position scan for ideal drive beam

In the main text we have shown that the exact drive beam properties influence
the far-field HHG beam intensity profiles, with secondary rings appearing when
the drive laser focus position is upstream of the generation plane. We have also
shown that the presence of the rings can be explained and modelled considering
only short trajectory contributions within the HHG process. In this section we
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Laser focus position
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Figure 4.8: Reconstructed beam amplitudes for four harmonics ranging from 35.7 nm
(29th harmonic) to 45 nm (23rd harmonic) at the curved multilayer mirror plane for
various laser focus positions with respect to the gas medium. Positive (negative) laser
focus positions means that the laser focus is downstream (upstream) of the gas jet
position. a) Reconstructed beams from experimental data, b) modelled beams. Scale
bars are equal to 3 mm.

repeat the simulation of generation and numerical propagation of HHG beams
for a drive beam with perfect circular symmetry and without aberrations.

In order to be consistent with other parameters, such as drive beam size at the
(varying) generation plane, we simulate the drive beam in the same way as we
did to generate the modelled results of Figs. 4.2, 4.8 and 4.9. We started with the
reconstructed IR Gaussian wavefront from the fundamental ptychography recon-
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Figure 4.9: Reconstructed beam amplitudes at curved multilayer mirror plane for
varying tilts of the focusing lens of the drive laser. a) Reconstructed beams from exper-
imental data, b) modelled beams. In a) the reconstructed beam at 45 nm wavelength
and θopt + 1.42◦ tilt angle is missing because the reconstruction was not trustworthy
due to low signal within the beam profile. Scale bars are equal to 3 mm.

struction, which we propagated numerically to the lens plane. At the lens plane
we fitted a circularly symmetric Gaussian profile to the beam intensity, removed
the existing phase and added manually a quadratic phase that corresponds to an
ideal lens with focal length equal to 30 cm.

The results of the far-field HHG beam amplitudes for varying drive laser focus
positions is shown in Fig. 4.10 for the 27th harmonic (38.3 nm) as an example.
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Laser focus position
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Figure 4.10: Modelled beam amplitudes for the 27th harmonic (38.3 nm) at the curved
multilayer mirror plane for various laser focus positions with respect to the gas medium.
The drive beam is simulated with an ideal circularly symmetric intensity profile and a
non-aberrated phase. Here we consider only short trajectory contributions. Scale bar
is equal to 3 mm.

The intensity profiles for different harmonics in the examined range of harmonic
orders (23-29) are slightly different but exhibit the same trend. We observe
a single ring in the far field, with a varying thickness for different laser focus
positions. These results are in good agreement with other reported theoretical
results [94]. Therefore, we can conclude that the appearance of the multiple rings
is due to the specific drive beam properties.

4.5.3 Simulated long trajectory contributions

To complement the analysis of the modelled high harmonic wavefronts, we present
the simulated wavefronts that would correspond to the long trajectory con-
tributions. As mentioned in the main text, we use the single atom response
(SAR)[91, 92] model that gives the following expressions for the amplitude A
and the phase Φ of each high harmonic q in the plateau region for the long
trajectories:

Aq(x, y) = Af (x, y)
p

Φq(x, y) = qϕ(x, y) + Φl,q(x, y)

Φl,q(x, y) = αlI(x, y) +
γl

I(x, y)
(qω − Ωp)

2 + const.

The values of the constant factors are adjusted from [92] for a drive laser
wavelength equal to 1030 nm, αl = −5.08 × 10−13 W−1cm2, γl = −0.685 ×
10−18 s2Wcm−2. The drive beam parameters and identical to the ones used
in the main text to calculate the short trajectory contributions (pulse energy
E ≈1.3 mJ, and pulse duration ∆t = 45 fs). Example for the 27th harmonic
(38.3 nm) of the complex-valued beam profile at the gas jet plane for varying
drive laser focus position is shown at Fig. 4.11. All harmonics in the examined
range of harmonic orders 23-29 have a similar behavior. We observe a very strong
quadratic behaviour for the phase in radial direction, which we have verified that
is caused by the term αlI(x, y). Upon propagation to the far field, this beam
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Laser focus position
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Figure 4.11: Modelled long trajectory contributions of the 27th harmonic (38.3 nm) at
the generation plane, for various laser focus positions with respect to the gas medium.
Scale bar is equal to 50 µm.

does not remain well-defined and we cannot detect it.

4.5.4 Propagation of HHG OAM beams

Diagonal cross-sections of propagation plots

Ptychographic reconstruction of the complex fields of individual harmonics en-
ables numerical propagation of the beams. In the main text we have shown
horizontal and vertical cross-sections of the numerical propagation for the recon-
structed and astigmatism-corrected HHG wavefronts. However, since the studied
beams exhibit strong asymmetries azimuthally, we also show diagonal cuts for a
more complete view of the beam propagation behavior in Fig. 4.12.

Effect of dipole phase on rim thickness

From overlapping propagation plots of HHG beams for different laser focus posi-
tions, we observed in the main text that there is a local peak in the rim thickness
of which the position varies with respect to the focal plane. From the simulations
we could confirm that this peak is located at the generation plane. Figure 4.13a)
shows the effect of the dipole phase on the rim for the 27th harmonic (38.3 nm),
where we observe a subtle, but observable effect of the dipole phase. Specifically,
we notice that the falling edge of that local maximum in the rim shifts slightly
downstream. This finding supports our explanation in the main text that the
dipole phase, which has a profile inversely proportional to the drive laser inten-
sity, creates local divergent wavefronts that lead to expansion of the rim. This
tendency to expand is eventually counteracted by an opposite effect caused by the
fact that the present LG modes in the beam move out of phase upon propagation.
The results shown in Fig. 4.13a), as well as in the main text, are averaged plots
over all azimuthal angles. Due to asymmetries in the HHG OAM beam profiles,
both diameter and rim can vary for different azimuthal angles. For completeness,
in Figs. 4.13b) and 4.13c) we show standard deviation plots for the diameter and
rim respectively, of the results of Fig. 4.13a). We observe that the standard de-
viation is always considerable smaller than the mean value for all datasets and
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Figure 4.12: Propagation of harmonic beams along the focal plane after refocusing.
a,b) Cross sections along different cuts (horizontal, vertical and diagonal) for a) the
reconstructed wavefronts from the PWFS measurement, b) the astigmatism-corrected
beams at the curved multilayer mirror plane which are subsequently forward propagated
around the focus.

propagation positions.

Propagation of astigmatic HHG OAM beams

In the main text we show overlapped in-plane plots of HHG OAM beams for
different drive laser astigmatism levels. In Fig. 4.14 we separate the three color
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Figure 4.13: Experimental and model results for the variation of diameter and rim
for the 27th harmonic (38.3 nm), with comparison of the model with and without the
dipole phase contribution.

channels, so that it is clear how the 27th harmonic (38.3 nm) beam looks for
different laser astigmatism conditions, as it propagates through the focus.

4.5.5 Calculation of OAM modal content

The OAM modal content of an OAM beam can be determined either by a
Laguerre-Gaussian (LG) decomposition of the beam or by performing 1D az-
imuthal Fourier Transform (FT) along the beam. In the analysis presented in
the main text, we used LG decomposition as the experimental beams were not
perfectly circular and an azimuthal FT would potentially not be accurate. How-
ever, for a circular beam, which occurred when we minimized the drive laser
astigmatism, the results from LG decomposition and FT are quite similar, as
shown in Fig. 4.15. We have performed azimuthal FT along 5 rings with varying
radius, in a range where the beam intensity is significant and present the results
in Fig. 4.15c). The results are in very close agreement with the LG decomposition
results shown in Fig. 4.6a) for the same beam, which corresponds to laser focus
position equal to -1.5 mm.
Furthermore, in Fig. 4.15b) we show the complete LG decomposition of the

same beam, with coefficients for all radial and azimuthal modes. We observe
that there is a dominant LG mode with zero radial nodes, but higher radial
modes are also present. Assuming the LG coefficients are preserved over their
propagation from the gas jet to the far field, the presence of many radial modes
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Figure 4.14: Decomposition of the overlapped beam plots of Fig. 4.5c-g) of the main
text into separate color channels. Note that the θopt + 1.42◦ results are shown in a
reduced dynamic range for better visibility. The scale bar is equal to 30 µm.

with a dominant zeroth order radial mode explains why the rim exhibits the
behavior shown in Fig. 4.13a).

4.5.6 Synthesis of attosecond pulse trains from
ptychographic reconstructions

In this analysis we are interested in studying how the generation conditions affect
the generated attosecond pulse, thus we remove all known effects of the multilayer
mirrors, namely the shaping of the spectral weights and the astigmatism induced
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Figure 4.15: Orbital angular momemtum (OAM) modal content of the 27th harmonic
(38.3 nm) for drive laser focus position equal to -1.5 mm. a) beam amplitude and
phase, b) complete cmn LG modal decomposition into azimuthal and radial modes, c)
calculated OAM content via azimuthal Fourier Transform on varying radii. The scale
bar in a) is equal to 3 mm.

by the spherical multilayer mirror.

The ptychographic reconstruction algorithm treats the wavefronts as indepen-
dent incoherent modes and is insensitive to the relative phase between the har-
monic beams. Therefore, we can only assume phase coherence between the har-
monics, and numerically fix the phase of all harmonic beams at a manually se-
lected bright part of the polychromatic beam at time t = 0. This assumption
ensures that all harmonics constructively interfere to create one of the two he-
lices. The resulting spatial and temporal intensity profiles are shown for different
laser focus positions in Fig. 4.16a), and for different amounts of astigmatism in
Fig. 4.16b). We also show examples of the temporal evolution of the attosec-
ond pulse train over an extended period of 6 fs for laser focus position equal
to +1.36 mm (Fig. 4.16a)) and drive laser astigmatism from lens tilt equal to
θopt + 0.65◦ (Fig. 4.16b)). Here we have assumed that we have a periodic signal
with a slight amplitude modulation that follows the Gaussian temporal shape of
the drive laser. From the comparisons between different generation conditions,
we observe that the generation conditions only have limited effect on the tem-
poral shape of the attosecond pulse train, although the broadened OAM modal
content of the harmonic wavefronts lead to pre- and post-pulses that are sensitive
to the laser focus position.

