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Introduction

1.1. Ultrafast and ultrasmall

The interaction between light and matter determines how we see the world around us.
Studying this interaction lies at the basis of understanding our surroundings, and has
driven technology with an accelerating rate over the last decades. The discovery of the
laser [1] in 1960 has revolutionized the field of science that studies light-matter interac-
tion, as it provided a source of coherent, collimated, and monochromatic light. These
unique properties allowed to produce light intensities that where not achievable before.
Successively, it triggered the development of technologies that enabled the generation of
ultrashort pulses of light, from the picosecond (= 10712 ) [2] down to the femtosecond
(=107159) [3, 4] regime, which is the timescale at which electrons interact and behave
naturally. The assets of high intensity and ultrashort duration were unified by the inven-
tion of the CPA [5] (chirped pulse amplification), acknowledged with a Nobel prize in
2018 [6]. The technique enabled the generation of high intensity ultrashort light pulses,
up to the point that the pulses allow for modification of the optical and electronic prop-
erties of the matter they interact with. For sufficiently high intensities, the interaction
can lead to the generation of new wavelengths, a field of physics which is described by
nonlinear optics [7, 8]. This type of nonlinear interactions led to an evolution of accessi-
ble wavelengths, specifically shorter wavelengths with higher photon energies. The abil-
ity to resolve small features in matter is restricted due to the Abbe diffraction limit [9],
which directly relates the minimum resolvable distance to the wavelength of the light in-
volved in the interaction. The access to shorter wavelengths has therefore opened up the
investigation of light-matter interaction on the ultrasmall (nanometer (nm) = 10~° m)
scale. The interaction at these small scales lies at the basis of nanolithography [10],
which is the key technology that is used to produce the nm features in semiconductor
chips. Access to ultrafast and ultrasmall light-matter interaction unlocked new domains
of science, such as femtochemistry [11], that before remained unexplored and were only
accessible through indirect observations. Furthermore, investigation of the ultrafast and
ultrasmall aspects of our world inspired the field of attosecond science [12], that inves-
tigates the primary processes following excitation in all scientific disciplines of biology,
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chemistry, and physics.

1.2. High-harmonic generation

The light source that has driven the field of attosecond science over the last decades is
based on the process of high-harmonic generation (HHG), which was discovered experi-
mentally in the late eighties [13, 14]. Under strong irradiation of an ultrafast pulse, gases
were shown to emit a broadband spectrum extending into the extreme-ultraviolet XUV,
defined as broadband electromagnetic radiation from 10 eV to 120 eV) range. The strong
laser field allows for the excitation of electrons, which are subsequently accelerated and
eventually recombine with the parent ion, leading to the emission of high energy pho-
tons [15, 16]. The intrinsic short timescales at which the XUV bursts are generated [17-
19], enable the investigation of electron dynamics with attosecond resolution in gases
[20-22] and condensed matter [23]. In addition, the short wavelengths allow for investi-
gation and imaging of small structures with high resolution [24, 25], for instance through
lensless imaging [26-28]. Moreover, the XUV bursts itself contain encoded information
on the strong-field light-matter interaction that generates the high harmonics. This ad-
ditional property is explored in the field of high-harmonic spectroscopy [29], which for
example allows to reconstruct molecular orbitals [30, 31]. The underlying mechanism of
gas-based HHG has been well understood [32], and revealed the possibility to push HHG
into the soft X-ray regime (defined as radiation from 120 eV to 1200 eV) [33] and increase
the element sensitivity and spatial resolution of the technique.

Whereas gas-based HHG was discovered experimentally, the generation of high har-
monics from solid-state materials was predicted theoretically [34, 35], before the first ex-
perimental demonstration. The existence of solid-based HHG was confirmed in 2011 by
the experimental observation of HHG from ZnO [36], which demonstrated that photon
energies extending beyond the bandgap of ZnO could be generated by driving with mid-
infrared laser pulses. Ever since the discovery, solid-based HHG has been shown in a
wide variety of materials such as semiconductors [37-39], wide bandgap dielectrics [40-
45], thin-film materials [46], two-dimensional materials [47, 48], and metals [49]. The
choice of wavelength of the driving laser allows to generate energies extending from the
THz [37] to the XUV regime [40]. Moreover, the generation from patterned solids [50-53]
demonstrated the additional benefit of solid HHG to engineer the generated wavefront
and process through geometrical confinement of the strong-field light-matter interac-
tion. The generation of high harmonics from solids emerges from the strong-field in-
duced carrier dynamics [35] within a periodic potential, which is determined by the elec-
tronic properties of the material under investigation. More specifically, the strong field
causes excitation and recombination of carriers between the valence and the conduc-
tion band, referred to as the interband process. Additionally, the acceleration of carriers
within the bands leads to HHG due to intraband processes. Since the carriers are bound
to follow the energy landscape of the material, solid-based HHG can be used to directly
probe band structures [39, 40, 54-56], electron dynamics [41, 57], and Berry curvatures
(58], through high-harmonic spectroscopy. The high density and additional flexibility
to structure the medium, in combination with the ultrafast induced electron dynamics,
will enable solid-based HHG to empower the field of attosecond photonics [59, 60].
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Evidently, HHG is an excellent technique to obtain broadband coherent ultrashort
XUV pulses in a table-top setting, allowing for next-generation attosecond science and
metrology. However, the applications of HHG remain restricted due to the limited bright-
ness of the XUV pulses. So far, probing of electron dynamics has mainly been achieved
with the assistance of an infrared or visible pulse, worsening the temporal resolution.
Applications to achieve higher spatial and temporal resolution rely on the interferometry
of two XUV pulses [61, 62], or even their nonlinear interaction [63], which is only feasible
with high enough XUV intensity. Additionally, the low signal-to-noise requires long in-
tegration times, sensitive detectors, and challenging experimental conditions. The XUV
intensity is limited due to the inherently low conversion efficiency (108 to 1076) of the
HHG process. In addition, to achieve high intensity at the interaction plane, proper fo-
cusing of the XUV wavefront is crucial. However, shaping of the XUV wavefront after
generation is by all means non-trivial, since the short XUV wavelengths are absorbed in
almost any material, and the use of conventional optical elements is limited. Since the
XUV wavefront and the HHG efficiency are determined by the light-matter interaction
that leads to the generation of high harmonics, control over the HHG process is crucial
to improve the XUV intensity and the applicability of HHG sources.

1.3. Outline

The goal of this thesis is to investigate novel methods to control the HHG process to im-
prove the efficiency and engineer the XUV wave front. Through a set of different exper-
iments, it is demonstrated that multi-color driving, structuring the generation medium,
and pre-exciting the medium, will all offer control parameters over HHG. To start with,
we describe the theoretical background of high-harmonic generation in Chapter 2. Here
we elaborate on the concept of extreme nonlinear optics, followed by a description of the
microscopic properties of the HHG process in both a semiclassical and quantum me-
chanical framework, and discuss the macroscopic properties of the HHG process. The
general methods to perform the experiments and simulations presented in this thesis
are described in Chapter 3, which contains details on the generation of the ultrashort
pulses, a description of the optical setups, and reports on the material parameters of the
solid samples used in the experiments. Control over the divergence and efficiency of
gas-based HHG is presented in Chapter 4. Driving the HHG process with both the fun-
damental and its second harmonic simultaneously, allows to control the ionization pro-
cess and the electron dynamics with sub-cycle precision and enables optimization of the
yield and the divergence of the XUV wavefront. The potential of structuring the genera-
tion medium in solid-based HHG is explored in Chapter 5. We demonstrate that geomet-
rical modifications of the HHG process in micrometer- and nanometer-sized silica struc-
tures facilitates control over the phase, amplitude, and polarization of the generated XUV
wavefront. Additionally, we use the coherent diffractive emission from these structures
to probe near-field confinement in nanostructures and to image complex structures with
sub-fundamental-wavelength resolution. In Chapter 6, we present that two-color XUV
high-order wavemixing from silica follows perturbative intensity scalings and boosts the
conversion efficiency of solid-based HHG by at least one order of magnitude. A quan-
tum theory is used to describe the underlying generation mechanism and reveals that
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the HHG process is enhanced due to laser-dressed states. Finally, we demonstrate the
technique of transient grating high-harmonic spectroscopy in MgO in Chapter 7, and
observe that pre-excitation of the solid enables control over the XUV wavefront and the
HHG process. Preliminary analysis shows that the XUV wavefront is modified due to the
combination of macroscopic propagation effects of the fundamental and microscopic
generation properties of the HHG process.



