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Resolving the blueshift in calculations of the EUV spectrum of multiply charged tin ions
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We report ab initio relativistic calculations on the complex open shell Sn12+ highly charged ion, a prototypical
plasma ion relevant for extreme ultraviolet (EUV) nanolithography. Previous calculations of EUV emissivity
in tin plasmas consistently generate a spectrum in which the region of peak emissivity is blueshifted relative
to experiment. By optimizing our numerical methods to take full advantage of modern, high-performance CPU
architectures, we are able to completely saturate the configuration interaction within the n = 4 shell. Coupled
with a thorough treatment of core-valence correlation we resolve the blueshift, finding a surprisingly large
influence of highly excited states on the spectrum that is dominated by multiply excited states.
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Introduction. Laser-produced tin plasmas are the source
of 13.5-nm-wavelength radiation used in state-of-the-art
nanolithography for computer chip production [1–8]. This
radiation has its origin in millions of atomic transitions be-
tween multiply excited states of Sn11+ − Sn14+ ions [9–12].
The resulting extreme ultraviolet (EUV) spectrum exhibits
an intense, ≈0.6-nm-wide emission feature peaked near a
wavelength of 13.5 nm [9,13]. Predicting the amount of EUV
radiation produced by the plasma (as well as energy that is
funneled into other channels) remains a very challenging task
for academics and industrialists alike [14]. Accuracy in the
line positions is essential; only radiation in a narrow 2%,
or 0.27-nm, band is reflected by Mo-Si multilayer mirrors
in industrial machines [15] and utilized in EUV lithography.
This fact, coupled with the need for extensive coverage of
multiply excited states [9–12], significantly complicates the
generation of opacities and emissivities for interpreting ex-
perimental spectra [14] and for use in radiation-hydrodynamic
simulations, the toolkit of choice for EUV source design and
optimization [16–19].

Despite years of intense research on the atomic physics
of multiply charged tin ions, accurate predictions of energy
levels and atomic spectra using ab initio atomic structure
methods have remained out of reach. This is especially true for
Sn ions with multiple electrons in the 4d subshell, excitations
which produce a dense structure of strongly interacting con-
figurations. To date, semiempirical corrections have proven
essential for bringing theory into close agreement with ex-
periment. For calculations performed with the semirelativistic
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Cowan code [20], these corrections take the form of “scale
factors” that premultiply Slater integrals that appear in the
Hamiltonian matrix to take into account the “infinity of small
perturbations” [20] that arise from configurations not included
in the configuration-interaction (CI) calculation. One typically
adjusts these scale factors to values <1 to bring theoreti-
cal and experimentally derived energy levels into agreement;
scaling factors appropriate for Sn ions are ≈0.85 for singly
excited states [18,21–34] and ≈0.75 for multiply excited
configurations. This procedure of reducing the strength of
valence-valence interactions essentially mimics the effect of
the screening of such interactions by core electrons [35,36].
Another approach is to model the core-valence correlations
with a polarization potential [37–40]. Here, the core polar-
ization is calculated separately or adjusted empirically, and a
suitable cutoff radius must be determined. To our knowledge,
this technique has not been used to calculate spectra of tin
ions.

Relativistic codes such as HULLAC [41], FAC [42], or
the GRASP family of codes [43–45] do not implement such
semiempirical capabilities. Ab initio calculations performed
with these codes generally overestimate excited level energies
in Sn ions, resulting in calculated spectra that peak near a
wavelength of ≈13 nm [34,46–48]. In the present Letter, we
refer to this ≈0.5-nm offset between experiment and ab initio
theory as a “blueshift.” Importantly, this blueshift also pertains
to transitions between multiply excited states [9–12]. It is
significantly larger than the 0.27-nm acceptance bandwidth
of the industry-standard mirrors, thus precluding predictive
modeling.

The inability of ab initio atomic structure calculations to re-
produce experimental spectra lies in the presence of strong CI
in this system. First, the radial wave functions of the 4p, 4d ,
and 4 f electrons strongly overlap [49,50]. Second, because
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the binding energies are similar for these electrons [46], con-
figurations formed by exciting electrons with different angular
momenta (keeping n = 4 fixed) overlap in energy space. This
leads to strong mixing between levels of the singly excited
4p54dn+1 and 4p64dn−14 f configurations [51–53] as well as
multiply excited configurations [9]. Transitions from these
strongly mixed configurations give rise to very complicated
spectra, where CI results in a narrowing and redistribution
of oscillator strength towards the higher-energy side of the
transition array [49–52,54–56].