However, the spatial properties of the pulse train are more significantly affected
by the generation conditions. From the spatial properties of the pulse at t = 0
we can distinguish the manually fixed bright spot, which is located either at
the top right part or at the bottom right part of the beams. Interestingly, at
the opposite side of the ring, the second helix appears weaker, which indicates
that matching the phases for the one helix does not ensure perfectly constructive
interference at the second helix in the presence of aberrations in the harmonic
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Figure 4.16: Comparison of attosecond pulse trains for a) different drive laser focus
positions, and b) different drive laser astigmatism levels, expressed as lens tilt positions
of the focusing lens to the gas jet. Top: spatial intensity profiles at time t = 0, bottom:
Temporal evolution of the high-harmonic signal for a) laser focus position +1.36 mm
and b) lens tilt position θopt + 0.65◦. The colored planes indicate the t = 0 plane. The
insets show the comparison of the temporal evolution at a specific point in space with
high intensity at t = 0, as indicated with the solid gray line in the 3D plots. Scale bar
is shared among all spatial intensity profile figures and is equal to 20 µm.

wavefronts. Instead, there are secondary bright parts spread at various azimuthal
angles, which appear as pre- and post-pulses in the temporal plots of Fig. 4.16.
Finally, in Fig. 4.16b) we notice that the astigmatism of the drive laser leads to
either clockwise or counterclockwise shift of the second helix compared to the
stigmatic case, depending on the positive or negative tilt angle of the focusing
lens. These results give an indication of the possible spatiotemporal structure
of the attosecond pulse train that can be synthesized with the experimentally
observed harmonic fields.
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Chapter 5
Illumination diversity in
multi-wavelength extreme
ultraviolet ptychography

With the development of high harmonic generation (HHG), lensless extreme-
ultraviolet (XUV) imaging at nanoscale resolution has become possible with table-
top systems. Specifically, ptychographic phase retrieval using monochromatic
XUV illumination exhibits extraordinary robustness and accuracy to computa-
tionally reconstruct both the object and the beam profile. In ptychography, us-
ing structured illumination has been shown to improve reconstruction robustness
and image resolution by enhancing high-spatial-frequency diffraction. However,
broadband imaging has remained challenging, as the required multi-wavelength al-
gorithms become increasingly demanding. One major aspect is the ability to sep-
arate the available information into different physically meaningful states, such
as different spectral components. Here we show that introducing spatial diversity
between spectral components of a HHG beam can significantly improve the recon-
struction quality in multi-wavelength XUV ptychography. We quantify the diver-
sity in the polychromatic illumination by analyzing the diffraction patterns using
established geometry- and information theory-based dissimilarity metrics. We ex-
perimentally verify the major influence of diversity by comparing ptychography
measurements using HHG beams with Gaussian and binary structured profiles,
as well as with beams carrying wavelength-dependent orbital angular momentum.
Our results demonstrate how structured illumination separates the spectral infor-
mation in a single diffraction pattern while providing maximized added informa-
tion with every new scan position. We anticipate our work to be a starting point
for high-fidelity polychromatic imaging of next-generation nanostructured devices
at XUV and soft-X-ray wavelengths.

The content of this chapter has been published as: Antonios Pelekanidis, Fengling Zhang,
Matthias Gouder, Jacob Seifert, Mengqi Du, Kjeld S. E. Eikema, and Stefan Witte, Illumi-
nation diversity in multiwavelength extreme ultraviolet ptychography, Photonics Research
12(12), 2757–2771 (2024).
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5.1 Introduction

Advances in diffraction-based imaging technology [195, 196] have pushed the
achievable resolution well beyond the capabilities of conventional microscopes.
In particular, coherent diffraction lensless imaging (CDI) in the extreme ultravi-
olet (XUV) regime has become an active research area. The short wavelengths in
the XUV region give a better diffraction-limited resolution [3] compared to vis-
ible or infrared light, while it is still possible to generate coherent light at these
wavelengths with tabletop sources via high harmonic generation (HHG) from a
near-infrared (NIR) driving laser [81, 131, 183–185, 197]. One specific technique
for CDI is ptychography, in which the object is translated laterally to the source
and a series of correlated diffraction patterns are captured [23, 24]. The recon-
struction algorithm can then computationally retrieve the missing phase of the
measured diffraction patterns and reconstruct complex-valued expressions for the
object and the illumination source. Ptychography has been investigated exten-
sively in the XUV [31, 32, 34, 35, 38–40, 63, 111, 198, 199] and X-ray ranges
[28, 62, 200, 201], and has been proven to be a robust method to image both
the object and the illumination, called probe hereafter, in principle without the
necessity for support constraints or other prior knowledge.

In HHG a number of high harmonics of the driving laser field are generated.
This large bandwidth in principle allows for broadband imaging, which can reveal
element-specific information of a sample due to the material-specific transmission
windows in the XUV spectral range [202]. However, the polychromatic beam
lacks the necessary longitudinal coherence for diffraction-based methods such
as ptychography. In many recent works, coherence is achieved by spectrally
filtering the HHG beam and selecting a single harmonic [35, 38, 39, 198], which
is effective for single-wavelength object reconstruction, but removes the ability
for spectroscopic imaging. Retrieving full spectral information from broadband
diffraction can be achieved through two-pulse Fourier-transform methods [18, 21],
but the need for two coherent sources and the required temporal scanning make
this concept challenging to combine with ptychography. A more efficient and
flexible approach is multi-wavelength ptychography [31, 34, 44, 63, 201, 203, 204].
In multi-wavelength ptychography, the probe and object are typically modeled
as a set of incoherent modes, similar to the mixed states approach for partially
coherent beams [43], with each mode corresponding to a different wavelength.
However, due to the presence and the necessity to reconstruct complex-valued
expressions for all probe and object modes, the demands on the reconstruction
algorithm become increasingly challenging.

Experience from earlier works has shown that structured illumination improves
the reconstruction quality and algorithm convergence [35, 50, 70–72, 76, 205, 206].
A structured beam provides higher illumination NA and reduces the dynamic
range of the diffraction pattern, which leads to more efficient use of the full chip of
the camera. For ptychography with HHG beams, structure can be accomplished
either by structuring directly the XUV beam with the use of a mask [35, 62, 72]
or a phase-shifting diffuser in the beamline [75] or indirectly by structuring the
driving laser beam, which transfers amplitude and phase properties to the high
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harmonics [91, 173]. A specific example of such phase transfer is the upconversion
of beams carrying orbital angular momentum (OAM) [95, 167, 169, 171, 172, 177–
181], for which it was shown that the qth harmonic of a driving beam with OAM
l1 will have an OAM of lq ≈ q · l1, with the exact OAM depending on the funda-
mental beam properties [167, 179]. Wang et al. [69] showed that ptychography
on periodic structures can be improved significantly by using an XUV beam with
nonzero OAM, as its large intrinsic divergence leads to overlapping diffraction
orders in the far field.

In addition to the amount of structure in individual diffraction patterns, a key
aspect of ptychography is the diversity between scan positions. Similarly, multi-
mode ptychography can be expected to benefit in situations where the diffraction
resulting from different modes is clearly distinct. Especially when such modes are
well-defined physical states, such as different wavelengths, it should be possible
to engineer the illumination such that the resulting diffraction data can be more
accurately processed by multimode ptychography algorithms.

In this paper we investigate and experimentally demonstrate the improvement
in ptychographic multi-wavelength reconstructions with directly and indirectly
structured HHG probe beams compared to smooth Gaussian beams. To system-
atically explore the suitability of a probe for a given object and experimental
ptychographic setup, we introduce the concept of diversity in the diffraction pat-
terns and use dissimilarity metrics [207] to characterize our probes. We observe
a strong correlation between these diversity metrics and the achieved image re-
construction quality. Based on these observations, we conclude that analyzing
and optimizing diversity between wavelengths (or other modes) is an important
aspect in the design of any multimode ptychography experiment.

5.2 Diversity considerations

In multi-wavelength ptychography the reconstruction algorithms are usually
based on ptychographical information multiplexing (PIM) [44], which models
measured polychromatic diffraction data as an incoherent sum of individual
monochromatic diffraction patterns. For objects with grating-like structures,
probe modes corresponding to different wavelengths have distinct diffraction an-
gles and illuminate different areas of the detector [63, 151], which facilitates the
reconstruction algorithm to identify the monochromatic components of the poly-
chromatic diffraction pattern. However, for general imaging purposes, objects
with arbitrary features do not guarantee spectral diversity. This creates a chal-
lenge for the reconstruction algorithm to reliably converge and accurately recon-
struct all probe and object modes. Here we explore the influence of illumination
diversity on successful ptychographic reconstructions.

The concept of diversity enhancement is illustrated in Fig. 5.1. We consider a
binary object illuminated by an XUV beam consisting of the 27th and the 29th

harmonic of a 1030 nm wavelength drive laser, with either low or high diversity.
The two harmonic beams are assumed to have equal photon flux for both di-
versity cases. As a low-diversity beam we assume a flat wavefront with top-hat
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intensity distribution for both wavelengths (Fig. 5.1a)), while for high diversity
we consider a beam with similar intensity profiles but having an OAM phase
proportional to the harmonic order (Fig. 5.1b)). We model the propagation of
the two-color beams from the sample plane to a camera plane that is placed in
the far field. Figures 5.1c) and 5.1d) show images of the difference between the
two wavelength components in the far-field diffraction patterns for the flat and
OAM beam respectively in a saturated dynamic range in order to highlight the
differences. It is clear that the diversity introduced by the wavelength-dependent
OAM phase leads to strongly enhanced differences in diffraction between the
modes.

Figure 5.1: Spectral diversity in diffraction. (a, b) A binary object is illuminated
by a beam containing the 27th and 29th harmonics (at 38.4 nm and 35.7 nm wave-
length), either with (a) a flat intensity and phase or (b) with order-dependent OAM.
(c, d) Difference of the monochromatic diffraction patterns between the two wavelengths
(I35.7nm − I38.4nm) for (c) flat and (d) OAM beam illumination. The dynamic range of
the camera is set to ≈20-bit and 15-bit for the flat beam and OAM beam respectively
such that the number of photons in the incoherent sum of the monochromatic diffrac-
tion patterns is equal to 2.27× 108 photons in both cases.