Theoretical Background

2.1. Introduction - Extreme nonlinear optics

Over the last decades it has become possible to produce ultrashort femtosecond laser
pulses [3, 4], such that research on light-matter interaction in the ultrafast domain has
become accessible. In addition to the ultrafast timescales, the short pulses allow for
reaching intensities of the light which can modify the optical and electronical properties
of matter, which unlocks a regime with rich and new physics [12, 64, 65]. In order to
describe the interaction of the intense ultrashort pulses with matter, we start by defining
the complex electric field amplitude of a linearly polarized pulse as [66],

F(1) = Fo()e! @D 4 c.c. @2.1)

with Fy(?) the temporal envelope, which determines the length and the spectral width
of the pulse, and an oscillating component with a temporal phase ¢(¢). The c.c com-
ponent is required to make the value of the field real, but we discard this term to sim-
plify notation further on. We categorize the temporal phase into three contributions,
¢(t) = o + wot + Paqa(?). The first contribution is the carrier-envelope phase, ¢pg, which
determines the offset of the oscillating wave with the temporal envelope. For pulses that
consist of only a few cycles, the peak intensity of the pulse will be sensitive to the carrier-
envelope phase, which then has a significant impact on the light-matter interaction [67].
In this thesis, we use pulses with many optical cycles, such that the carrier-envelope
phase does not have any significant influence on the peak intensity and therefore we
set this phase to 0 rad. The second contribution determines the frequency of the oscil-
lations in the pulse and is set by the central angular frequency wg. The third contribu-
tion accounts for any additional phase ¢,44(#), which originates from dispersion effects
during propagation of the pulse, such as chirp. To simplify calculations, we neglect the
additional phase throughout this chapter.

When a short pulse interacts with a material, the strong electric field exerts a force on
the carriers inside the material and induces microscopic charge separation, which leads

5
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to a polarization P(#). For moderate strengths of the electric field, the carrier motion
follows the oscillations of the electric field, which results in a linear polarization PL(p)
[8]. As the field strength increases, the carrier acceleration becomes perturbed, which
results in nonlinear contributions to the polarization, PN'(z). The total polarization is
defined as the combination of the linear and nonlinear contributions,

P(t) =P () + PN () = YR + Y PP () + YO (1) + ..) 2.2)

where y/ denotes the j-th order optical susceptibility. As follows from this definition,
only materials with properties that results in a non-zero y/ are able to induce the corre-
sponding j-th order polarization. As a consequence of the nonlinear polarization, elec-
tric fields with different frequencies than the central frequency wy are generated. The
underlying physics of the conversion from one frequency into another is described by
nonlinear optics [8, 68, 69]. As an example, materials that posses a y® or y® can gen-
erate the second [7] and third [8] harmonic of the central frequency wy, respectively. In
some materials, the strong field can induce a significant y'’, which leads to the genera-
tion of low-order harmonics, defined as Kerr-type harmonic generation [70]. The magni-
tude of the optical susceptibility drops significantly fast for higher orders [71], such that
the generation of higher harmonics due to higher order susceptibilities /) becomes
very inefficient, resulting in a characteristic spectral shape. The intensity scaling of har-
monics, generated by a y/)-th order susceptibility, increases according to a perturbative
law, set by the order of nonlinearity j.

At even higher intensities of the pulse, the perturbative regime will not be sufficient
to describe the light-matter interaction, and we enter the domain of extreme nonlinear
optics [34], which includes high-harmonic generation (HHG). This chapter provides the
theoretical background of the interaction of a stronglaser field with either gases or solids,
which leads to HHG. At first, we approach the microscopic aspects using semiclassical
concepts, which provides tools to understand the main characteristics of HHG, but is
not able to fully describe the underlying physics. Therefore, also a quantum mechanical
approach is described, to provide a more complete picture of the microscopic generation
mechanisms. Finally, the macroscopic properties of HHG will be presented, to correctly
reproduce an experimental setting. Throughout this thesis atomic units (e=m =% =
47meg = 1) are used, unless stated otherwise.

2.2. Semiclassical approach

The generation of high harmonics originates from the carrier dynamics that are induced
by a strong laser field, and was initially observed for a gas [13, 14]. Conceptually, HHG
can be described by just three steps [15, 16, 72]: the ionization of an electron, the prop-
agation through the continuum, and the recombination of the electron with the par-
ent ion, see Fig. 2.1a. In the recombination step, the energy accumulated by the elec-
tron is converted into high energy photons due to recollision with the parent ion. It is
this recollision-type HHG, that has driven the field of attosecond science over the last
decades. In analogy, the three-step model can also describe the solid-state HHG process
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[73], see Fig. 2.1b. The process starts with the excitation of an electron from the va-
lence to the conduction band, leaving behind a hole in the valence band. Subsequently,
the electron (hole) propagates along the conduction (valence) band during the second
step. Finally, the interband recombination of the electron with the hole results in the
emission of high energy photons. The recombination mechanism is equivalent to the
recollision-type HHG in gases and will be described in section 3. For both gas and solid
HHOG, the first step involves the excitation of carriers across a potential barrier by strong-
field ionization [74], which will be described in section 1. The strong-field ionization in-
dicates that the carriers tunnel through the potential barrier, which inherently involves
a quantum mechanical process, making the overall three-step model semiclassical. Ad-
ditionally, the nonlinearity of the strong-field ionization can lead to the generation of
low-order Brunel harmonics [70, 75]. The propagation step of the carriers in both the
gas or solid HHG process can be described fully classically, as is presented in section 2.
In solid HHG, the acceleration of the carriers across the nonlinear curvature of the en-
ergy bands also results in the generation of high energy photons, associated with velocity
harmonics [76].

a) b)

Laser field o ]
\I 3. Recombination Conduction

NP2 NS band 2. Acceleration

N N
ANNNS N
Atomic v A

* :
; " 2. Acceleration | i XUy
potential | | X\ .- 1. lonization | IMAS
1. lonization : XUV i
A‘ A- v
Electron Valence 2. 3. Recombination
wave packet band

Figure 2.1: The three-step model: a) gas HHG: the ionization (1) of an electron (wave packet),
followed by the acceleration (2) of the electron, leads to the generation of XUV photons due to
recombination (3) of the electron with the parent ion. b) In solid HHG the ionization creates an
electron (hole) in the conduction (valence) band. The nonlinear acceleration of the carriers during
the propagation step leads to harmonic radiation. Additionally, harmonics are generated upon
recombination of the electron with the associated hole.

2.2.1. Ionization - Strong-field ionization and Brunel harmonics

The emission of any harmonic generation starts with the promotion of electrons from
the ground state to an excited state, which is either a continuum state for gas-based
HHG, or a bound state in an energy band for solid-based HHG. The process of excit-
ing carriers can be described by strong-field ionization, defined by Keldysh for both the
atomic and solid case [74]. The characteristics of strong-field ionization are summarized
by the adiabatic Keldysh parameter:

re= = 2 o5, 23)
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This parameter depends explicitly on the field strength F, the fundamental frequency
w, and the energy gap between the ground state and the excited state, either the ioniza-
tion potential I, or the energy bandgap Eg, for an atom or a solid, respectively. To obtain
this expression, the assumption is made that the Coulomb potential of the excited elec-
tron and the remaining positively charged component is neglected, which is referred to
as the strong-field approximation (SFA) [77]. Three relevant regimes are indicated by the
Keldysh parameter yy, that will change the underlying mechanism of how an electron
will be promoted to the excited state. For y; >> 1, the excitation occurs through mul-
tiphoton ionization (MPI), which resembles the excitation of an electron through the
absorption of multiple photons simultaneously, necessary to cross the energy barrier.
For example, to excite an electron across the energy gap of MgO (7.8 eV), we will need
about five 800-nm (1.55 eV) photons. In the situation that y << 1, the excitation of an
electron can be described by tunneling ionization (TI). Due to the strong electric field,
the energy barrier is distorted, such that an electron can tunnel through the barrier. In
the intermediate regime, for y = 1, the excitation is described by diabatic tunneling, in
which the electron quickly changes energy levels, to become excited. This concept will
be discussed in more detail in the quantum mechanical approach. For a given energy
gap, or ionization potential, and a given wavelength of the driving laser, the intensity is
the control parameter to determine which process describes the ionization.