In this Letter, we present high-accuracy, large calculations
of the structures and spectra of Sn12+, a prototypical plasma
ion that contributes strongly to EUV emission [9], using the
CI + many-body perturbation theory (MBPT) approach. With
this method, we have been able to include all possible in-
teractions between configurations arising from permutations
among electrons in the n = 4 shell: we fully saturate the CI
space. This is made possible by the CI + MBPT approach,
where interactions between valence electrons (i.e., valence-
valence correlations) are computed using CI calculations, and
core-valence correlations are computed via MBPT methods.
This partitioning is key to enabling a complete description
of the interacting space. We show that transition energies be-
tween multiply excited states can only be described accurately
by including a high number of excitations within the n = 4
shell; more specifically, the configuration interaction between
states that have up to six electrons removed from the 4p shell
has to be included. In addition, we show that core-valence
correlation is crucial for accurately calculating both singly and
multiply excited states, while higher-order relativistic contri-
butions are smaller. Crucially, our ab initio calculations align
exactly at 13.5 nm, resolving the longstanding EUV blueshift
anomaly.

Method. We use the particle-hole CI + MBPT method [57]
implemented in the AMBIT program [58], which extends the
CI + MBPT method [35] to allow for valence holes to be
treated in CI. The Dirac-Coulomb Hamiltonian for our cal-
culations is (in atomic units h̄ = me = e = 1)

HDC =
∑

i

hD(i) +
∑

i< j

1/ri j, (1)

where hD is the one-electron Dirac Hamiltonian:

hD(i) = c αi · pi + c2(βi − 1) + Vnuc(i). (2)

Here, α and β are the four-dimensional Dirac matrices, and
a Fermi charge distribution [59] is used for the nuclear
potential Vnuc. Additionally, we calculate the magnitude of
the frequency-independent Breit interaction, self-energy, and
(Uehling) vacuum polarization effects using an effective po-
tential [60–62] in separate calculations.

We begin with a self-consistent Dirac-Hartree-Fock (DHF)
calculation for N = 38 electrons in the V N approximation
corresponding to the configuration-averaged ground state [Kr]
4d2. We then generate our orbital basis by diagonalizing a
complete set of B-splines over the DHF potential. The 4p, 4d ,
and 4 f shells are treated as valence and correlated in our CI
expansion as explained below.

In the CI + MBPT method, core-valence excitations are
treated at second order in the residual Coulomb interaction
by modifying the one- and two-particle integrals in the CI

procedure [35]. Effective three-body operators are separately
added to the Hamiltonian matrix elements. The core-valence
diagrams include virtual orbitals up to 30spdf ghi (i.e., n � 30
and l � 6). We also performed small-scale tests up to n =
35 and l = 10 to confirm that the MBPT contributions are
well converged at this level. Using AMBIT’s implementation
of the particle-hole CI + MBPT theory, we place the Fermi
level above the 4p shell and treat 4p vacancies as holes,
which reduces the size of subtraction diagrams compared
to treating 4p electrons as valence particles. We have also
performed calculations starting from the alternative closed-
shell V N−2 potential, for which there are no subtraction
diagrams in the particle-hole CI + MBPT method, and found
that our results are stable with respect to the initial DHF
potential.

CI expansion strategy. We expand the CI configuration
space using a systematic procedure within the n = 4 shell,
akin to a superconfiguration description of atomic structures,
which is illustrated in Fig. 1. The ground-state manifold of
Sn12+ is [Zn] 4p64d2, which we call the zerofold configura-
tion. Taking single-electron excitations from the 4p to the 4d
subshells, or from the 4d into the 4 f , produces the first band
of excited state energy levels: the onefold configuration set.
Next, the twofold set contains configurations formed from the
ground-state manifold by the excitation of two electrons from
the 4p into the 4d orbitals, or from the 4d into the 4 f orbitals,
or a single electron excited from the 4p into the 4 f orbital.
This procedure continues up to the sixfold configuration set
where six electrons are removed from the 4p64d2 configura-
tion and distributed over the 4d and 4 f orbitals. As such, each
m-fold corresponds to all ways of distributing electrons using
n excitations.