The diversity in diffraction patterns can be quantified using various dissimilar-
ity metrics [207], such as the L1 norm, the L2 norm, the cosine metric and the
Jensen-Shannon divergence (JSD). The former three metrics treat the N × N -
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sized diffraction patterns as one-dimensional vectors with size equal to N2 and
calculate the distance or angle between the vectors. JSD is a metric borrowed
from information theory that compares two or more probability density functions
(PDFs). To evaluate the JSD we treat each diffraction pattern as the PDF of
the diffracted beam over all detector pixels. The mathematical expressions for
these metrics are:

Dp−norm =

(∑
x,y |I1(x, y)− I2(x, y)|p

)1/p

maxk∈[1,2,...,K]

(∑
x,y

(
Ik(x, y)

)p)1/p
(5.1)
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∑
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Ij

)
−
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where p = 1 or p = 2 for calculating the diversity according to L1 or L2 norm
respectively, K is the number of scan positions, I is the diffraction pattern for
a scan position and S

(
I(x, y)

)
=

∑
x,y I(x, y)logI(x, y), with logα the natural

logarithm of α, is the spatial entropy functional as defined in [34]. The cosine
metric and JSD are bounded metrics with 0 ≤ Dcosine ≤ 1 and 0 ≤ DJSD ≤ log2.
The L1 norm and L2 norm are instead unbounded metrics and the absolute
values of distances give practically no information about the similarity of two
diffraction patterns, as they depend on the dynamic range that is assumed for
the calculation of the norms. For this reason, we use a relative L1 norm and L2
norm metric, which are normalized with respect to the largest magnitude in the
diffraction pattern series. The relative norms, albeit still unbounded, give more
insight about the similarity of two diffraction patterns. Using these metrics,
we can compare pairs of monochromatic diffraction patterns at a single scan
position and calculate the spectral diversity. Similarly, we can compare pairs of
polychromatic diffraction patterns that correspond to two adjacent scan positions
in the ptychographic measurement and compute their scanning diversity.

Scanning diversity, where each additional scan position contributes new infor-
mation to the ptychographic reconstruction algorithm, is highly beneficial. This
is because the robustness of ptychography relies on the aggregated information
from diffraction patterns recorded at partially overlapping areas of the object.
With HHG beams it is challenging to isolate the effects of spectral and scanning
diversity in an experiment, and to tune the amount of diversity in a continu-
ous way. To get more insight in the diversity provided by structuring the HHG
beam, and the subsequent improvement in the ptychographic reconstructions, we
performed a series of numerical simulations. In these simulations we consider an
object that is illuminated by a monochromatic Gaussian-shaped probe beam with
increasing divergence, keeping all other relevant parameters constant (beam size:
30.5 µm; scanning pattern: concentric, 200 scan positions; overlap: 87%; photon
flux of probe: 8.4×108 photons; distance between object and detector: 105mm;
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Figure 5.2: Scanning diversity and reconstruction quality of simulated datasets. a)
Logarithmic scale diffraction patterns are shown for beams with radii of curvature
R = ∞, R = 7.5mm, and R = 4.2mm, all illuminating the center of the object at scan
position 0. b) Three monochromatic probes at 38.25 nm wavelength with increasing
quadratic phase and identical Gaussian intensity profile (30.5 µm 1/e2 diameter). c)
Diversity metrics D1norm, D2norm, cosine and JSD by comparing diffraction patterns
between adjacent scan positions for a scan grid with the first 20 scan points, as a
function of the quadratic phase of the probe. d) The example FRC by comparing
independent reconstructions within the datasets of three monochromatic probes. The
intersection of FRC curves and one-bit threshold line determines the object resolution.
e) Reconstruction quality calculated from the FRC as a function of the quadratic phase
of the probe. The colored dots are extracted from d).

probe wavelength: 38.25 nm; noise statistics: mixture of Poisson and Gaussian
N (0, 50).) Probe divergence can be considered as a simple, continuously tun-
able version of spatial beam structure, resulting in similar diversity variation as
observed for the binary masks and OAM beams that we study experimentally
(see below). Since the actual object is known, the quality of ptychographic recon-
struction can be calculated with the Fourier ring correlation (FRC) for the object
[208]. The object used in simulation is shown in Fig. 5.1. The examples of probes
with increasing quadratic phase and the corresponding diffraction patterns are
given in Figs. 5.2a-b).

The magnitudes of the various diversity metrics as a function of beam diver-

94



5.3. Results

gence are shown in Fig. 5.2c). The diversity is calculated by comparing diffraction
patterns from adjacent scan positions. We observe that all diversity metrics ex-
hibit a similar trend with slight variations: the lowest diversity occurs when the
object is illuminated by a flat wavefront, while diversity stabilizes after a certain
degree of curvature is added to the beam phase. For each probe curvature, we
performed independent ptychography reconstructions, with the achieved object
resolution determined using FRC. As examples, Fig. 5.2d) shows the FRC re-
sults of three beams with increasing quadratic phase, demonstrating that the
achieved resolution improves as beam divergence increases. Figure. 5.2e) sum-
marizes the achieved object resolution. As beam divergence increases, diversity
between the diffraction patterns also improves. Consequently, the aggregated in-
formation from diffraction patterns recorded during each scan position increased.
Therefore, we attribute the better reconstructions obtained with more divergent
beams to the higher scanning diversity they provide.

5.3 Results

5.3.1 Experiment design

To test the use of diversity metrics in ptychography, we designed a series of
experiments in which we perform multi-wavelength ptychography in the extreme-
ultraviolet wavelength range, while introducing varying degrees of diversity both
between the different wavelength components and scan positions. We use HHG
as the illumination source, as it naturally provides coherent XUV radiation at
multiple wavelengths in parallel. The concept extends to other broadband XUV
sources such as pink beam synchrotrons and free-electron lasers. To control the
amount of diversity, we use two ways to structure the illumination beams, as
schematically indicated in Fig. 5.3. The first approach is the introduction of a
binary mask in the HHG beam just before the imaging target. This mask leads
to a finely structured beam at the object location, thus increasing the scanning
diversity. In addition, the diffraction from the mask leads to increased spectral
diversity at the object location as well. The second approach is to structure
the HHG radiation by shaping the fundamental laser beam. Here we use the
property of the HHG process that OAM is upconverted in an order-dependent
way, which naturally leads to a large spectral diversity at the object location
while maintaining efficient HHG. The rapid angular phase profiles of these OAM
beams also result in a high scanning diversity. With these different HHG beams,
we perform ptychography scans on a resolution test chart. The resulting data
is reconstructed using our PIE-based algorithm [110] and analyzed to determine
the link between diversity and image reconstruction quality.

5.3.2 Experimental setup

The experimental setup is shown in Fig. 5.3a). A NIR laser is focused in an argon
gas jet to generate high harmonics. Detailed information about the HHG source
is given in Appendix 5.6.1. Before the focusing lens we can insert a spiral phase
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Figure 5.3: Experimental setup. (a) The driving NIR laser is focused by a f =
300mm focal length lens into an argon gas jet. An Al filter blocks the fundamental
and the high harmonics are refocused by a pair of broadband multilayer mirrors onto
the sample. A CCD camera is placed approximately 10 cm from the focal plane. (b,
c) Intensity profile of the driving laser at the gas jet plane for generating (b) Gaussian
and (c) OAM XUV beams. (d-f) Polychromatic beam intensities for (d) Gaussian,
(e) vortex, and (f) structured beam, computed upstream from the sample plane at
distances 8.1mm, 6mm, and 1.625mm (mask plane), respectively. (g) Measured and
reconstructed spectrum of the XUV radiation after the mirrors, plotted along with the
reflectivity curve of the XUV mirrors. (h) Scanning electron microscope image of the
imaging target. (i-k) Polychromatic diffraction patterns from illumination of the central
part of the object with (i) Gaussian, (j) vortex, (k) structured beam.

plate (Vortex Photonics V-1064-20-1 [209]) in the beamline to generate a vortex
fundamental beam with OAM equal to 1.

Behind the gas jet, a 200 nm aluminum membrane filters out the fundamental
beam and the high harmonics are directed and focused by a pair of plane and
curved (ROC=500mm) multilayer mirrors onto the sample. A secondary sample
stage is placed at 1.62mm distance in front of the sample plane, allowing us to
place a binary beam-structuring mask or a circular aperture with 50 µm diameter.
The binary mask consists of a set of 2 µm holes oriented in a slightly distorted
periodic grid separated by an average distance of 5µm. The 50 µm aperture acts
as a spatial filter for the XUV Gaussian beam and minimizes the leakage of the
fundamental beam on the camera, while no mask or aperture is used for the vortex
beam measurements. As the Gaussian beam at the focus is smaller compared to
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the structured beams, the measurement with the Gaussian probe is performed
with the sample placed 4mm behind the focus, where the beam has expanded to
a comparable size with respect to the focused vortex or mask-structured beam.

The imaging object is a home-built USAF-1951 resolution target with printed
logos of VU and ARCNL at the center of the target (Fig. 5.3h)). It is oriented in
a 45-degree configuration so that the diffraction of the bars is along the diagonal
of the camera, where the detection NA is maximized. A typical multi-spectral
HHG diffraction pattern corresponding to illumination of the central area of
the sample is shown in Figs. 5.3i-k) for the three considered beams (Gaussian,
vortex, structured), assuming equal photon budgets for the three beams. From
the individual polychromatic diffraction patterns it can be seen that the vortex
beam leads to the highest NA data, as the diffraction pattern has spread to
higher angles on the detector. However, we expect that the overall reconstruction
quality is not merely a function of the effective NA, but it will be described more
completely by the spectral and scanning diversity metrics.

Figure 5.3g) shows the XUV spectrum, measured from the diffraction of the
HHG beam through a transmission grating with 500 nm pitch (solid line) and
compared with the spectral weights of the reconstructed probes shown in the
next section. The Gaussian-shaped envelope of the spectrum has been formed
by the efficiency of the XUV mirrors (dashed line in Fig. 5.3g)) that favour the
reflection of the 27th harmonic (38.3 nm), while harmonics 25 and 29 have about
three times lower first-order diffraction signal on the camera, and harmonics 23
and 31 have about ten percent of the signal strength of the brightest harmonic.

5.3.3 Ptychographic imaging with different probes

In order to have a fair comparison for the reconstruction quality of ptychographic
imaging experiments with different beam types, it is important that other experi-
mental settings, such as sample to camera distance, illumination overlap between
adjacent scan positions and probe energy are identical. However, in practice the
distance between object and camera is slightly different for measurements with
different beam types, and varies between 104.8mm and 108mm to achieve a de-
sired beam size at the sample plane. The variation in the distance leads to a 3%
variation of the achievable diffraction-limited resolution. Moreover, in order to
maximize the captured information from each ptychography scan, we aimed for
the utilization of the full dynamic range of the camera via adjusting exposure
times and preamplification gain of the camera. This strategy inevitably leads to
unequal photon budget of the diffraction patterns for different beam types, as
smooth beams more readily saturate the zeroth order diffraction at the center
of the camera. A possible solution to this issue would be high dynamic range
exposures [30, 31, 69, 199] during the measurement of the Gaussian beam, which
however significantly increases measurement time, and increases long-term drift
and stability requirements.