— Tl approximation MPI approximation Keldysh rate ~ --- V&«

=
o
w
=]

1010 1010

1073 105
Intensity (W/cm?)

101 1013
Intensity (W/cm?)

lonization rate (1/fs/cm3) &
lonization rate (1/fs/cm3) &

Figure 2.2: The Keldysh rate (green) and parameter (dashed black line), for general atomic (a)
and solid (b) HHG conditions, driven by 800-nm pulses. The ionization rate is also shown for
the approximation that tunnel ionization (TI, red) or multiphoton ionization (MPI, blue) is the
dominating excitation mechanism.

As an example, Fig. 2.2 shows the full Keldysh ionization rate (green line) for an Ar-
gon atom and for a SiO» bandgap, respectively, for a range of intensities at which HHG
occurs for an 800-nm pulse. Additionally, Keldysh approximated the ionization rates for
the case that TT or MPI is the dominating excitation mechanism, which are also shown in
Fig. 2.2, as the red and blue line respectively. The equations for the full Keldysh rate, the
approximated TI rate, and the approximated MPI rate, can be found in Appendix A, and
are calculated and formulated following the approach presented in [78]. As expected, the
Keldysh ionization rate is approximated by MPI for y; >> 1, and can be approximated by
TI for y4 << 1. For the generation intensities required to obtain harmonics from Argon
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(10 W/cm?), the Keldysh parameter (dashed black line) has a value below 1, meaning
the ionization can be described by TI. At lower intensities, the Keldysh parameter be-
comes higher than 1, and the ionization can be described by MPI. Since the ionization
potential of Argon (15.6 eV) is large compared to the driving photon energy (1.55 eV),
the ionization rate approximated by MPI will be inefficient. The generation conditions
for a solid are different. In general, the energy gap of a solid is smaller than the ioniza-
tion potential of the gases used for HHG. This means that a lower intensity is needed to
reach Keldysh parameters above 1, and to achieve efficient ionization. Due to the lower
damage threshold of solids (a few 10'®> W/cm? for SiO5), it is difficult to reach far into the
TI regime. Typically, the generation conditions for solid HHG imply a Keldysh parame-
ter around 1, meaning we find ourselves in the diabatic tunneling regime, which will be
elaborated on in the quantum mechanical section, presented later in this chapter.

The strong-field ionization rate, as defined by Keldysh, only accounts for a monochro-
matic cycle-averaged increase of the excited-state carrier population. Effectively, this
leads to a step-wise increase of the carrier population, where the electrons are excited at
the peak of the electric field. However, if we excite carriers with a femtosecond pulse, the
strong-field ionization has a sub-cycle character and the growth in carrier population
follows a nonlinear trend. A lot of work has followed up on the initial work by Keldysh, to
describe the sub-cycle dynamics of strong-field ionization [79-81]. In Chapter 4 of this
thesis, the ADK-rate [82] is used to determine the ionization rate in a two-color field.

22113

ADK x e 3F0T, (2.4)

A rapidly changing electron population can lead to the generation of low-order harmon-
ics, which originate from the nonlinearities in the sub-cycle strong-field ionization. This
harmonic generation mechanism was initially proposed by Brunel [75], hence we refer
to this source of radiation as Brunel harmonics. The origin of other low-order harmonics
due to strong-field ionization is described in more detail in [70].

2.2.2. Propagation - Classical description for gases and solids

Atomic trajectories

In the atomic case, the propagation of the electron through the continuum can be de-
scribed fully classically [15]. We determine the position of the electron in space, de-
noted by the variable x, upon interaction with a monochromatic linearly polarized elec-
tric field. The electron is driven by the force of the electric field, and the position x can
be retrieved by solving the equation of motion d?x/dt? = —F(t), which is formulated in
atomic units. Through integration of the equation of motion, starting from the ioniza-
tion time ¢/, we find the velocity v(f) of the electron at time ¢,

t
v(t) = —f Fycos(wt)dt + vy,
¢ (2.5)
F . . p
= —;[sm(w 1) —sin(wt)] + vy.



10 2. Theoretical Background

In the semiclassical approach, the initial velocity vy of the electron is assumed to be
zero. With a second step of integration, we find the position of the electron, which is
formulated as:

t
x(1) :f v(r)dr
v (2.6)

FO ! . ! !
= p (cos(wt) —cos(wt’) +sin(wt)w(t—1t))

This expression allows to calculate the trajectory of the electron for any time of ioniza-
tion ¢’ in the laser cycle, which will lead to a unique set of trajectories, see Fig. 2.3a. All
trajectories start at x(¢') = 0, and will recombine with the parent ion at a later time ¢, if
x(t) = 0. Each ionization time has an associated recombination time, which can be used
to calculate the kinetic energy K of the electron, accumulated during the propagation:

1, . . "2
K(t) = Ev (1) =2Uplsin(w?) —sin(wt)]", 2.7

with the ponderomotive energy defined as U, = Fy/4w?. The kinetic energy, in units of
the ponderomotive energy, is shown as a function of ionization time in Fig. 2.3b. This
figure indicates that there are two electron trajectories that will accumulate the same
kinetic energy during the propagation. These contributions are referred to as the short
and the long trajectories, linked to the relative length of both trajectories. There is one
energy, in which these two trajectories merge, which is the highest kinetic energy that
the electron can obtain, which is equivalent to 3.17 Up,.

a) b)

S 1
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Figure 2.3: a) Electron trajectories. Each ionization time leads to a unique trajectory. b) Accumu-
lated kinetic energy (blue) in units of U, for a range of ionization times. There are two ionization
times that lead to the same kinetic energy, refered to as the long and short trajectory, related to the
length of the excursion time (red) of each trajectory.

Aswill be elaborated on in Chapter 4, the presence of both long and short trajectories
is not favorable for the divergence properties of HHG. The contributions from the long
and short trajectories can be manipulated [83], by adding a second electric field to the
generation process. In the case that both fields are aligned along the same axis, and
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obtain the same polarization, the two-color field can be described one-dimensional and
is defined as
F(t) = Fycos(wt) + aFycosCwt + ¢pay), (2.8)

in which the second electric field represents the second harmonic of the fundamental
driver, with a relative two-color phase ¢,,. The strength of the second field is deter-
mined as a fraction a of the fundamental field amplitude Fj.

The angle between the polarization direction between the fundamental and second
harmonic field is defined as 0, and can be used as a control parameter to influence the
HHG process. We define that the fundamental field is aligned along the x-direction, and
depending on the angle 0, the second harmonic field has a component in both the x-
and y-direction. The two-color field becomes two-dimensional and is defined as,

Fy(t) = Fycos(wt) + acos(8) FycosRwt + ¢ay), 2.9

Fy (1) = asin(0) Fy cosut + ¢ay). '
The equation of motion of the electron can be defined for both dimensions separately,
which leads to the following definitions of the position of the electron along x and y,

F 1

5 (5 [cos(wi) — cos(wt’) +sin(wt)w(t—1)]
wc 2

x(t) =
(2.10)

+ %acos(@) [coswt + Poy) — cosRwt’ + Pay,) +sin2wt’ + ¢oy)2w(t - t)]),

y(0) = % (%asin(@)[cos(ZwH(pr)—cos(2a)t’+¢2w)+sin(2a)t’+¢>gw)2w(t— ). 2.11)

Depending on the relative polarization angle, relative phase, and relative strength be-
tween the two-color fields, the electron trajectories can be manipulated, as presented in
Chapter 4.