CI calculations performed on a configuration space consist-
ing of one or more of these configuration sets are designated
by {n} and include all configuration sets up to the m-fold set.
For example, the {3} CI configuration space includes all con-
figurations belonging to the zerofold, onefold, twofold, and
threefold sets. This naming scheme should not be confused
with the names of different transition sets. The transition set
between the onefold and zerofold states will be designated
1 → 0, while 2 → 1 and 3 → 2 correspond to the transi-
tion sets between the twofold and onefold, and threefold and
twofold, states, respectively.

In total, the full {6} CI space includes 22 configurations
in the n = 4 shell, corresponding to 115 715 levels. We ana-
lyze the electric dipole (E1) transitions between states up to
the threefold set, which adds up to 1 613 349 E1 transitions
between the 5294 levels.

The efficient calculation of these levels and transition
strengths has been enabled by two main improvements to the
AMBIT code. First, one of the slowest parts of the CI + MBPT
method is the generation of the CI matrix. Previously in
AMBIT, all configuration state functions (CSFs) correspond-
ing to a relativistic configuration were grouped together in
the matrix, and the time taken to generate matrix elements
between different groups has an extremely skewed distribu-
tion. Uneven load balancing between threads results in wasted
compute time, which severely limits parallel scalability on
systems with large numbers of CPU cores such as the Dutch
national supercomputer Snellius, which we have used for
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FIG. 1. Electronic configurations of Sn12+ for onefold through sixfold excitations from 4p6 to the 4d and 4 f orbitals (left), and the level
structure arising from such configurations (right), where each shaded region encloses the energy range of a corresponding m-fold.

all calculations presented in this Letter. We have optimized
the workload balance over all threads using a mix of static,
physics-informed load balancing with MPI, and dynamic load
balancing with OPENMP tasks to minimize wasted threads, giv-
ing a speedup of ≈3× compared to the naive load-balancing
scheme.

We have also improved the performance of calculating
matrix elements between the CSF groups by reexpressing the
algorithm in terms of blocked, dense matrix operations. This
change is responsible for a speedup of ≈5× due to improved
data localization and CPU cache utilization—both are critical
to achieving peak performance on high-performance CPU
architectures.

Also important to these performance gains is the use of
modern, cache-aware C++ data structures in the abseil li-
brary [63]. AMBIT makes heavy use of hash tables and search
trees, but the C++ standard template library implementation of
these data structures (std::map and std::unordered_map,
respectively) has large amounts of indirection and “pointer
chasing” which limits their ability to make use of the large
caches in modern CPU architectures. The flat hash table (re-
ferred to as a Swiss Table) and B-Tree data structures in
abseil are designed to optimize both algorithmic efficiency
and cache utilization for a variety of access patterns [63,64].
We find that using cache-aware data structures results in a
further speedup of ≈2× compared to the baseline prior to
this Letter. In total, both the CI matrix generation and the
calculation of transition strengths have been sped up by more
than an order of magnitude. The latter would have been com-
putationally intractable without these software engineering
advances.

Results and discussion. In order to quantify the magni-
tude of the different transition bands’ contribution to the
EUV emission, we quantify the weighted mean μ of a cal-
culated transition set by weighting each transition energy
�Ei = Eupper

i − E lower
i by its degeneracy-weighted transition

probability giAi as

μE =
∑

i giAi�Ei∑
i giAi

or μλ = hc

μE
, (3)

in terms of energy and wavelength, respectively. The results of
the calculations of the mean energy for each transition set at
different levels of CI saturation {1} through {6} are presented
in Table I alongside the additional corrections for core-valence
correlation (�MBPT), Breit interaction (�Breit), and self-
energy and vacuum polarization effects (�QED).