The ptychographic datasets for the Gaussian and vortex beams consist of 218
scan positions in a concentric scan grid with 6 µm step size and 104 µm field of
view. For the structured beam we used a scan grid with smaller step size (2.45 µm)
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and field of view (44µm) due to an underestimation of the probe size. Due to
the irregular intensity profile of the non-smooth beam types, characterization of
the overlap with a linear overlap factor 1 − step size

beam diameter [41] is not accurate.
Therefore, we have defined the overlap as the two-dimensional average cross-
correlation of a binarized version of the polychromatic beam with a translated
version of itself to an adjacent scan position. According to this definition, the
overlap is equal to 74% with a standard deviation of 5.8% for the Gaussian beam,
68% with a standard deviation of 8.3% for the vortex beam and 88.6% with a
standard deviation 10% for the structured beam.

Figure 5.4: Reconstruction results from ptychographic measurements for (a) Gaus-
sian, (b) vortex, (c) structured probes. Right: amplitude of reconstructed objects; top
left: zoomed-in areas of the object; bottom left: dominant modes of the reconstructed
probes of the five brightest harmonics. Scale bars in all figures correspond to 20 µm.

Figure 5.4 shows the reconstruction results from the ptychography measure-
ments with the three different beam types. These results were obtained using two
incoherent probe modes for each wavelength, similar to [40], in order to account
for decoherence and other sources of noise in the forward model [35, 40]. To
reduce the complexity of the problem, we constrained the object to look identi-
cal for all wavelengths, given that we use a binary, non-dispersive object. More
details on the PIE-based reconstruction algorithm and the reconstruction results
are given in Appendices 5.6.2 and 5.6.3 respectively. The reconstruction quality
of the object upon vortex and structured beam illumination is clearly better than
for Gaussian beam illumination, with fewer artifacts and sharper edges. Since
the reconstructions give complex-valued expressions for the both the object and
the probe, the object has been numerically propagated to remove a defocus term
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that is caused by calibration errors of the wavelengths or the sample to camera
distance.
In Fig. 5.4 we also show reconstructions for the dominant mode of the five

brightest probes that range from 33.4 nm to 45 nm. The vortex probes are
elongated due to the presence of astigmatism, as is explained in more detail
in Appendix 5.6.1. For all beam shapes, the spectral weights reconstructed from
ptychography are consistent with the grating measurement (Fig. 5.3g)). Small
variations are apparent, as the ptychography scan effectively measures the av-
erage diffracted radiation flux from the object across the scanned area for all
wavelength components. The resulting spectrum may differ from the grating
measurement that was acquired by only sampling part of the Gaussian beam.
For the smooth beam, the wavefronts of the weaker harmonics have more arti-
facts and are less trustworthy compared to the weak harmonics of the structured
and vortex beam.
The significant difference in the quality of the reconstruction for the smooth

beam can be attributed either to the smaller photon budget on the camera or
the lower illumination diversity, likely to the combination of the two factors.

5.3.4 Simulations with reconstructed probes under
comparable experimental conditions

To determine the cause of the difference in imaging performance and exclude the
potential influence of experimental conditions, we set up simulations using the
actual reconstructed probes and the SEM image of the object. In this simulation
we ensured identical parameters such as object to camera distance z = 106.8mm,
spectral weights, overlap OV=90% and probe energy. Specifically, the probe
energy was normalized such that the dataset with the vortex beams would have
a 15-bit dynamic range. A combination of Poisson noise and Gaussian noise with
standard deviation σ = 40 counts was added to the ptychograms.
The object and probe reconstructions of the synthetic ptychographic data

are shown in Fig. 5.5. The improved imaging results with non-smooth beams
(Figs. 5.5e,f,i,j)) compared to results with smooth beams (Figs. 5.5a,b)) remain
clear, with similar trends as in Fig. 5.4. Note that there are slight discrepancies
between the probes in Figs. 5.4 and 5.5, because the synthetic data were generated
based on single-mode reconstructed beams, since no instability or decoherence
effects were considered during the simulation. The assumption of perfectly coher-
ent harmonic probes does not influence the hypothesis that is examined during
this simulation, of how diversity caused by a structured beam can enhance the
reconstructed image quality.
The achieved object resolution is determined using FRC between the true sim-

ulated object and one object reconstruction per probe beam and is shown in
Figs. 5.4d,h,l). The resolution using the one-bit criterion is equal to 400 nm
for the vortex beam, 1251 nm for the Gaussian beam and 414 nm for the struc-
tured beam. For the current experimental parameters, the highest achievable,
diffraction-limited, resolution is 129 nm, assuming the shortest contributing wave-
length component is 33.4 nm.
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Figure 5.5: Reconstruction results from synthetic ptychographic datasets with (a-d)
Gaussian, (e-h) vortex, (i-l) structured probes. (a,e,i) Amplitude of the reconstructed
object. (b,f,j) Zoomed-in area of the object group 9/elements 5 and 6. (c,g,k) Probe
reconstructions of the five brightest harmonics. (d,h,l) FRC computed by comparing
object reconstructions with true object. Scale bars in all figures correspond to 20 µm.

5.3.5 Characterization of probe diversity

To compare the spectral and scanning diversity for the different beam types,
we calculate spectrally resolved diffraction patterns at the detector plane. The
probes, object and scan grid are identical to what we used in the simulations
presented in Section 5.3.4, so that we can correlate the diversity metrics to the
reconstruction results in Fig. 5.5. Moreover, the diversity metrics are calculated
based on stable and coherent harmonic beams, without any long-term drifts.
The diversity is calculated according to the dissimilarity metrics presented in

Section 5.2, and the results are shown in Fig. 5.6. The diffraction patterns used
as input to Eqs. (5.1,5.2) for the calculation of diversity according to L1 norm,
L2 norm, and the cosine metric were normalized with respect to the maximum
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pixel value over the full dataset (maxx,y,kIk(x, y) = 1). We selected this nor-
malization approach as it conserves relative intensity differences among different
patterns, which contains relevant information that influences ptychography al-
gorithm performance. On the other hand, for the diversity metric according to
JSD (Eq. (5.3)), each diffraction pattern was normalized independently such that∑

x,y Ik(x, y) = 1, ∀k, in accordance with the original definition of entropy from
information theory. Different normalization strategies can be chosen: diversity
results for different cases are given in Appendix 5.6.4 (Figs. 5.9, 5.10), which
show different absolute values but very similar trends.

As shown by the calculated diversity metrics in Fig. 5.6, the vortex beam leads
to the largest scanning diversity and spectral diversity, while the structured beam
follows closely with high diversity values, especially according to cosine metric
and JSD. These results are in close agreement with the reconstruction results of
Fig. 5.5, where the vortex and structured beams were shown to lead to better
object reconstructions than the Gaussian beam. Out of the four different metrics,
both the JSD and cosine metrics reflect this difference in ptychography perfor-
mance, showing significantly higher diversity values for the vortex and structured
beams in a way that correlates with the image reconstruction quality. In com-
parison, the L1- and L2-norms are less clear, showing both larger variance and
smaller differences between the beams.

Figure 5.6: Diversity metrics for different probe beam structures. (a) scanning di-
versity of polychromatic diffraction patterns, (b) spectral diversity between diffraction
patterns at wavelengths of 35.6 nm and 38.3 nm, (c) spectral diversity between diffrac-
tion patterns at wavelengths of 38.3 nm and 41.4 nm. The solid lines indicate the mean
values of comparing adjacent scan positions (for scanning diversity) or wavelengths (for
spectral diversity) over the whole diffraction patterns series, while the shaded areas
have a width of one standard deviation.

5.3.6 Fisher information analysis

To further analyze the influence of structured illumination on the ptychographic
reconstruction quality, we compare the Fisher information for the three previ-
ously described and experimentally reconstructed probes: Gaussian, vortex, and
structured beam. The Fisher information quantifies the amount of information
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a measured diffraction pattern contains about an unknown parameter θ, thereby
setting a lower bound on the achievable precision in estimating that parameter
(the Cramér-Rao lower bound). Given the observed improvement in ptycho-
graphic reconstruction quality with increased illumination diversity, it is worth
investigating whether this improvement is accompanied by an increase in Fisher
information. Such a finding would bolster our claim that the increased diversity
in diffraction patterns achieved through structured illumination leads to more
informative measurements, which subsequently enable better object reconstruc-
tions.

In general, the Fisher information is defined as J (θ) = E([∂θ ln p(X; θ)]
2
),

where E denotes the expectation operator with respect to noise fluctuations, and
p(X; θ) denotes a probability density function of a random variable X represent-
ing the observed data [210, 211]. The term ∂θ ln p(X; θ) represents the partial
derivative of the natural logarithm of the probability density function with re-
spect to the parameter θ. In other words, the Fisher information describes how
sensitive the measurement is to changes in θ. This sensitivity is directly related to
the concept of diversity in diffraction patterns, as a more diverse set of patterns
can be expected to contain more information about the object and its parameters.

In the case of ptychography, where the measurement noise is assumed to follow
a Poisson distribution, the Fisher information associated with the l-th diffraction
pattern for a single parameter θ can be expressed as [212]:

Jl(θ) =
∑
k

1

Ik,l

(
∂Ik,l
∂θ

)2

, (5.4)

where Ik is the expected photon count at detector pixel k, and the sum runs over
all pixels of the detector.

To explore the relationship between structured illumination and Fisher infor-
mation, we consider two types of object parameters: a dimensionless scaling fac-
tor ∆s, representing overall changes in the object’s size, and a phase shift ∆ϕ in
radians, representing changes in the object’s optical thickness. We study the same
object shape as previously used in section 5.2, but as a transparent phase object
instead of a binary amplitude object. Assuming a sample to camera distance of
z = 105mm and the same experimental design as used in our experimental setup
featuring an HHG source, we can numerically calculate the diffraction patterns
for each parameter θ using the multi-wavelength XUV probes that were recon-
structed and presented in section 5.3.3. The probe intensities are all normalized
to a total photon count of 10× 106 photons, and the object is scanned through
the beams in a concentric pattern comprised of 219 positions. Using a centered
finite difference scheme, we can then estimate the Fisher information as

Jl(θ) =
∑
l

1

Ik,l(θ) + ϵ

[
Ik,l(θ +∆θ)− Ik,l(θ −∆θ)

2∆θ

]2
, (5.5)

where ϵ = 1× 10−6 denotes a regularization parameter with the physical inter-
pretation of the expected value of additive Poissonian noise, and the step sizes
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∆θ are chosen as ∆s = 5× 10−3 for the scaling factor, and ∆ϕ = 1× 10−6 rad
for the phase shift, respectively.