Solid motion

In the case of solid HHG the propagation of the carriers can also be described classi-
cally [34, 40]. Instead of freely propagating in the continuum, as for the atomic case, the
electron (hole) is accelerated inside the conduction (valence) band. Therefore, the equa-
tion of motion is given by the propagation of the carrier along the energy dispersion of
the band. In the tight-binding approximation, in one dimension, the energy dispersion
relation of the energy band A along momentum k, can be described as [84]

Ep(k) =)_ex(x)cos(kx) (2.12)
X

in which the band coefficients €, (x) represent the amplitude of the spatial harmonics of
the lattice structure along the x-dimension. As an example, the energy dispersion of the
lowest lying conduction band of SiO, is shown in Fig. 2.4a, along the crystal direction
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I'-M. The velocity of the carrier in band A is defined as

0E) (k)
ok '

v k) = (2.13)

and is denoted in the same figure by the red line. Around the bandgap (k=I"), the velocity
shows a linear dependence on the momentum. For higher momentum, the electron
will explore the nonlinear part of the band, indicated by the nonlinear curvature of the
velocity.
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Figure 2.4: a) Conduction band of SiO» and velocity VE(k). b) Electron velocity during laser inter-
action, for a moderate and strong electric field. c) Spectral components originating from velocity
harmonics.

Upon interaction with a linearly polarized laser field, the momentum of the electron
will become time-dependent, which we describe as,

K(t)=k(t=0)+ A(D), (2.14)

with the vector potential, defined by the electric field F(¢),

t
A(D) =—f F(thdt'. (2.15)

o0

The time-dependent velocity of the electron can then be defined, by substituting the
time-dependent momentum, and integrating Eq. 2.12 and 2.13, as,

vy(k, 1) :—er,l(x)sin[(k+A(t))x]. (2.16)
X

This expression demonstrates that the velocity is dictated by the vector potential A(z).
The acceleration of the electron inside the band will resemble a current j(#). Due to
nonlinearities in the energy band, and therefore the velocity, the current contains higher
frequency components, which will lead to the generation of harmonics. The spectral
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components of these 'velocity’ harmonics can be calculated by Fourier transformation
of the time derivative of the current [34, 40],

oJ(t
Inng () o |%|Zo< Y loFvalk, 011 (2.17)
k

For two different intensities, the time-dependent electron velocity and the correspond-
ing harmonic spectra are shown, see Fig. 2.4b,c, respectively. As expected by the defi-
nition in Eq. 2.16, the time-dependent velocity of the electron is dictated by the vector
potential (black dashed line). At an intensity of 4.5 TW/cm?, the amplitude of the vector
potential is high enough to accelerate the carriers beyond the most nonlinear part of the
band, which corresponds to the highest velocity. Therefore, the velocity drops again after
the electrons are accelerated beyond the maximum. Additionally, the electrons mainly
experience the nonlinear curvature of the band, resulting in higher yield of the harmonic
spectrum for higher intensities, see Fig. 2.4c.

For high enough intensities, the electron is accelerated towards the edge of the Bril-
louin zone, where it might scatter and undergo a Bloch oscillation as it traverses the
Brillouin zone again [85, 86]. The characteristics of this oscillation are described by the
Bloch frequency wp = Fya, which is set by the field strength Fy and the lattice constant
a. The mechanism underlying the generation of velocity harmonics, or equivalently re-
ferred to as Bloch harmonics, has been used to explain HHG [36, 37, 40]. Moreover, the
Bloch frequency provides a direct explanation for the observed linear scaling between
the field strength and the highest generated harmonic [36, 37, 59]. One important fea-
ture of the velocity harmonics, is that the emission of all harmonics will be synchronized
to the electric field, such that no temporal chirp is present in the emitted harmonic pulse
[41, 76, 87, 88]. Potentially, this emission feature can be used to identify the genera-
tion mechanism of harmonic orders in an experiment. In addition, the intensity scaling
of the velocity harmonics follows a perturbative dependence on the fundamental field
strength [34, 40]. The perturbative character of the harmonic yield is used in Chapter 6
of this thesis, to explain the underlying mechanism of solid HHG in silica.

Based on the semiclassical approach, the emission of velocity harmonics, induced
by nonlinear velocity components, is not present for atomic HHG, as shown in Fig. 2.5.
During the propagation of the electron through the continuum, the electron does not ex-
perience any nonlinear acceleration, as the energy follows the expression k(#)? < v(t)?
(Eq. 2.7), which corresponds to a parabolic energy band, see Fig. 2.5a. The resulting
velocity of the accelerated electrons is calculated by taking the derivative of the energy
band, according to Eq. 2.13, and has a linear dependence on the momentum. The elec-
tron velocity as a function of time is shown in Fig. 2.5b, for the same two intensities used
in the example of Fig. 2.4. Since the velocity depends linearly on the momentum, which
depends linearly on the vector potential, as defined in Eq. 2.14, the carrier velocity fol-
lows the trend of the vector potential. As a result, the velocity does not contain any higher
order frequency components that will lead to harmonic generation, and the spectrum is
dominated by the frequency of the laser pulse (harmonic order 1), see Fig. 2.5c.
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Figure 2.5: a) Parabolic band, representing an atomic energy band, and velocity VE(k). b) Electron
velocity during laser interaction, for a moderate and strong electric field. c) Spectral components
of the velocity, which demonstrate that velocity harmonics are absent for parabolic energy bands.

2.2.3. Recombination - Emission of high energy photons

Atomic recollision

After the electron has gained kinetic energy K, it will recombine with the parent ion,
emitting photons with energies
Wxuy = Ip+K (2.18)

in which I, denotes the ionization potential of the gas used. The maximum energy, that
can be emitted is called the cutoff energy [15]:

Omax = I +3.17U,. 2.19)

Since the ponderomotive energy depends linearly on the intensity, the cutoff energy
scales accordingly, with a quadratic dependence on the field strength. Also, the pon-
deromotive energy depends quadratically on the wavelength of the driving laser. By us-
ing longer driving wavelengths, the electron can gain more kinetic energy during propa-
gation, and eventually reach a higher cutoff. The strategy of using longer driving wave-
lengths is used to push HHG beyond the soft X-ray regime [89, 90]. As the harmonics
are emitted at different recombination times, the temporal spectral shape of the attosec-
ond pulse will be chirped [91-93]. The short trajectories will lead to a positively chirped
pulse, whereas the long trajectories result in negative chirp. The temporal shape of the
attosecond pulse will have a direct influence on the achievable intensity of the XUV. One
of the reasons why short trajectories are favoured over long trajectories, is because pos-
itive chirp can be compensated [94, 95] for more easily in the XUV energy regime then
negative chirp. The appearance of only odd high harmonics originates from the interfer-
ence of the attosecond HHG pulses, which are generated in each half-cycle of the funda-
mental laser pulse. Since the electric field flips sign every half-cycle, only odd harmonics
are constructively interfering on the detector. The addition of a second color field, can
break the half-cycle symmetry, which leads to the additional detection of even harmonic
orders.
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Recollision model for solids

In solid HHG, the energy of the photons that are emitted through interband recombi-
nation, are given by the energy gap between the electron and the hole at the time of
recombination,

wxuy = Eg(k(1)) (2.20)

As the momentum of the electron is time-dependent in the presence of a laser field,
the emitted photon energy is given by the time-dependent energy gap. In a real space
depiction, the emission of a photon occurs when the electron recollides with the hole.
The position of the electron and hole are given by,

t
x1.(0) :f VE, [k())dT 2.21)
t!

in which VE) resembles the energy dispersion of either the conduction band or valence
band.

In contrast to the atomic case, the cutoff energy is not set by the laser field, but is
restricted to the maximum electron-hole energy difference that the associated carriers
can reach during acceleration. For low intensities, the electron moves around in the
part of the energy band surrounding the bandgap. In the case that the band structure
of the material surrounding the bandgap can be described by a parabolic shape, the ve-
locity of the electrons will be dominated by a linear component. Therefore, in analogy
with the atomic case, the recollision-type HHG for lower intensities suggests a quadratic
relation between the field strength and the cutoff energy for those parabolic band struc-
tures, which is in contrast with experimental observations of a linear dependence [36,
37]. Based on the recollision mechanism, the temporal shape of the high-harmonic ra-
diation will exhibit temporal chirp [41, 76, 87, 88]. The exact temporal shape will depend
on the energy band dispersion. This feature of the recollision-type generation mecha-
nism, has been used to identify the origin of the harmonic generation in several exper-
iments [88, 96], and has been used to reconstruct the band properties in materials [54].
Again, the odd harmonics that are present in the far-field originate from an interference
effect between half-cycle emission, and driving HHG with two-color fields can lead to the
observation of even harmonics. In addition, a spatial asymmetry can also induce even
harmonic orders. Depending on the rotational symmetry of a crystal, a linearly polar-
ized pulse might probe different crystal axis upon interaction, which leads to symmetry
breaking and the appearance of even harmonics.