The core-valence correlation at second order in MBPT was
extracted from a CI + MBPT calculation using the {6} CI
space. The QED and Breit corrections were also calculated
at the {6} CI space. Prominently, core-valence correlations
(�MBPT) account for the largest corrections. These shift the
1 → 0 mean transition energies by −2.04 eV, while the higher
2 → 1 and 3 → 2 transitions are even more strongly affected,
with corrections of −2.70 and −3.15 eV, respectively. For the
n = 4 CI saturation, let us take {3} as the reference point,
as this contains approximately the same n = 4 configurations
that were included in calculations in other literature. The mean
energy of the 1 → 0 set is relatively well converged at {3},
differing from {6} by only 0.05 eV. For the other two sets
the CI space is not well converged at {3}, as we note that the
2 → 1 mean is lowered by 5.32 eV and 3 → 2 by 0.68 eV

TABLE I. Calculated degeneracy-weighted mean energies of
n = 4 transitions in Sn12+.

Transition energy (eV)

Level of theory 1 → 0 2 → 1 3 → 2

CI {1} 96.39
{2} 100.80 94.80
{3} 94.68 98.87 93.14
{4} 95.16 93.52 96.89
{5} 94.72 93.87 92.20
{6} 94.73 93.55 92.46

�MBPT −2.04 −2.70 −3.16
�Breit −0.17 −0.15 −0.14
�QED −0.003 −0.001 −0.001

Total (eV) 92.52 90.69 89.16
Total (nm) 13.40 13.67 13.91
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FIG. 2. Convergence of the mean degeneracy-weighted transi-
tion energy with respect to the CI space saturation for each transition
set, including �MBPT, �Breit, and �QED. The shaded region
indicates a 2% bandwidth around 13.5 nm.

when going from {3} to {6}. The Breit corrections are small,
and the QED corrections are negligible even in this highly
charged ion, because the transitions do not involve the s-wave
orbitals and the atomic number of tin is not particularly high.

The convergence of the transition energies as a function
of the CI space requires a more detailed discussion. Figure 2
shows the mean of the transition sets at different levels of
CI corrected by �MBPT, �Breit, and �QED. A distinct up-
down pattern is revealed, which originates from the manner in
which the CI space is built up. As shown on the right side of
Fig. 1, the energy levels of any two consecutive folds are op-
posite in parity, and E1 transitions are only allowed between
those opposite-parity states. In contrast, configuration mix-
ing is only possible between same-parity states. Therefore,
when increasing the CI space by one step, the newly added
states mix only with the lower or with the upper states of the
transition, lowering their energy relative to the other, strongly
changing the transition energy. In the next step, new opposite
parity states are added and the situation is reversed, largely
reversing the change in transition energy.

We find that the mean energy of the 1 → 0 transitions
is shifted up by over 4 eV when going from CI space {1}
to {2}, and then down again by about 6 eV when going to
the {3} space. Interestingly, the amplitudes of these shifts
are almost identical for the 2 → 1 and 3 → 2 transitions,
where these steps occur in the {2}–{3}–{4} and {3}–{4}–{5}
range respectively. Convergence at ≈0.3 eV, is finally reached
between space {5} and {6}. This means that the convergence
of the CI space for the lower excited states (i.e., corresponding
to 1 → 0) does not imply convergence for the higher excited
states. Moreover, to accurately predict transition energies be-
tween multiply excited states, it is necessary to include the full
{6} space that includes all configurations from the zerofold up
to the sixfold excitations from the n = 4 ground state.

The calculation of the 1 → 0 mean transition energy can
be directly compared to the mean transition energy of known
experimental lines for Sn12+ as published in Ref. [23]. Using
their reported transition energies and rates for n = 4 lines,
we determine the corresponding μ

expt
1→0 = 13.37 nm, in close

agreement with our result of μ
theory
1→0 = 13.40 nm. It should be

noted that we do not expect to fully predict the experimental

spectra in this Letter, but rather to demonstrate the crucial
core-valence and valence-valence correlation contributions
that explain the large discrepancies in previously calculated
spectra. Thus, the contributions that were described in detail in
previous literature (e.g., Ref. [9]) were not considered for our
main result. Nevertheless, the close agreement of our predic-
tion with experiment demonstrates that the CI saturation of the
n = 4 shell and core correlation are dominant and cannot be
ignored for an accurate description of the electronic structure
around the 13.5-nm wavelength.