Figure 5.7: Fisher information for different probe beam structures. The shape of the
violin plots describes the distribution of Fisher information per diffraction pattern (for
a total of 219 scanning positions). The Fisher information is normalized by the average
information achievable with a Gaussian probe. (a) Fisher information associated with
a parameter s that determines the overall size and scale of the phase object shown as
an inset plot. (b) Fisher information associated with the phase ϕ of the phase object
shown as an inset plot.

For both object parameters, the Fisher information is shown in Fig. 5.7 in-
dependently of each other. To assess the distribution of information across the
whole ptychography scan, we visualize the Fisher information per diffraction
pattern as violin plots and normalize them by the average information that is
achieved by Gaussian beam illumination. For the object scaling parameter s
(Fig. 5.7a)), we observe a significant increase of information using structured
illumination. Specifically, the vortex probe exhibits a total Fisher information
about 3.4 times higher than the Gaussian probe. This translates into a reduction
in the standard deviation of the estimate for this parameter by about 1.8 times,
calculated as the square root of the inverse of the Fisher information (from the
definition of the Cramr-Rao lower bound).

This finding supports our expectation that the increased diversity in the diffrac-
tion patterns leads to a higher sensitivity to changes of a parameter that is closely
linked to the faithful reconstruction of the object’s size and shape. The scaling
factor directly affects the spatial frequencies in the diffraction patterns, which
are crucial for achieving high-resolution reconstructions. Moreover, the scaling
factor is intrinsically related to experimental parameters such as the wavelength
and object-to-detector distance [46]. The enhanced sensitivity to the scaling
factor through structured illumination can therefore lead to more accurate and
precise object reconstructions, as well as improved retrieval of the experimental
geometry from the ptychographic dataset.

Interestingly, we do not observe a significant difference in the Fisher informa-
tion between structured and unstructured illumination for the phase parameter
ϕ (Fig. 5.7b)). This suggests that phase sensitivity in ptychography may depend
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on additional factors beyond beam structure, such as phase matching conditions
as discussed in Ref. [213]. It is important to note that estimating the single
parameter of the object’s phase assumes prior knowledge of its shape. This as-
sumption reduces the complexity of the ptychographic algorithm by alleviating
the need to simultaneously retrieve spatial features, which may explain the rela-
tive invariance of the achievable estimation precision to the illumination diversity
used.

5.4 Discussion

The concept of diversity metrics using diffraction patterns as a means to assess
the expected image quality in ptychography is found to work well. Both the di-
versity among scan positions and the spectral diversity in a multi-wavelength pty-
chography experiment can be characterized with such metrics. From the Fisher
information analysis, it follows that beams with high spatial and spectral diver-
sity lead to increased sensitivity to spatial properties in ptychography datasets.
As a result, ptychography with such high-diversity beams can be expected to
lead to better image reconstructions at similar photon numbers and scan times.
Although diversity metrics provide less quantitative insight than Fisher informa-
tion, they consider the overall information content between measurements rather
than the sensitivity to single parameters, which makes them well-suited in the
assessment of imaging performance. Diversity metrics based on estimated diffrac-
tion patterns can therefore provide a way to optimize illumination beam profiles
and secondary experimental parameters. From our experiments, we find that the
JSD and cosine metric show clear correlation with image quality. These metrics
have the additional advantage that they are bounded, meaning that the calcu-
lated diversity can be compared to the maximum possible diversity of a given
dataset. While this correlation is not a direct predictor of image quality, they do
allow a comparison of the expected imaging performance with different beams
and objects, giving valuable insight already in the design phase of a ptychography
experiment.

In contrast, the L1- and L2-norms show larger variations and less sensitivity to
image reconstruction quality for different beams. This is likely due to the struc-
ture of these metrics (Eq. 5.1), which are more sensitive to absolute differences
in intensity. Therefore, they are less reliable in quantifying structural changes
between different diffraction patterns, in which the information for ptychography
reconstructions is mainly contained.

Our experiments were designed in such a way that we could compare the spatial
and spectral diversity when using beams without structure, with mainly spatial
diversity induced by a binary mask, and with mainly spectral diversity through
wavelength-dependent OAM. We find that both of these structured beam ap-
proaches provide enough spectral and scanning diversity to enable object recon-
structions with improved resolution and fewer artifacts. Furthermore, individual
probe modes that correspond to different wavelengths of the polychromatic beam
are reconstructed in a more robust and reproducible way. While the structured
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beams indeed lead to improved image reconstructions, an interesting finding is
that both types of structuring result in comparable image quality and resolu-
tion. A possible explanation is the strong wavelength dependence of far-field
diffraction, as a larger separation between diffraction orders results in better
wavelength-resolved patterns as well. Strikingly, the spectral diversity between
some harmonic orders is actually higher for the binary mask structuring than for
the OAM beams (Fig. 5.6b)).
In the present work, the available HHG flux was the limiting factor in the

experiments, as the measurements required exposure times that made the pty-
chography scans susceptible to drifts in beam pointing and ambient changes. In
particular for the vortex XUV beam, the required exposure time was almost twice
as long as for the diffraction-based structured beam to reach similar flux. This
additional measurement time may also have led to a reduced reconstruction qual-
ity, which could offset the present conclusions given that the OAM beam shows
the highest diversity among all the beams. Improving the HHG flux and us-
ing additional long-term stabilization systems would remove these uncertainties.
Nevertheless, even though the beam structuring methods reduce the available
HHG flux, the increased diversity remains a driver for reconstruction improve-
ments.
First demonstrations of nanoscale-resolution ptychography on dispersive sam-

ples used monochromatic XUV light [35, 38]. The spectrally resolved probe
reconstruction with multi-wavelength structured illumination in this work paves
the way for broadband imaging of dispersive samples, aided by diversity metrics
to design the required illumination profiles. This approach can unlock the full
use of the potential of broadband XUV imaging systems for semiconductor wafer
metrology and biological materials.

5.5 Conclusion

In conclusion, in this study we introduce diversity metrics in order to quantify
the suitability of a coherent illumination type for ptychography experiments.
We performed comparative measurements with various multi-wavelength XUV
beam types, namely Gaussian, OAM, and structured by diffraction from a binary
mask. Both simulation and experimental results verify that increased scanning
and spectral diversity of diffraction patterns leads to improved imaging results
at a given photon flux and measurement time. These diversity metrics therefore
provide an intuitive design guideline for ptychography experiments, enabling a
comparison of expected image reconstruction quality for different beam profiles
and objects.
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5.6 Appendix

5.6.1 Materials and methods

Drive laser for high harmonic generation

Our table-top HHG source is driven by an ultrafast NIR laser system. With an
ytterbium-based laser system (Pharos from Light Conversion) delivering 170 fs
pulses at a center wavelength of 1030 nm, 2mJ pulses are obtained at a repetition
rate of 1 kHz. For efficient high-harmonic generation, the pulses are compressed
by a home-built post-compression system to a pulse duration ∼35 fs with an
average power of 1.5W [108]. The NIR beam is subsequently focused by an f =
300mm lens into an argon gas jet confined in a 1mm diameter metal tube, at a
backing pressure of 5 bar. Moreover, an iris clips the beam before the focusing
lens in order to improve the phase matching conditions for HHG.

Sample preparation

The binary USAF 1951 resolution target as used in the experiments is fabricated
on a 120 nm thick gold layer sputter coated on a 50 nm silicon nitride free-standing
membrane (Ted Pella Inc.). Patterning was performed with a 30 keV focused
gallium ion beam (FEI Helios Nanolab 600) with a current of 0.28 nA and dwell
time of 1000ms. SEM image of the USAF is shown in Fig 5.3h). In our case,
the sample thickness ∆z = 170 nm and the smallest structure in the sample
∆x ≈ 0.3 µm meet the condition ∆z < 2(∆x)2/λ, which is referred to here as
the projection approximation [214]. Therefore, the sample is mathematically
represented by a two-dimensional transmission function, which is obtained by a
projection of the refractive index along one spatial dimension.

Extreme ultraviolet optics

The XUV mirrors that have been used for focusing the HHG beams to the sample
are molybdenum/silicon multilayer mirrors fabricated by optiXfab GmbH [215].
We use one plane and one curved mirror to steer and refocus the beam respec-
tively. The bandwidth coverage of the mirrors is broadband (20 nm-55 nm) for
the plane mirror and narrowband centered at 39 nm for the curved mirror, at an
average reflectivity of 20% per mirror.

The indicated angle of incidence for maximized reflectivity is 5 degrees. How-
ever, oblique incidence on the curved mirror leads to astigmatism, as can be
clearly observed in the ptychographic reconstruction of the vortex probes in
Fig. 5.4b). A small amount of astigmatism is also noticeable in the smooth beam
reconstruction (Fig. 5.4a)). The induced astigmatism to the wavefront is equal

to I2

2r (y
2 − x2), with I the incidence angle and r the radius of curvature of the

mirror [192]. OAM beams have larger divergence compared to Gaussian beams,
so the beam has a larger size on the curved mirror and the effect of astigmatism
becomes stronger.
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Data acquisition

The XUV camera in our experimental setup (Andor Ikon-L 936SO, 2048×2048
pixels, pixel size 13.5 µm, 15-bit dynamic range) has a constant background offset
of approximately 320 counts for unbinned data when cooled to −60 °C. The CCD
pixels were read-out at a rate of 1MHz with preamplifier gain 2× for the vortex
and structured beam measurements, where the signal was decreased compared
to the smooth beam measurement.
To fully utilize the dynamic range of the camera, we set different exposure times

for each measurement, equal to 10 s, 350 ms and 6 s for the vortex, Gaussian and
structured beams respectively. This difference in exposure times per diffraction
pattern creates different sensitivities to possible beam drifts and spectral jitter.
To monitor slow drifts, we recorded a diffraction pattern at one specific scan
position several times throughout the ptychographic measurement, as well as the
polychromatic bare beam position before and after the measurement, and we did
not observe any significant drift for either measurement. Spectral and pointing
jitter can lead to blurring of the diffraction patterns, especially for long exposure
times. The jitter can be modelled as a degree of incoherence in the beam, which
we treated algorithmically by decomposing each high harmonic wavefront into
incoherent modes. Given the limited amount of jitter, we found that using two
modes is sufficient for ptychographic reconstruction.
The sample is mounted on a three-dimensional translation stage (Smaract SLC-

1730). The translation lateral to the beam is required to perform ptychography
scans and the longitudinal translation allows us to select a desired beam size and
divergence at the sample plane.