2.3. Quantum mechanical approach

The semiclassical three-step model of HHG is useful to identify some generation mecha-
nisms of high-harmonics, such as Brunel harmonics, velocity harmonics, and recollision-
type harmonics. In particular for gas-based HHG the three-step model is sufficient to
explain the main features of HHG. However, the variety in experimental observations for
solid HHG have led to intense discussions regarding the underlying mechanisms, since
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not all phenomena could be explained by an universal description. Especially the rela-
tive contribution and interaction between the different generation mechanisms in solid
HHG is a topic of investigation [59, 97]. To obtain a more complete description, we take
into account the quantum mechanical nature of the medium that generates harmonic
radiation due to strong-field light-matter interaction. We start with describing the inter-
action of an electron with a laser field for two set energy levels, to introduce some basic
concepts. The two-level model allows to calculate a harmonic spectrum, but is not able
to discriminate between interband and intraband contributions. Therefore, as a next
step, we include the propagation of carriers along the energy bands. The interaction is
solved using Houston states, which treat the eigenstates in an adiabatic basis and allows
to disentangle interband and intraband contributions. Next, we introduce the concepts
of Bloch oscillations and Wannier-Stark localization, which both occur at high driving
intensities of the field. Finally, we end this section with the semiconductor Bloch equa-
tions (SBE), which allows to take into account multi-electron interaction.

2.3.1. Field-free basis and Bloch states

For simulating HHG in a two-level system, we follow the approach presented in [87]. We
start with describing the interaction of a linearly polarized laser field with a two-level
system in one-dimension, in order to determine the electronic wave function. In the
velocity-gauge approach the time-dependent Schrédinger equation is given by [87, 98]

0 L
ia [W(1)) = (Ho + Hind 'Y (2)), (2.22)

where Hj is the field-free Hamiltonian and Hiy is the interaction Hamiltonian, which
describes the strong-field light-matter interaction between the laser field and the elec-
tron, defined as,

. PP
Hy = > +V(%), (2.23)
Hine = A(DP, (2.24)

with p the momentum operator, V(%) the periodic lattice potential, and A(#) the vector
potential of the electric field F(#). In this derivation we apply the dipole approximation
A(x, t) = A(t), which is justified since the wavelengths involved are larger than the lattice
constants, which determine the spatial dimension of the interaction.

The first step is to define the eigenstates of the field-free Hamiltonian, which are
defined as the Bloch states [87],

Holpni) = En(k) |k - (2.25)

Here n is the level index, k is the crystal momentum and the eigenvalues E,, (k) represent
the energy dispersion of the bands along the crystal momentum. The Bloch state can
be written out as a plane wave interacting with a function that is periodic in the lattice
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constant a. )
(Xlpni) = €  Upy(x), (2.26)

in which the function satisfies the periodic condition.
Unk(x+ a) = Upg(x). (2.27)

Since we assume that the vector potential has no dependence along x, each of the mo-
mentum channels in k can be solved independently [98, 99]. For a given momentum
ko, we can express the wave function as a linear combination of Bloch states and time-
dependent coefficients for energy level n and momentum ko,

[ o (1) =Y Cky (8) [Pk - (2.28)
n

The absolute square of the time-dependent coefficients C,, (f) represent the population
in level n. Making use of this expression, we can rewrite the time evolution in a given
momentum channel as,

0 .
ihacnko = Cuky En(ko) + A1) ) Cprg, per, (2.29)
n!

in which E, (ky) corresponds to the energy of level n for momentum channel ky. The
!
coupling strength between levels n and 7’ is given by the transition matrix element pZO" ,

PR = (o Pk, - (2.30)

The numerical calculation and obtained values of this transition matrix element are de-
scribed in Chapter 3. Since the Bloch states are defined without the presence of the field,
and therefore do not dependent explicitly on time, we refer to this basis as the "field-free’
basis. The interaction of the solid with the laser in the field-free basis corresponds to
the interaction with many independent n-level systems, see Fig. 2.6a. To simulate the
band structure, each two-level system is solved for a slightly different energy gap [99].
The interaction leads to a driven current in each momentum channel ky, which can be
calculated using,

Tk () = =¥ ko (D1 P IW iy () + A(D)]
=—[Rel Y Clp (DCwiy (DPET1+ A(D)]. (2.31)
n,n’'

The total current is retrieved by adding up all momentum contributions along the
Brillouin zone,

Jiotal (1) = f Jko(Ddko. (2.32)
k0€BZ
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Figure 2.6: a) In the field-free basis, the interaction corresponds to population exchange between
many independent two-level systems. b) In the adiabatic basis, the carriers propagate along k,
before recombination, such that interband and intraband contributions can be calculated sepa-
rately.

The total current rapidly oscillates, which leads to the generation of high-harmonics.
The spectral components of the harmonic emission can be computed by Fourier trans-
formation of the total current, see Fig. 2.7. The spectrum shows clearly resolved low-
order harmonics below the bandgap, followed by a plateau region of the harmonics ex-
tending to the cutoff. The disadvantage of solving the interaction in the field-free basis,
is that we are not able to discriminate between separate contributions to the harmonic
signal, but can only compute the total harmonic signal.
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Figure 2.7: a) Harmonic spectrum calculated using the field-free basis.

2.3.2. Adiabatic basis and Houston states

In order to identify the different harmonic emission mechanisms, we simulate the inter-
action in a time-dependent adiabatic basis, see Fig. 2.6b. As the electron interacts with
the laser field, it is driven along the energy band, such that the momentum becomes
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time-dependent, k(f) = ko + A(¢f), which is equivalent to the momentum evolution de-
scribed in the semiclassical approach. The result of the time-dependent momentum is
that the eigenstates of the Hamiltonian will also become time-dependent,

H(1) |pn(1)) = En(1) |pn(1)), (2.33)

in which |¢, (1)) is the adiabatic eigenstate, better known as the Houston state [100],
with the corresponding eigenvalue E, (¢). Instead of a fixed energy value, the eigenvalues
become time-dependent and correspond to the band energy at a given time ¢. A general
example, based on the results presented in [87], of time-dependent eigenvalues is shown
in Fig. 2.8a. The energy level of the valence and conduction band are set at -0.5 and 0.5
a.u., respectively. Upon interaction with the laser field (w=0.1 a.u.), which corresponds
to a few-cycle femtosecond pulse, the carriers are accelerated inside the energy bands,
resulting in a time-dependent eigenvalue for the corresponding band.
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Figure 2.8: a) Energy eigenvalues of the adiabatic Houston states, for a valence and a conduction
band. b) Population in valence and conduction band.

The wave function in the adiabatic basis, for an initial momentum kg, becomes

[P (D)) =) anky (1) [Pk, (1)), (2.34)

with the coefficients a,, () related to the population of level n. To calculate the time-
dependent population in each band, we solve for the coefficients using,

iaanko

ar Y En k()8 = F(8) Xy (K ()] - (2.35)

n/

The coupling strength between two levels n and n' is now given by the time-dependent
transition matrix element, defined by

A pn(D1 Pl (D)
Xy (D) = D E (2.36)
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The coupling strength within a level n is zero. By solving Eq. 2.35, we can calculate the
population evolution in each level, see Fig. 2.8b. The population exchange shows two
types of dynamics, which we categorize as diabatic and adiabatic processes, which are
defined with respect to the time evolution of the system, which is set by the cycle time of
the driving field. On one hand we observe sudden population exchange, which occurs
at moments in time where the transition matrix element X,,, is large. The transition
coupling strength is maximum at points where the energy difference between the bands
is minimal, this occurs at the peak of the electric field and results in the diabatic popu-
lation exchange. On the other hand, we observe that the population remains constant
between the peaks of the electric field. During this time, the carriers are accelerated
across the bands, such that their energy changes slowly, which is referred to as adiabatic
dynamics.