A complete description of the Sn12+ spectrum should
include configuration mixing from the 4s shell and lines
from the n = 5 shells. We have performed additional calcu-
lations to determine the effect of these configurations, and
found that μ changes by 0.03 nm for 1 → 0 (−0.03 nm
for 2 → 1 and 3 → 2). This is insignificant compared to
the contributions of core-correlation and CI saturation within
the n = 4 shell. Figures 3(a)–3(c) show the distributions
of the degeneracy-weighted transition probabilities gA for
each transition set, which include �MBPT, �Breit, and
�QED corrections. From these distributions we obtain a
Boltzmann-weighted emissivity by multiplying each gA by
the Boltzmann population factor exp(−Eupper

i /kT ), and the
resulting emissivity spectra are shown in Fig. 3(d). Here, we
show consecutive sums of emission spectra of each transition
set, such that the overarching spectrum consists of the sum
of the emissivities of all three transition sets. We set the
temperature at kT = 32 eV in accordance with the tin-EUV
plasma temperature of Ref. [9]. The shaded region represents
the industry-relevant 2% (or 0.27-nm) reflectivity bandwidth
around 13.5 nm.

Looking only at the degeneracy-weighted transition proba-
bilities, we see that especially for the 2 → 1 and 3 → 2 sets, a
large number of lines are located outside the 13.5-nm region.
The Boltzmann-weighted emissivity shows, however, that at
typical plasma conditions the electronic states responsible for
the 13.5-nm emission are predominantly populated, leading to
a narrow peak that is centered very precisely at the important
13.5-nm region. This is the key outcome of our Letter: With-
out the necessity for any empirical adjustments, our thorough
ab initio calculations can accurately position the peak of the
tin-EUV spectrum at the wavelength that coincides with ex-
perimental observations. Thus, the long-standing issue of the
EUV blueshift is resolved through complete CI saturation and
the thorough inclusion of core correlation.

Conclusion. We report ab initio fully relativistic calcula-
tions on the complex open-shell Sn12+ highly charged ion.
Previous calculations of the atomic structure of tin plas-
mas have consistently led to spectra that are significantly
blueshifted relative to experimental observations, well away
from the 2% reflectivity bandwidth that sets the minimum
required accuracy for such calculations. We show that the
complete CI saturation of the n = 4 shell and the thorough
inclusion of core correlation account for the crucial many-
body correlations that explain these persistent discrepancies.
A surprisingly large influence of configuration mixing with
highly excited fourfold, fivefold, and sixfold excited configu-
rations on the energy levels contributing to the EUV spectrum
is found. This originates from the collective effect of the
configuration mixing of an extremely large number of those
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FIG. 3. Calculated transition distributions of Sn12+, normalized to the maximum of each distribution. (a)–(c) Degeneracy-weighted
transition probabilities gA for each transition set. A dotted vertical line indicates the mean of each distribution. (d) Boltzmann-weighted
emissivity gA exp(−E upper

i /kT ) for cumulative combinations of transition sets, at a temperature of kT = 32 eV. Each spectrum is convoluted
by a Gaussian profile to improve visibility. The shaded regions indicate a 2% bandwidth around 13.5 nm.

highly excited states on the multiply excited states that are
involved in EUV transitions.

These insights directly translate to calculations of the other
relevant in-band EUV emitting species, Sn11+–Sn14+. It is
an open question whether transitions from multiply excited
states are similarly dominant in heavier ionic systems such
as, in particular, quasicontinuous emitters such as Gd, Tb
(≈6.7 nm) [65], and Bi (2.3–4.4 nm) [66]. Again, their emis-
sion primarily involves open-shell n = 4-4 transitions [67].
While the semiempirical approach will remain an important
tool for providing large datasets for use in opacity calculations
of systems with strong CI efficiently, the method described
in this Letter can provide a more fundamental and accurate
understanding of multiply excited states across a wide range
of ionic species, and this will play an important role where
experimental data are limited.
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New version: GRASP2K relativistic atomic structure package,
Comput. Phys. Commun. 184, 2197 (2013).

[45] C. Froese Fischer, G. Gaigalas, P. Jönsson, and J. Bieroń,
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Interaction of 4p54dN+1 and 4p64dN−14f configurations and its
influence on the photoexcitation and emission spectra in the
isoelectronic and isonuclear sequences, J. Phys. B: At. Mol.
Opt. Phys. 42, 205001 (2009).

[50] G. O’Sullivan et al., Spectroscopy of highly charged ions and its
relevance to EUV and soft x-ray source development, J. Phys.
B: At. Mol. Opt. Phys. 48, 144025 (2015).
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