5.6.2 Ptychographic reconstruction algorithm

The ptychographic reconstructions were performed with Ptylab.py [110]. In Pty-
lab, the PIM [44] algorithm has been implemented to describe the measured
far-field diffraction pattern at position j as the incoherent sum of monochro-
matic diffraction patterns. For the specific experimental settings of Fig. 5.3 we
have modified the general forward model expression to the following:

Ij ∼
∑
Λ

∑
k∈{0,1}

(
PΛ[Pk,Λ(r) ·O(r− rj)]

)2

+ IB

where Λ denotes the wavelength, k refers to the incoherent mixed states of each
probe that account for sources of decoherence [35], the binary object O is identical
for all wavelengths and PΛ is the scaled angular spectrum propagator [110, 120]
that permits the propagation of an electromagnetic wave under the Fresnel ap-
proximation [5] with wavelength-independent pixel size at the object plane. The
mixed states of the probes are orthogonalized during the reconstruction via singu-
lar value decomposition. In Fig. 5.4 we show the probes with the highest singular
values that correspond more to the physical representation of the beams, while
for all simulations we do not use mixed states. Furthermore, the general forward
model expression allows for the object to be different for every wavelength, but
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in our demonstration we have simplified the formula by using a single object that
looks identical for all wavelengths. The phase plots of the object shown in Fig. 5.8
verify that the object is binary and there is no requirement for considering dif-
ferent object representation for each wavelength. IB is a constant background,
iteratively updated according to [216], that is added to the forward model in
order to take into account leakage of the fundamental beam to the detector. The
update rules in the (n + 1)th iteration for probe and object are then, according
to [44, 110]

Pn+1,k,Λ(r) = Pn,k,Λ(r) + βP ·
O∗

n(r− rj)
(
ψ − Pn,k,Λ(r)On(r− rj)

)
αp|On(r)|2max + (1− αp)|On(r− rj)|2

On+1(r− rj) = On(r− rj) + βO ·
∑
Λ

∑
k

P ∗
n,k,Λ(r)

(
ψ − Pn,k,Λ(r)On(r− rj)

)
αo|Pn,k,Λ(r)|2max + (1− αo)|Pn,k,Λ(r)|2

Since we use a single object representation for all wavelengths, we have modified
the update rule given in [110] accordingly. Specifically, the update for the object is
derived via the accumulated gradients from all spectral and decoherence modes of
the probe. Moreover, for the reconstructions shown in Fig. 5.4, the regularization
parameters αp and αo, which were first introduced in [217], were chosen equal
to 0.99 in order to penalize updates of pixels with low signals, βp = 0.3 and
βo was adjusted manually during the reconstruction from 0 to 0.3. Since the
polychromatic beam on the camera plane was recorded before each ptychographic
measurement, we implemented the modulus enforced probe technique [51] within
the reconstruction process. A good initial guess based on earlier reconstructed
results was used for the object in the results shown in Fig. 5.4, but the algorithms
also converged with slightly worse performance if prior knowledge was assumed
only for the probes and not for the object.

5.6.3 Additional information about the reconstruction of
experimental data

Object reconstruction

In ptychography the imaging results are typically complex-valued expressions for
the probe and object that correspond to the laser beam amplitude and phase and
to the transmission (or reflection) function of the sample under examination. In
this work we demonstrated our concept in a binary sample that is either fully
opaque or fully transparent to all wavelengths. However, the reconstruction algo-
rithm was not restricted to converge to a real-valued object. The complete object
reconstruction results, after numerical propagation that remove any defocusing
effects, are shown in Figs. 5.8a-c) for the three tested beam cases. We observe
that indeed the algorithm has converged to a flat-phased object reconstruction
for all beam cases, with only a minor residual phase variation of ≈0.65 rad at the
edge of the object when illuminated by a vortex beam.
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a)

d)

b) c)

e) f)

g) h) i)

Amplitude (a.u.)

59% 41%77% 23% 74% 26%

Figure 5.8: Complementary object and probe reconstructions for experimental data.
(a-c) Complex-valued representations of the reconstructed object for (a) Gaussian, (b)
vortex and (c) structured beam. (d-e) Amplitude of the partially coherent 27th harmonic
(38.3 nm) beams at the object plane. (g-i) Amplitude and complex-valued plots of
the incoherent modes of the 27th harmonic. In all complex-valued plots, brightness
corresponds to amplitude and hue to phase. Scale bars in all figures are equal to 20µm.

Probe reconstruction

As mentioned in Section 5.3.3 and Appendix 5.6.2, during the reconstruction
we use two incoherent probe modes, also called mixed states, per wavelength.
Figures 5.8d-f) show the amplitudes of the incoherent sums of the modes of the
27th harmonic (38.3 nm) for the three different beam types, which correspond
to a physical representation of the beam amplitude at this wavelength. We
observe that both proposed methods to structure the HHG beam (diffraction
mask-based and introducing OAM) lead to highly structured beam profiles. Fi-
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nally, Figs. 5.8g-i) show amplitude and complex-valued plots of the incoherent
probe modes of the 27th harmonic, with the percentage of the total energy that
is included in each mode.

5.6.4 Diversity metrics using different normalization
strategies

The diversity metrics that have been used throughout this work, namely the
L1, L2 norms, the cosine metric, and Jensen-Shannon divergence (JSD), were
proposed by Iwasaki et al. [207] as appropriate to describe similarity between
diffraction patterns, but originally have been defined and used in other disciplines.
The Lp norms measure distance between vectors, making the results strongly
dependent on the magnitude of the vectors, which in this application translates
to the absolute intensity of the diffraction patterns. The cosine metric only
measures the angle between two vectors, giving a result that is independent of
any arbitrary scaling of the vector magnitudes. The JSD, on the other hand, has
been defined as similarity metric between probability density functions (PDFs),
so the two diffraction patterns that are inputs in the JSD equation need to be
normalized accordingly, such that the integrated intensity over the whole detector
area is equal to 1. If we abide by this normalization, JSD is a bounded metric,
with the supremum JSDmax = log2 indicating maximum diversity.

For ptychography, the absolute value of the signal is an important parameter for
successful reconstructions, as high pixel values imply better signal-to-noise ratio
(SNR), although this aspect is not specifically relevant for diversity. However,
it certainly affects the reconstruction quality if within the diffraction patterns
series there are many low-signal diffraction patterns that mathematically give
high diversity, but practically do not contain any significant information due to
the low SNR. Therefore, it is relevant to assess the effect of including diffraction
signal strengths in the diversity metrics on the achieved reconstruction quality.

Figure 4 in the main text shows L1, L2, and cosine results for normalization
of the diffraction patterns such that the maximum pixel value over the whole
series of diffraction patterns is equal to 1. This approach ensures that relative
intensity variations among the diffraction patterns are included in the diversity
metrics. For JSD a different choice was made, and each diffraction pattern has
been normalized individually such that

∑
x,y I(x, y) = 1, in order to be consistent

with the definition of entropy. In addition to this choice of normalization, we
can consider alternative normalization methods to calculate both scanning and
spectral diversity, and investigate their effect on the different metrics and their
correlation to the ptychographic image reconstruction results. The normalization
procedures that we considered can be listed as follows:

1. Global normalization: normalize all diffraction patterns that correspond
to different scan positions (and different wavelengths if applicable) by the
same number, such that maxx,y,kIk(x, y) = 1, with x, y ∈ [1, N ], k ∈ [1,K]

2. Local normalization: normalize each diffraction pattern that corresponds
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to a different scan position (and a different wavelength if applicable) indi-
vidually, such that maxx,yIk(x, y) = 1, with x, y ∈ [1, N ], k ∈ [1,K]

3. Local normalization on total flux: normalize each diffraction pattern that
corresponds to a different scan position (and a different wavelength if ap-
plicable) individually, such that

∑
x,y Ik(x, y) = 1, with x, y ∈ [1, N ], k ∈

[1,K]

4. Local normalization including spectral weights: normalize two monochro-
matic diffraction patterns that correspond to the same scan position by
the same number, such that maxx,y,λIk,λ(x, y) = 1, with x, y ∈ [1, N ], k ∈
[1,K], λ ∈ {λ1, λ2}

where K is the number of scan positions and N ×N is the size of the detector.
In Figs. 5.9, 5.10 we show results of scanning and spectral diversity respectively

for these different normalization strategies as applied to all four metrics. The
results indicate that the L1 and L2 norms are very sensitive to the normalization
strategy, even to the point where their difference becomes insignificant when using
local normalization (Fig. 5.9b)). We attribute this behaviour to the situation as
described above, where the local normalization results in an increased weight of
low-intensity diffraction patterns on the diversity metrics. As such low-intensity
patterns contain significant noise, overestimating their weights will lead to higher
diversity estimates, as white noise in principle has very high diversity between
separate measurements. Therefore, when using Lp norms as a diversity metric,
global normalization is required to properly account for true signal variations
across the ptychography scan. In contrast, the cosine norm is independent of
the normalization, which is to be expected as the angle between vectors is not
affected by relative amplitude differences. This feature makes the metric more
robust against the choice of normalization and therefore more flexible. However,
its independence of the magnitude may form a limitation, as it may become less
clear how to identify the influence of low SNR in a ptychography dataset. As
long as data of sufficiently high SNR can be guaranteed, the cosine metric is a
suitable way to assess diversity in a dataset.
The JSD is quite different from the other considered metrics, as it does not

consider measurements as vectors, but rather as probability distributions. Diver-
sity is then quantified as the difference in information content instead of norms
or projections of vectors. This concept seems naturally suited to assess diversity
in measured diffraction ’information’, but does require a different treatment to
allow such an interpretation. Interpreting a diffraction measurement as a prob-
ability distribution requires the total probability of all registered events to add
up to one. This corresponds to the approach of local normalization on flux, as
used in Figs. 5.9c) and 5.10d). With this approach, the JSD is a bounded metric
with a clear interpretation of diversity in terms of new information added by
each next diffraction pattern, which is clearly attractive for experiment design
and analysis. However, such a local normalization approach does have the risk
of becoming too sensitive to noise when there are many low-SNR diffraction pat-
terns in a dataset, as was discussed above for the Lp norms. Therefore, one could
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Figure 5.9: Scanning diversity metrics for different normalization strategies. (a)
Global normalization, (b) Local normalization, (c) Local normalization on total flux.
The solid lines indicate the mean values of comparing adjacent scan positions for scan-
ning diversity over the whole diffraction patterns series, while the shaded areas have a
width of one standard deviation. Note the different horizontal and vertical scales.