Similar as for the field-free basis, the total harmonic signal originates from the rapidly
oscillating current, induced by the population dynamics,

J(O) = F@OIPIYW) =Y [an* n(DI pldpn(®) + Y @) aw (1) (bn(D] Pl (1)).

n n,n'

(2.37)
In the adiabatic basis, we can separate two contributions. The first term corresponds
with the currents that are correlated to the population dynamics within a band, there-
fore referred to as intraband processes jinua(?). The second term corresponds with cur-
rents that originate from the population exchange between the bands, therefore called
the interband contribution jiner(#). The harmonic emission generated by the interband
and intraband processes are shown in Fig. 2.9a. The emission below the bandgap shows
a perturbative drop in harmonic yield and is dominated by the intraband contribution.
Above the bandgap, the emission originates from the interband process and extends into
an emission plateau of harmonics. At the cutoff energy, the spectrum drops sharply. Fig-
ure 2.9b shows the time-dependent spectral characteristics of the HHG. The color map
denotes the harmonic yield on a logarithmic scale. This analysis of the HHG emission
allows to identify which energies are emitted at which time of the interaction. Two clear
emission features can be identified. For energies above the bandgap (1 a.u., equivalent
to HO 10), the emission shows a strong time-dependence. For a certain time in the cy-
cle, only one energy is generated. This feature can be described by the recollision-type
generation mechanism, for which the emitted energy corresponds to the energy gap at
a given time. For confirmation, the time-dependent bandgap, corresponding to the dif-
ference in eigenvalues between the valence and the conduction band, is also shown in
Fig. 2.9b as the white line, and traces out the emission features. In addition, we ob-
serve that twice in each half-cycle the same harmonic energy is emitted, which can be
identified as the presence of short and long trajectories [101]. The other emission fea-
ture is related to the below bandgap harmonics, which shows no time dependence. We
perform the same analysis for the intraband and interband contributions separately,
see Fig. 2.9¢,d, respectively. Indeed, the intraband contribution dominates the below
bandgap emission, and shows no time-dependent emission profile. From Fig. 2.9d we
observe that the interband contributions are clearly responsible for the recollision-type
emission features above the bandgap. Below the bandgap, no time-dependence is vis-
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Figure 2.9: a) Intraband and interband contributions of the harmonic spectrum, calculated using
the Houston states. b) Spectrogram of the total current, c) the intraband contributions, and d) the
interband contributions. The color axis represents harmonic yield on a logarithmic scale.

ible, and the harmonics are emitted in phase with the electric field. For clarification,
both the intraband and interband contributions themselves can be induced by differ-
ent mechanisms. In analogy with the semiclassical description, the current induced by
the change in population of a certain level |a, (f)|?, due to strong-field ionization can
be identified as Brunel harmonics. Under the assumption that the population within a
band does not change, the velocity of the carriers, contained in the term (¢, (£)| p |, (1)),
relates to velocity harmonics. The interband term is directly related to the population ex-
change between the bands, a;,(#)a,/(t), which can be identified as the recollision mech-
anism. Additionally, the build up of polarization between the bands, induced by the
excitation of carriers, will contribute to both the intraband and interband emission.

Overall, the adiabatic basis provides a method to separate interband and intraband
contributions, and to investigate the spectral and temporal features of the harmonic
emission. However, these features as described above strongly depend on the inten-
sity of the driving field. As presented in [87], at high intensities the spectral shape of the
harmonic emission changes drastically. Due to the large force on the electron, it will ac-
celerate across the first edge of the Brillouin zone, and will undergo a Bloch oscillation.
As aresult, the population exchange changes very rapidly, which blurs out the harmonic
features in the emission profile. This phenomena can be understood in the context of
crossing Wannier-Stark states, and is described in the following section.
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2.3.3. Dressed states: Floquet & Wannier-Stark

Another way to think about the strong light-matter interaction, is in the context of light-
dressed states. In the quantum mechanical framework, the electron wave function be-
comes 'dressed’ upon interaction with light inside a periodic potential, associated with
the Floquet picture. The dressed electronic wave function corresponds with a Floquet-
Bloch [102, 103] state, which leads to photon-dressed energy bands. In other words, as
the electron is accelerated inside an energy band, extra energy bands emerge, which are
separated from the original energy band by the fundamental photon energy. The elec-
tron wave function is fully delocalized in this definition, and spreads out throughout the
crystal.

As described in the previous section, as the intensity of the light field increases, the
electron is driven across the edge of the Brillouin zone. In real space, the crossing of
the edge resembles a Bragg-like reflection [100] and subsequently the wave function be-
comes localized [104, 105]. As an example, we take a look at the one-dimensional inter-
action of a valence and a conduction band, described in the Floquet picture. To simulate
the interaction we follow the approach as described in [106]. The Hamiltonian describ-
ing this system, in the length-gauge formalism is

Ey(k() —Fop

A= R Bolk(n)

(2.38)

inwhich Ej (k(?)) describes the energy dispersion of band A as a function of time-dependent
momentum. The interaction between the energy bands is described by the term Fyp,
which relates to the field strength Fy and the dipole moment y, as defined in the length-
gauge. In a static field, the momentum changes linearly with time, k(f) = k(t = 0) + Ft.
Therefore the Hamiltonian becomes periodic in time, and can be written up as a Fourier
series,

er —Fo u"

R e (2.39)

JE(1) =) e MUBl gpn,  gpn =
n
in which e}’ denotes the Fourier component of the energy band A, similar to the compo-
nents in Eq. 2.12, and wp represents the Bloch frequency. The transition dipole between
states are given by the Fourier components u”. Next, we solve the eigenvalue problem
[106] ) )
Y (FE —nwpbyy M) 9Ly =€l 1) (2.40)

vi,n'

and obtain the eigenenergies € of the eigenstates |¢!}), which are Wannier-Stark states
[107]. Instead of being dressed by the fundamental photon energy, the Wannier-Stark
states are dressed by the Bloch frequency and form a Wannier-Stark ladder, see Fig. 2.10a.
This figure shows two Wannier-Stark ladders represented in a coordinate picture, one for
the conduction band (red lines) and one for the valence band (blue lines). The Wannier-
Stark ladder is built up from Wannier states at each lattice site n, which are separated
in energy by the Bloch frequency wp = aFy, which depends on the field strength Fy and
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Figure 2.10: a) Wannier-Stark ladder, showing the Wannier states for the conduction (red) and
valence (blue) band. b) Intensity dependent eigenvalues of the Wannier-Stark states, showing
avoided crossings (diabatic transitions) between states for high intensities.

the lattice constant a. The two ladders are separated by the band gap energy E;. The
coefficients ej’{ relate to the coupling strength between the nth neighbouring site. The
amount of states within a ladder resembles over how many lattice sites the electronic
wave function is defined. In this example, each WS ladder is described for the nearest
n = x1 and next-nearest n = +2 neighbour.

The eigenenergies of both Wannier-Stark ladders are shown as a function of the in-
tensity in Fig. 2.10b. The energy levels of the valence and conduction band e(}L are set
at 0 and 9.6 eV, respectively. The coupling to the nearest neighbour 7 = 1, relates to the
width of band A and is set to €} = 2 eV and €}, = 0.67 eV. As the intensity increases, the dif-
ference between eigenvalues within the same Wannier-Stark ladder becomes larger and
the two Wannier-Stark ladders start to overlap. The states between two Wannier-Stark
ladders form avoided crossings, at which population transfer between the conduction
and valence band occurs through diabatic transitions (denoted by the green arrow). The
population transfer described by these diabatic transitions can be described by Zener
tunneling [106]. In addition, population that remains within the same Wannier-Stark
state can change energy through adiabatic dynamics (denoted by the red arrow). The
population transfer results in the emission of high energy photons [106], where the emit-
ted energy is given by the separation between Wannier states €]} — e"f,/ . As the separation
of states is defined by the Bloch frequency, Wannier-Stark localization can be used to
explain the experimentally observed linear scaling in the cutoff energy with respect to
the field strength Fy, which corresponds to a quadratic dependence to the intensity, see
Fig. 2.10b.

2.3.4. Semiconductor Bloch equations

Simulating HHG using Bloch states, Houston states, or Wannier-Stark states allows to
identify the main characteristics of solid harmonic generation. However, the previously
described models have in common that they do not take into account the dephasing of
the coherence between the carriers, which originates from elastic or inelastic scattering
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with other electrons, impurities, or phonons [108]. Therefore, we model the genera-
tion of high-harmonics from silica, by solving the semiconductor Bloch equations [35,
37, 109] for a three-level system, consisting of one valence band and two conduction
bands, for an 800-nm pulse. In the following equations we refer to the valence and the
two conduction bands as hj, e}, and ey, respectively. The additional advantage of the
semiconductor Bloch equations is that it solves directly at which position in k-space the
carriers are located as a function of time, such that the behaviour of the carrier dynamics
is more transparent and easier to identify. The system of coupled differential equations
are solved for the momentum k dependent population f]? in band A and the polarization

p%’v between bands A and A/, and is written out for bands A € {hy, e1, €2} as:

. hie e h .1 hie e h erh
la—tpkl '= (Ekl +Ekl —ZE)pkl ! _(l_fkl _fkl)dkl 'F(1) 2.41)
+ lF(t) _vkpll;llfn +F(t)[dlizhl pzzel _dlleezpll;llezl
iiphlez — (E€2 +Eh1 _ ii)phleZ _ (1 _er _fhl)deZth(t)
ot k k k T2 k k k k (2.42)
+iF(D) 'Vkp,i”ez +F(t)[d;lhl pzzel _ dlilezpllzlel]
i erez _ ;e el_-i eye; e _ rely jezel
PP = ES B i p "+ (7= [T FO) (2.43)
2 .
+iF(D) 'Vkplecwz +F(t)[d£1h1ple€2h1 _d]I:leZ(pZIEI)*]
0 e ere ese]y * erh hiery* e
g fc = 2 ImldR S F@O )" + dg M ) (py ™) 1+ F(0) - Vi fi (2.44)
5 fi = —2 Ml F (™) + d2MEW)(p )+ F(0) - Vi [ (2.45)
0 n erh hierys | esh hyes h
a kl:—ZIl’n[dk1 1F(l‘)(pk1 h +dk2 1F(t)(pk1 2) ]+F(t)-kakl. (2.46)

in which, the single particle energies of the carriers in band A are given by E,’g The
creation of polarization and population due to the presence of an electric field F() fol-
lows from the terms that involve the transition dipole moment d,iw. The intraband dy-
namics, caused by carrier acceleration by F(¢) within the bands, are described by the
terms including V. The dephasing time of the polarization is denoted by 7>,. The transi-
tion dipole moment d,’cw between the bands A and A’ is approximated in first order k- p
theory [110] as

AV =at & — (2.47)

where dé’v resembles the transition dipole moment between bands A and A’ at the I'-
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point, and Eé’v the bandgap energy at the I'-point between bands A and A’. The am-
plitude of the transition dipole moments is calculated as described in Chapter 3, and
is directly correlated to the coupling strength between two different bands. Since the
transition dipole moment varies in amplitude for different combinations of bands, the
transitions and carrier dynamics between and within these bands also vary. The semi-
conductor Bloch equations are cast as a set of coupled partial differential equations with
periodic boundaries. To solve this numerical problem, the k-dimension of the equations
are represented in a Fourier-series base and then solved by using spectral methods, as
provided through the Dedalus project [111].

The macroscopic polarization P(f) and macroscopic current () are calculated [35]
by

P =Y 1d*pir +ecl (2.48)
LAk
Jo =Y vk} (2.49)
Ak

with the group velocity v* (k) given by
v (k) = Vi E}. (2.50)

The interband polarization and the intraband current are equivalent to the interband
and intraband processes, as described in the adiabatic basis previously. We calculate the
spectral representation of the source field of interband polarization as follows

0 92
Finter(w) = F [ajinter(t)] =F [%P(t)] = wzg[P(t)] = CUZP(CU). (2.51)
and the intraband current as
0 . . .
Finra(w) =% [&]intra(t)] =ioF )] =iv](w). (2.52)

The total harmonic spectral density at the sample plane is defined by both contributions,
I (@) = [0*P() + iw] (@)%, (2.53)

The spectral components of the interband polarization and intraband current are shown
in Fig. 2.11. We observe that the interband polarization dominates the emission above
the bandgap, and that the intraband current is most efficient below the bandgap. Both
the interband polarization and intraband current show a perturbative trend for the low-
order below bandgap harmonics. In more detail we look at the carrier and polarization
dynamics in time and momentum space, see Fig. 2.12a,b, respectively. As time evolves,
the population of electrons in the first conduction band grows with each half-cycle,
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Figure 2.11: a) The spectral components of the intraband current and interband polarization cal-
culated using the semiconductor Bloch equations.

which is denoted by the change in color, which represents the population density. We
can observe from the same figure, that the electric field drives the carriers within the
band along the momentum axis. These oscillations are in phase with the vector poten-
tial (the magenta line in Fig. 2.12a), which is equivalent to the time-dependent momen-
tum picture presented earlier on. For the polarization growth, shown in Fig. 2.12b, we
conclude that the trend is dictated by the electric field (the white line in Fig. 2.12b). Ad-
ditionally, the polarization is the largest for values of the momentum surrounding the
bandgap (k = 0). Next, we look at the spectral components for each momentum channel
k, see Figs. 2.12¢,d. The spectral components of the intraband current, clearly show that
no emission is present at the bandgap. As the curvature of the band is flat around the
bandgap, indeed no emission is expected. The main emission of the intraband current
dominates the below bandgap region. The standing oscillation features alongk, for each
harmonic, are associated with Bloch frequencies, originating from the carrier excursion
beyond the Brillouin zone edge. The polarization shows similar features, see Fig. 2.12d.
The main emission originates from above bandgap harmonics.

2.4. Macroscopic properties

The previous theoretical background has described in detail how the microscopic high-
harmonic generation is calculated. In an experimental setting, the macroscopic quan-
tities of the high-harmonic generation are measured. This section describes how to ob-
tain the macroscopic properties and how to take into account the spatial properties of
the harmonic radiation, to reproduce an experimental setting.

2.4.1. Gaussian beams and interference

In addition to the temporal characteristics of a femtosecond pulse, described previously
in Eq. 2.1, we need to describe the spatial properties, which we define as,

Ic()c2 + y2)

F(x,y,2) = Fy(x, y, 2)e k&t —ame— ~¢(2) (2.54)
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Figure 2.12: a) Conduction band population in momentum and time. The vector potential of the
electric field is shown as the magenta line. b) Microscopic polarization in momentum and time.
The electric field is represented by the white line. ¢) Spectral components of the intraband current
for each momentum k. The color axis represents harmonic yield on a logarithmic scale. d) Spec-
tral components of the interband polarization for each momentum k. The color axis represents
harmonic yield on a logarithmic scale.

with the spatial envelope Fy(x, y, z), which corresponds with a Gaussian envelope,
and a phase term, which consists of three contributions. As the pulse propagates along
z, the plane wave component will accumulate a phase, set by the wave vector k = w/c.
The second term determines the parabolic curved wavefront, which originates from the
propagation associated with a radius of curvature R(z). The last term corresponds to
the Gouy phase, which is given by the offset between the plane wave and the parabolic
waves. In the focus we assume no wave front curvature and are left with a plane wave.

In the experiments described in Chapter 6 and 7, we use multiple beams, which we
cross non-collinearly in focus. The interference between the two beams results in an
oscillating total electric field along the sample plane. In order to correctly calculate the
generation of the harmonics, we have to determine the total electric field for each posi-
tion in the sample. The crossing angle § induces a phase factor between the interfering
field, which depends on the position x as ¢(x) = xsin(f). As an example we take the
configuration used in Chapter 6, where an 800-nm beam and a 400-nm beam cross at
the sample plane, see Fig. 2.13. Along the x direction interference occurs, which results
in a modulated intensity distribution at the sample plane, see Fig. 2.13b. In Chapter 7,
two 266-nm beams are crossed at the sample plane, and form a standing grating. The
spatial features of this grating are described in more detail in the corresponding chapter.
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Figure 2.13: a) Non-collinear configuration, two beams with crossing angle 3 lead to an interfer-
ence pattern in the sample plane, as shown in b).