argue that JSD with a global normalization approach has advantages, as it sig-
nificantly reduces this noise sensitivity. Comparing the JSD results in Figs. 5.9
and 5.10, we find that the trends in JSD for our datasets are largely indepen-
dent of the chosen normalization, although the variance is significantly reduced
for global normalization. This does make it easier to assess trends in JSD, but
global normalization removes the absolute upper bound and reduces the JSD to
a relative metric.
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Figure 5.10: Spectral diversity metrics for monochromatic diffraction patterns at
38.3 nm and 41.4 nm for different normalization strategies. (a) Global normalization,
(b) Local normalization, (c) Local normalization including spectral weights, (d) Local
normalization on total flux. The solid lines indicate the mean values of comparing
wavelengths over the whole diffraction patterns series, while the shaded areas have a
width of one standard deviation. Note the different horizontal and vertical scales.
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Summary

The need to accurately image microscopic features that cannot be simply resolved
by the human eye has led to the development of microscopes and complicated
imaging techniques. Imaging systems can be divided into lens-based systems,
that use a series of lenses between the object of interest and the detector to
achieve a magnified image of the object, and lensless systems, where there are no
optics between the object and the detector. In this thesis we study one specific
lensless imaging technique called ptychography. In ptychography the object of
interest is illuminated by a coherent light source, such as light from a monochro-
matic laser. As the light transmits through or reflects from the object, it gets
diffracted. A camera is placed at a certain distance from the object and cap-
tures the diffraction pattern. The object is placed on a moving stage and can
move laterally to the laser beam. In this configuration, we expose the camera
to a series of diffraction patterns from different, but overlapping illuminated ar-
eas of the objects. Finally, we run a numerical reconstruction algorithm that
gives complex-valued expressions of the object, which corresponds to the object
transmission (or reflection) function, and of the laser beam, which describes the
wavefront at the object plane. Since it is a lensless imaging technique, applica-
bility of ptychography is not constrained by availability of focusing optics, such
as lenses or mirrors, for a desired illumination wavelength. We can, therefore,
perform a ptychography experiment with any type of coherent light source, while
achieving resolution levels proportional to the wavelength of the light source.

Imaging resolutions in the nanometer range can be achieved with illuminating
light sources in the extreme ultraviolet (XUV) and soft-x-ray (SXR) spectrum.
Coherent XUV and SXR can be generated with tabletop sources via high har-
monic generation (HHG), which is a highly non-linear process during which we
generate high harmonics of a drive laser with wavelength typically in the infrared
or visible spectrum. The output of the HHG process is a number of odd harmon-
ics of the drive laser extending to the XUV and SXR range, with each harmonic
exhibiting high spatial coherence properties. Depending on the application we
can either select one harmonic to illuminate our object of interest or use the
polychromatic beam and apply a modified reconstruction algorithm designed for
multi-wavelength ptychography measurements. Here we implement this multi-
wavelength ptychographic approach for XUV beams generated via HHG.

In the second chapter we study the computational models for the propagation
of the light wave from the object plane to the camera plane. In the most common
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ptychographic configuration with monochromatic light, the propagation of light
to the far field can be calculated via a discrete Fourier transform, provided the
pixel size at the object plane is properly defined as dx = λz

Ndq , where λ, z,N, dq
are the wavelength, the distance between object and camera, the number of pixels
of the camera along one dimension and camera pixel size, respectively. In the
case of polychromatic illumination of the sample, it may be convenient for the
user to define a universal pixel size for the object and the illumination that is
independent of the wavelength. In chapter 2, we compare three propagation
models suggested in the literature with user-defined pixel sizes for the object.
We demonstrate that all three of them are equivalent, as they all originate from
the Fresnel integral that describes the propagation of light under the paraxial
approximation. However, each model has two alternative versions, which we also
study and compare.

The third chapter is dedicated to the investigation and experimental validation
of chromatic aberration effects in HHG. For this purpose we perform ptycho-
graphic wavefront sensing (PWFS) measurements. In PWFS measurements the
object is a specially designed binary mask that facilitates the accurate and robust
reconstruction of multiple harmonic wavefronts. By numerically backpropagat-
ing the reconstructed wavefronts to the generation plane of HHG, and associating
the backpropagated wavefronts with the drive laser wavefront, we can draw con-
clusions about the physical processes that take place during HHG. Specifically
in this work we did a series of PWFS measurements where we varied the drive
laser focus position with respect to the generation plane and calculated the -real
or virtual- focus positions of each high harmonic beam. The experimental results
showed that there is strong chromatic aberration among the harmonic beams
when the laser focus position is behind the generation plane, whereas chromatic
aberration is minimized for the laser focus position in front of the generation
plane. We also implemented a theoretical model that is in close agreement with
the experimental findings.

In chapter 4 we perform PWFS measurements for HHG beams carrying orbital
angular momentum (OAM) generated by an OAM drive laser. OAM is a property
of laser beams associated with a doughnut-shaped intensity profile and a topo-
logical charge, which is a phase term of the form eilϕ, where i is the imaginary
unit, l is the topological charge and ϕ is the azimuthal angle in polar coordinates.
In this work we also perform a series of PWFS measurements, for varying laser
focus positions and varying astigmatism levels in the drive laser, and study how
the doughnut shape is affected in the far field and through the propagation of the
HHG beams along the focus. We also study the broadening of the OAM modal
content of the high harmonics when the drive laser beam has modal impurities,
such as increased aberrations. The experimental results are compared with the-
oretical predictions that help us explain the physical mechanisms of HHG with
a drive beam carrying OAM.

Finally in the last chapter we shift the emphasis to the imaging of an object
using a multi-wavelength HHG beam. We introduce the concept of diversity,
claiming that as ptychography is a scanning technique, the diffraction pattern
from every new scan position should add new information compared to previous
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scan positions in order to get an optimized imaging result. The same principle
should hold when comparing monochromatic diffraction patterns comprising the
measured polychromatic diffraction pattern, as independent reconstruction at
multiple wavelengths is more challenging when the information from different
monochromatic diffraction patterns is strongly overlapped on the camera. To
confirm our hypothesis, we perform ptychographic imaging measurements and
simulations with different illumination diversities. Two ways to add diversity
to an HHG beam are by inserting a diffractive mask in the beamline upstream
of the sample or by generating harmonics carrying OAM, as shown in chapter
4. We observe enhanced resolution and imaging quality when the beams are
characterized by high diversity.
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F. Burgy, C. Péjot, E. Mével, F. Catoire, et al., Optics-less focusing of
XUV high-order harmonics, Science Advances 5(4):eaau7175 (2019). 47,
51

[146] M. Hoflund, J. Peschel, M. Plach, H. Dacasa, K. Veyrinas, E. Constant,
P. Smorenburg, H. Wikmark, S. Maclot, C. Guo, et al., Focusing Properties
of High-Order Harmonics, Ultrafast Science 2021 (2021). 47

[147] D. R. Austin, T. Witting, C. A. Arrell, F. Frank, A. S. Wyatt, J. P. Maran-
gos, J. W. Tisch, and I. A. Walmsley, Lateral shearing interferometry of
high-harmonic wavefronts, Optics Letters 36(10):1746–1748 (2011). 48

[148] D. T. Lloyd, K. OKeeffe, and S. M. Hooker, Complete spatial characteriza-
tion of an optical wavefront using a variable-separation pinhole pair, Optics
Letters 38(7):1173–1175 (2013). 48

[149] D. G. Lee, J. J. Park, J. H. Sung, and C. H. Nam, Wave-front phase
measurements of high-order harmonic beams by use of point-diffraction in-
terferometry, Optics Letters 28(6):480–482 (2003). 48

[150] P. Mercère, P. Zeitoun, M. Idir, S. L. Pape, D. Douillet, X. Levecq, G. Dovil-
laire, S. Bucourt, K. A. Goldberg, P. P. Naulleau, and S. Rekawa, Hartmann
wave-front measurement at 13.4 nm with λEUV/120 accuracy, Optics Let-
ters 28(17):1534–1536 (2003). 48

[151] L. Freisem, G. S. M. Jansen, D. Rudolf, K. S. E. Eikema, and S. Witte, Spec-
trally resolved single-shot wavefront sensing of broadband high-harmonic
sources, Optics Express 26(6):6860–6871 (2018). 48, 91

[152] M. J. Padgett, Orbital angular momentum 25 years on, Optics Express
25(10):11265–11274 (2017). 62

[153] Y. Shen, X. Wang, Z. Xie, C. Min, X. Fu, Q. Liu, M. Gong, and X. Yuan,
Optical vortices 30 years on: OAM manipulation from topological charge
to multiple singularities, Light: Science & Applications 8(1):90 (2019). 62

[154] S. W. Hell and J. Wichmann, Breaking the diffraction resolution limit
by stimulated emission: stimulated-emission-depletion fluorescence mi-
croscopy, Optics Letters 19(11):780–782 (1994). 62

[155] L. Li and F. Li, Beating the Rayleigh limit: Orbital-angular-
momentum-based super-resolution diffraction tomography, Physical Review
E 88(3):033205 (2013). 62

[156] G. Vicidomini, P. Bianchini, and A. Diaspro, STED super-resolved mi-
croscopy, Nature Methods 15(3):173–182 (2018). 62

135



BIBLIOGRAPHY

[157] K. Murzyn, M. L. S. van der Geest, L. Guery, Z. Nie, P. van Essen, S. Witte,
and P. M. Kraus, Breaking Abbes diffraction limit with harmonic deactiva-
tion microscopy, Science Advances 10(46):eadp3056 (2024). 62

[158] K. Gahagan and G. Swartzlander, Optical vortex trapping of particles, Op-
tics Letters 21(11):827–829 (1996). 62

[159] M. Padgett and R. Bowman, Tweezers with a twist, Nature Photonics
5(6):343–348 (2011). 62

[160] A. E. Willner, H. Huang, Y. Yan, Y. Ren, N. Ahmed, G. Xie, C. Bao, L. Li,
Y. Cao, Z. Zhao, J. Wang, M. P. J. Lavery, M. Tur, S. Ramachandran, A. F.
Molisch, et al., Optical communications using orbital angular momentum
beams, Advances in Optics and Photonics 7(1):66–106 (2015). 62

[161] J. Wang, Advances in communications using optical vortices, Photonics
Research 4(5):B14–B28 (2016). 62

[162] E. Stegenburgs, A. Bertoncini, A. Trichili, M. S. Alias, T. K. Ng, M.-S.
Alouini, C. Liberale, and B. S. Ooi, Near-infrared OAM communication us-
ing 3D-printed microscale spiral phase plates, IEEE Communications Mag-
azine 57(8):65–69 (2019). 62

[163] A. Mair, A. Vaziri, G. Weihs, and A. Zeilinger, Entanglement of the orbital
angular momentum states of photons, Nature 412(6844):313–316 (2001).
62

[164] R. Fickler, R. Lapkiewicz, W. N. Plick, M. Krenn, C. Schaeff, S. Ramelow,
and A. Zeilinger, Quantum entanglement of high angular momenta, Science
338(6107):640–643 (2012). 62

[165] A. G. Peele, P. J. McMahon, D. Paterson, C. Q. Tran, A. P. Mancuso,
K. A. Nugent, J. P. Hayes, E. Harvey, B. Lai, and I. McNulty, Observation
of an x-ray vortex, Optics Letters 27(20):1752–1754 (2002). 62
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[197] I. Pupeza, C. Zhang, M. Högner, and J. Ye, Extreme-ultraviolet frequency
combs for precision metrology and attosecond science, Nature Photonics
15(3):175–186 (2021). 90

[198] W. Eschen, C. Liu, D. S. P. Molina, R. Klas, J. Limpert, and J. Roth-
hardt, High-speed and wide-field nanoscale table-top ptychographic EUV
imaging and beam characterization with a sCMOS detector, Optics Express
31(9):14212–14224 (2023). 90

[199] G. K. Tadesse, W. Eschen, R. Klas, M. Tschernajew, F. Tuitje, M. Steinert,
M. Zilk, V. Schuster, M. Zürch, T. Pertsch, et al., Wavelength-scale pty-
chographic coherent diffractive imaging using a high-order harmonic source,
Scientific Reports 9(1):1735 (2019). 90, 97

[200] J. Vila-Comamala, A. Diaz, M. Guizar-Sicairos, A. Mantion, C. M. Kewish,
A. Menzel, O. Bunk, and C. David, Characterization of high-resolution
diffractive X-ray optics by ptychographic coherent diffractive imaging, Op-
tics Express 19(22):21333–21344 (2011). 90

[201] Y. Yao, Y. Jiang, J. Klug, Y. Nashed, C. Roehrig, C. Preissner, F. Marin,
M. Wojcik, O. Cossairt, and Z. Cai, Broadband X-ray ptychography using
multi-wavelength algorithm, Journal of Synchrotron Radiation 28(1):309–
317 (2021). 90

[202] B. L. Henke, E. M. Gullikson, and J. C. Davis, X-Ray Interactions: Pho-
toabsorption, Scattering, Transmission, and Reflection at E = 50-30,000
eV, Z = 1-92, Atomic Data and Nuclear Data Tables 54(2):181–342 (1993).
90

[203] A. Rana, J. Zhang, M. Pham, A. Yuan, Y. H. Lo, H. Jiang, S. J. Osher,
and J. Miao, Potential of attosecond coherent diffractive imaging, Physical
Review Letters 125(8):086101 (2020). 90

[204] J. Huijts, S. Fernandez, D. Gauthier, M. Kholodtsova, A. Maghraoui,
K. Medjoubi, A. Somogyi, W. Boutu, and H. Merdji, Broadband coher-
ent diffractive imaging, Nature Photonics 14(10):618–622 (2020). 90

[205] X. Ji, X. He, Z. Jiang, Y. Kong, S. Wang, and C. Liu, Resolution en-
hancement with highly curved illumination in ptychography, Applied Optics
61(34):10150–10158 (2022). 90

[206] M. Pancaldi, F. Guzzi, C. S. Bevis, M. Manfredda, J. Barolak, S. Bonetti,
I. Bykova, D. D. Angelis, G. D. Ninno, M. Fanciulli, L. Novinec, E. Ped-
ersoli, A. Ravindran, B. Rösner, C. David, et al., High-resolution ptycho-
graphic imaging at a seeded free-electron laser source using OAM beams,

139



BIBLIOGRAPHY

Optica 11(3):403–411 (2024). 90
[207] Y. Iwasaki, A. G. Kusne, and I. Takeuchi, Comparison of dissimilarity

measures for cluster analysis of X-ray diffraction data from combinatorial
libraries, npj Computational Materials 3(1):1–9 (2017). 91, 92, 110

[208] M. Van Heel and M. Schatz, Fourier shell correlation threshold criteria,
Journal of Structural Biology 151(3):250–262 (2005). 94

[209] Vortex Photonics, https://www.vortex-photonics.de/. 96
[210] S. M. Kay, Fundamentals of Statistical Signal Processing: Estimation The-

ory, Prentice-Hall, Inc. (1993). 102
[211] D. Bouchet, S. Rotter, and A. P. Mosk, Maximum information states for

coherent scattering measurements, Nature Physics 17(5):564–568 (2021).
102

[212] D. Bouchet, J. Seifert, and A. P. Mosk, Optimizing illumination for precise
multi-parameter estimations in coherent diffractive imaging, Optics Letters
46(2):254–257 (2021). 102

[213] D. Bouchet, J. Dong, D. Maestre, and T. Juffmann, Fundamental Bounds
on the Precision of Classical Phase Microscopes, Physical Review Applied
15(2):024047 (2021). 104

[214] D. Paganin, Coherent X-ray optics, 6, Oxford University Press, USA
(2006). 106

[215] Optix fab, http://www.optixfab.com/. 106
[216] P. Li, Investigations and improvements in ptychographic imaging, Ph.D.

thesis, University of Sheffield (2016). 108
[217] A. Maiden, D. Johnson, and P. Li, Further improvements to the ptycho-

graphical iterative engine, Optica 4(7):736–745 (2017). 108

140


	Title page
	Contents
	1 Introduction
	1.1 Lensless imaging
	1.2 Ptychography
	1.3 Structured illumination
	1.3.1 Vortex illumination

	1.4 High order harmonic generation
	1.5 Multi-wavelength ptychography with XUV illumination
	1.6 High harmonic generation drive sources at ARCNL
	1.7 Structure of this thesis

	2 Propagators with user-defined object-plane pixel size
	2.1 Introduction
	2.2 Analytical expressions of the propagation models
	2.2.1 One-step Fresnel propagator
	2.2.2 Two-step Fresnel propagator
	2.2.3 Scaled angular spectrum propagator
	2.2.4 Chirp-Z transform propagator
	2.2.5 Equivalence between sASP and 2SF propagators
	2.2.6 Bandwidth limits
	Nyquist criterion for "+"
	Nyquist criterion for "−"


	2.3 Precision of propagation models tested on simulated diffraction data
	2.4 Performance of propagation models on experimental ptychography data
	2.5 Conclusion
	2.6 Appendix
	2.6.1 Derivation of two-step Fresnel propagation
	2.6.2 Derivation of scaled angular spectrum propagation
	2.6.3 Derivation of chirp-Z transform propagation
	2.6.4 Rewriting two-step Fresnel propagation due to symmetry of Q2
	2.6.5 Effect of zero-padding in the accuracy of the propagators for spatially confined probes
	2.6.6 Experimental results with smaller detector pixel size


	3 Observation of chromatic effects in HHG
	3.1 Introduction
	3.2 Setup for ptychographic wavefront sensing
	3.3 Results: HHG wavefronts and chromatic aberrations
	3.4 Discussion
	3.5 Conclusion
	3.6 Appendix
	3.6.1 Calculating HHG focus position from fundamental beam reconstructions
	3.6.2 HHG beam diameters at the generation plane
	3.6.3 Harmonic-resolved beam profile reconstructions


	4 Generation dynamics of broadband XUV vortex beams
	4.1 Introduction
	4.2 Materials and Methods
	4.2.1 Experimental design and setup
	4.2.2 Single atom response model
	4.2.3 Ptychographic reconstruction of high harmonic wavefronts
	4.2.4 Correction of multilayer mirror effects on wavefronts

	4.3 Results and Discussion
	4.3.1 Dependence of the HHG beam profiles on the drive laser properties
	4.3.2 Propagation of vortex beams around a focus
	4.3.3 OAM modal purity analysis
	4.3.4 Synthesis of attosecond pulse trains

	4.4 Conclusion
	4.5 Appendix
	4.5.1 Ptychographic reconstruction without constraint on topological charges
	4.5.2 HHG far field beam amplitudes for varying generation conditions
	Laser focus position scan
	Drive laser astigmatism scan
	Laser focus position scan for ideal drive beam

	4.5.3 Simulated long trajectory contributions
	4.5.4 Propagation of HHG OAM beams
	Diagonal cross-sections of propagation plots
	Effect of dipole phase on rim thickness
	Propagation of astigmatic HHG OAM beams

	4.5.5 Calculation of OAM modal content
	4.5.6 Synthesis of attosecond pulse trains from ptychographic reconstructions


	5 Illumination diversity in multi-wavelength XUV ptychography
	5.1 Introduction
	5.2 Diversity considerations
	5.3 Results
	5.3.1 Experiment design
	5.3.2 Experimental setup
	5.3.3 Ptychographic imaging with different probes
	5.3.4 Simulations with reconstructed probes under comparable experimental conditions
	5.3.5 Characterization of probe diversity
	5.3.6 Fisher information analysis

	5.4 Discussion
	5.5 Conclusion
	5.6 Appendix
	5.6.1 Materials and methods
	Drive laser for high harmonic generation
	Sample preparation
	Extreme ultraviolet optics
	Data acquisition

	5.6.2 Ptychographic reconstruction algorithm
	5.6.3 Additional information about the reconstruction of experimental data
	Object reconstruction
	Probe reconstruction

	5.6.4 Diversity metrics using different normalization strategies


	List of publications
	Summary
	Acknowledgments
	Bibliography