2.4.2. Diffraction

The spatial properties of the harmonic radiation at the sample plane determine the fea-
tures of HHG during detection, which takes place in the far-field. The far-field profile of
the harmonic radiation can be computed by Fraunhofer diffraction, which corresponds
to a Fourier transform of the harmonic wave at the sample plane:

& [Fung (xsp,w)] < Fung (XFr, 0). (2.55)

The Fraunhofer diffraction is appropriate to use, if the wavefront has propagated over
far enough distance, which can be determined by the Fresnel number,

F=— (2.56)

in which a corresponds with the size of the object, L relates to the propagated distance
and A the wavelength of the light. For the regime, at which the propagation distance
is much larger than the object size, the Fresnel number becomes much smaller than
1, and Fraunhofer diffraction can be used to approximate the diffraction. In the case
that the propagation distance is on the order of the size of the object, we have to use
Fresnel theory to calculate the diffraction of the wavefront. For example, as shown in
more detail in Chapter 5 and Chapter 7, a structure can imprint a phase grating onto the
fundamental wavefront. As the fundamental wave then propagates through the 100 um
sample, we are still in the Fresnel diffraction regime, which leads to modulation of the
wavefront. We refer to this regime as near-field diffraction, which is equivalent to the
regime in which high-harmonic generation occurs.

2.4.3. Phase matching

The total harmonic signal in gas-based HHG originates from many gas atoms, the emit-
ters, that are distributed across space. The associated generated harmonic fields inter-
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fere with each other. To achieve a maximal harmonic signal, the emission of all gas atoms
has to constructively interfere, a process we refer to as phase matching [112-115]. The
phase mismatch between the emitters can be written as Ak; = Akg + Akyp + Ak + Akg,
and depends on four significant contributions. The first term Ak relates to the phase
mismatch introduced by the Gouy phase. The second term Ak, originates from any
phase delay introduced by the dispersion of the neutral medium, which is related to
the gas pressure and the refractive index mismatch between the fundamental driver and
the HHG. The third term Ak, corresponds to a phase mismatch introduced by the free-
electron plasma dispersion that is created during the HHG process, since the gas be-
comes ionized during the process. The last term Ak, relates to the dipole phase that the
electrons accumulate during the propagation step, which is different for each harmonic
order and their corresponding long and short trajectories, and is dependent on the field
intensity. The position of the gas jet, the intensity of the driving pulse, and the pressure
of the gas are all control parameters in the process of optimizing phase matching. Since
the dipole phase is different for short and long trajectories, one of these trajectories can
be phase-matched accordingly to one’s liking [116].

The photon energies that are generated during solid-state HHG, as experimentally
presented in this thesis which focuses on XUV generation, are associated with a very
short absorption length inside the materials (SiO; and MgO) used for generation [117,
118]. Due to the short XUV emission volume, no destructive or constructive interference
can take place, such that we can neglect phase matching effects in solid HHG.






Methods

3.1. Laser source

The femtosecond light pulses used in the experiments described in this thesis are gen-
erated using a commercially available Ti-Sapphire amplified laser system (Astrella, Co-
herent). The Astrella can be described by three main components: the Vitara, which
generates the seed pulses, the Revolution, which generates the pump pulses, and the
regenerative amplifier, which generates the final output pulses.

The Vitara femtosecond oscillator produces pulses with a central wavelength of 815
nm with a bandwidth of 60 nm at FWHM at 80 MHz repetition rate. The oscillator is
pumped by an integrated Verdi-G diode-pumped laser, which generates about 4.5 W
power at an operating current of 27 A. The Vitaramodelocked power is 600 mW, of which
halfis used to seed the Astrella cavity. To prevent optical damage to the Ti:Sapphire crys-
tal, while amplifying the seed pulses from the nJ to the mJ level, the seed pulses are
stretched in time using a grating stretcher to lower the peak intensity of the pulses dur-
ing the amplification process, a technique known as chirped pulse amplification [5]. The
pulses are coupled into the regenerative amplifier, of which the design resembles an op-
tical cavity, at a repetition rate of 1 kHz using a Pockels cell. Subsequently the pulses are
amplified in a Ti:Sapphire crystal, which is pumped by the Revolution. This pump-laser
provides pulses at a central wavelength of 532 nm, an average power of 35 W, at an op-
erating current of 21.3 A, at 1 kHz repetition rate. The pulses make 13 round trips in the
regenerative amplifier, before being coupled out by another Pockels cell. Subsequently
the pulses are compressed in time using a grating compressor. After the grating com-
pressor, the pulses have a central wavelength of about 800 nm, a bandwidth of 35 nm,
with a total average power of 7 W at 1 kHz repetition rate. The bandwidth of the pulses
allows for a 35-fs pulse length, if no higher-order dispersion is present. The character-
ization of the pulse length is performed by a home-built second-harmonic generation
frequency-resolved optical gating (FROG) setup, using a 100 pm (3-Barium Borate (BBO)
(Castech) to generate the second-harmonic signal at around 400 nm. An experimental
trace is presented in Fig. 3.1a, which was reconstructed (Fig. 3.1b) to obtain the spec-
tral shape and phase (Fig. 3.1c) and electric field and temporal phase (Fig. 3.1d). The
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Figure 3.1: a) Experimental FROG trace. b) Reconstructed FROG trace. c) Reconstructed spectral
intensity (blue) and phase (red). d) Reconstructed electric field amplitude (blue) and temporal
phase (red).

reconstructed pulse length at FWHM is about 45 fs, with a reconstructed bandwidth of
20.9 nm. As can be seen in Fig. 3.1c, the reconstructed bandwidth is narrower than the
measured bandwidth of 32 nm. Due to phase matching, the 3-BBO used in the FROG
setup cannot frequency-double all spectral components with the same efficiency, which
will therefore narrow the spectral bandwidth, which is translated into a narrower recon-
structed fundamental spectrum. Due to this spectral narrowing, the reconstructed pulse
duration is an upper limit of the actual pulse duration.
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3.2. High-harmonic generation setup

The general layout of the high-harmonic generation setup is shown in Fig. 3.2. The driv-
ing pulse is reflected with a flat mirror onto a spherical mirror, that focuses the pulses in-
side the center of the HHG chamber. Depending on the experiment, the incoming pulses
might consist of multi-color pulses, of which the setup is described in the corresponding
chapter. In general, the spherical mirror has a silver coating and a 75-cm focal length.
In the center of the HHG chamber, the generation medium is positioned, which is either
a gas or a solid. A manual three dimensional translation stage allows for precise posi-
tioning of the generation medium to the desired position. Subsequently, the generated
harmonics and remaining fundamental pulses propagate through a differential pump-
ing tube towards the detection chamber. The harmonics are spectrally dispersed with
an aberration-corrected, concave, flat-field grating (1200 lines/mm, Shimazu model 30-
002), and are detected by a double-stack microchannel plate (MCP, Photonis) assembly.
This geometry serves as a far-field spectrometer, where the spectrum is dispersed in the
horizontal plane, and the beam freely propagates in the vertical direction. The phos-
phor screen is imaged with a camera, positioned outside the vacuum setup. Images are
recorded and subsequent data analysis is performed.

gas  solid l Camera
1 -

MCP]
II A Aror
HHG chamber V
grating Detection Chamber

Figure 3.2: General layout of the high-harmonic generation setup. The infrared laser pulses are
focused onto the generation medium (either a gas or a solid), positioned in the center of the HHG
chamber. After the generation, the XUV and the fundamental infrared pulses propagate to the de-
tection chamber, where they are dispersed by an XUV grating and detected using a multi channel
plate (MCP) assembly.

The experimental generation conditions, such as beam size and pulse energy, vary
for the generation of harmonics from gases and solids. More specifically, the peak in-
tensity of the pulses in gas HHG lies around 2 10'* W/cm?, whereas the peak intensity
inside the solid sample has to stay below a few 10'® W/cm?, in order to prevent damage
to the samples. Due to the lower intensity in solid HHG, in general, the signal of the gen-
erated harmonics is also lower. Additionally, the XUV grating that is used to refocus the
harmonics onto the MCB is specified for short wavelengths (5 nm - 20 nm), such that in
the plane of the MCP the lower harmonics (H5-H11, 160 nm - 72 nm) are not focused
properly, which reduces the signal-to-noise. To compensate for the lower signal level,
the voltage between the MCP plates is increased from 1.6 kV to 2.3 kV, with the phosphor
screen set at 3 kV above the voltage applied to the MCP plates. The disadvantage of the













































































































































































































































































































































